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TRANSLATION EDITOR’S PREFACE 


THE classical partial differential equations of mathematical physics, for- 
mulated and intensively studied by the great mathematicians of the nineteenth 
century, remain the foundation of investigations into waves, heat conduction, 
hydrodynamics, and other physical problems. These equations, in the early 
twentieth century, prompted further mathematical researches, and in turn 
themselves benefited by the application of new methods in pure mathematics. 
The theories of sets and of Lebesgue integration enable us to state conditions 
and to characterize solutions in a much more precise fashion; a differential 
equation with the boundary conditions to be imposed on its solution can be 
absorbed into a single formulation as an integral equation; Green’s function 
permits a formal explicit solution; eigenvalues and eigenfunctions generalize 
Fourier’s analysis to a wide variety of problems. 

All these matters are dealt with in Sobolev’s book, without assumption 
of previous acquaintance. The reader has only to be familiar with element- 
ary analysis; from there he is introduced to these more advanced concepts, 
which are developed in detail and with great precision as far as they are re- 
quired for the main purposes of the book. Care has been taken to render 
the exposition suitable for a novice in this field: theorems are often approach- 
ed through the study of special simpler cases, before being proved in their 
full generality, and are applied to many particular physical problems. 

Commander Dawson has taken pains to render his translation idiomatic 
as well as accurate, thus assisting the English reader to avail himself readily 
of the vast amount of information contained in this volume. 


T.A.A.BROADBENT 


ix 


AUTHOR’S PREFACE TO THE FIRST EDITION 


THIS book is based on a course of lectures given in the “Lomonosov” State 
University in Moscow. The author has therefore retained the name “‘lectures”’ 
for the various sections. The same circumstance also explains the selection 
of material, the extent of which was limited by the number of lecture periods. 

The author expresses his deep gratitude to Academician V.I.Smirnov, 
who read through the manuscript, and also to Professor V.V.Stepanov for 


his useful comments. 
S. SOBOLEV 


AUTHOR’S PREFACE TO THE THIRD EDITION 


THE third edition of this course on “Equations of Mathematical Physics” 
differs little from the second edition, which underwent extensive revision. 
In the second edition the lecture on the Ritz method was omitted since that 
subject lies somewhat apart from the rest of the course. The theory of 
multiple Lebesgue integrals and of integral equations has been simplified 
somewhat, and the proof of the Fourier method has been made more 
precise. 

As in the second edition, various improvements in style and clarifications 
of the presentation have been made. Moreover, in this third edition the 
lecture on the dependence of the solutions of equations of mathematical 
physics on the boundary conditions has been developed in greater detail by 
the editor, V.S. Ryaben’kii. 

The author expresses his gratitude for valuable comments made by var- 
ious people when the second and third editions were being prepared. Partic- 
ularly valuable comments were made by Academician V.I.Smirnov and the 


editor of the third edition, V.S.Ryaben’kii. 
S. SOBOLEV 


LECTURE 1 


DERIVATION OF THE FUNDAMENTAL 
EQUATIONS 


THE theory of the equations of mathematical physics has as its object the 
study of the differential, integral, and functional equations which describe 
various natural phenomena. It is somewhat difficult to define the precise 
limits of the subject as it is usually understood. Moreover, the great variety 
of problems relating to the equations of mathematical physics does not allow 
them to be dealt with at all fully in a university course. The present book 
contains only a fraction of the whole theory of the equations of mathematical 
physics: it includes only what seemed to be most important for an intro- 
duction to the subject. 

The course is devoted for the most part to the study of second-order partial 
differential equations with one unknown function; in particular, we shall 
deal with what are usually called the classical equations of mathematical 
physics, namely, the wave equation, Laplace’s equation, and the equation 
of heat conduction. We shall develop the necessary theory of related 
problems as we go along. 


§ 1. Ostrogradski’s Formula t 


Before we undertake the derivation of those equations of mathematical 
physics with which we shall be concerned, we recall a formula of integral 
calculus dealing with the transformation of surface integrals into volume 
integrals. 

Let P(x, y, z), Q(x, y, Z), R(x, y, z) be three functions which: 


(i) are specified in a certain domain D of the variables x, y, Z; 
(ii) are continuous right up to the boundary of D; and 
(iii) have continuous first-order partial derivatives with respect to x, y, z 
throughout D. 
Consider within D some closed surface S consisting of a finite number of 
pieces foreach of which the tangent plane varies continuously. Such a surface 
+ Mikhail Vassilievich Ostrogradski (1801-1862). See Mem. Acad. Imp. Sci., St. Peters- 


burg (6), 1, 130 (1831). The result is otherwise known as Grecn’s lemma, Gauss’s theorem, 
or the Divergence theorem.— Translator. 
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is said to be piecewise smooth. We shall further suppose that any straight line 
parallel to any of the coordinate axes either intersects S in a finite number of 
points or has a whole interval in common with it. 

Consider the integral 


{| [P cos (n, x) + Q cos (n, y) + Reos(n, z)] dS. (1.1) 
s 


where cos (n, x), cos (n, y), cos (n, z) denote the cosines of the angles formed 
by the inward-directed normal to the surface S at the point (x, y, z), 


and dS is an element of the surface. 


Using vector notation, we can regard P,Q, R as the components of a 
certain vector T. 
Then 
P cos (n, x) + Q cos (n, y) + R cos (n, z) = T,, 


where T, is the projection of the vector T in the direction of the inward 
normal. 


A classical theorem of integral calculus enables us to transform the 
surface integral (1.1) into a volume integral over the region D bounded by the 
surface S. 

This theorem asserts that: 


ii [P cos (n, x) + Q cos (n, y) + R cos (n, z)] dS 


ð 
--(|[ |S + 5 nae aa cB | ox ay ae 
Oz 
or in vector notation 
{| T, aS = — [f div T dv (1.2) 
s D 


where dv denotcs an infinitesimal volume-element and 


ty pel Le S (1.3) 
Ox oy Oz 


The formula just obtained is valid under rather more general assumptions 
with regard to S. In particular formula (1.2) holds for any piecewise smooth 
surface bounding a certain region D. 

We shall in future take the word “surface” to mean a piecewise smooth 
surface unless a further restriction on its meaning is made. 
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An important result follows from formula (1.2): 

LEMMA 1. Let F be a continuous function defined in some domain in three- 
dimensional Euclidean space. Let S be any closed surface within the domain 
over which a vector function T is specified, and let S bound the region .,. Then 
the necessary and sufficient condition for the equality 


[Jne-{[rere ws 


div7+ F=0. 


to hold good is that 


For, using formula (1.2), we can put the equality (1.4) into the form 


[f (div T + F)dv = 0, 
Q 


and then the sufficiency of the condition in the lemma becomes obvious. It 
is also necessary. For, suppose, if possible, that the function div T + F is 
different from zero, say positive, at some point A; then because of continuity 
it would also be positive in the neighbourhood of A, and the integral 


{| (div T + F) dv 


taken over a small region w round A would be non-zero, and so the left-hand 
member of (1.4) would also be different from zero. Hence our supposition 
contradicts (1.4), and the necessity of the equality 


divT+ F=0 
is proved. 
The analogous lemma for a two-dimensional region lying in a planecan 
be proved in a similar way. 


§ 2. Equation for Vibrations of a String 


Consider a string stretched between two points. By string we mean a 
rigid body whose other dimensions are small compared with its length; and 
we also suppose that the tension in it is considerable, so that its resistance 
to flexure can be neglected in comparison with the tension. 

We take the x-axis to be along the string when it is in equilibrium under 
the action of the tension only. When transverse forces act on the string it 
will assume some other form, in general non-rectilinear. 

Imagine the string cut into two pieces at some point x and consider the 
interaction between the two parts. The force which the right-hand part exerts 
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on the left-hand part is directed along the tangent at x to the curve represent- 
ing the string and is denoted by T(x) (see Fig. 1). 

To simplify the discussion, let us suppose that the motion of the string 
takes place in one plane, and let u denote the displacement of the string 
from its rest position. Let u = u(x, t) be the equation of the curve assumed 


u 





Fic. 1. 


by the string in the plane xOu. Let o(x) denote the linear density of the string 
at the point x, i.e., the limit of the ratio of mass to length for a small part 
of the string. 

We consider first the equilibrium position of the string under the in- 
fluence of a transverse loading p(x): by which we mean that the part of the 
string defined by x, S x < x2 isacted on bya force, directed along the u-axis, of 


x2 

magnitude | p(x) dx. Let a(x) be the angle formed with the x-axis by the 
*1 

tangent to the string at the point x; then the component along the u-axis of 

the tension acting at the point x, is given by 


Tea] sin a(x.) = T(x2) sin a(x2) 


where T(x) is the absolute magnitude (the length) of the vector T(x). 
Similarly, the component along the u-axis of the tension at x, is given by 


— |7(x1)| sin a(x,) = —7(X,) sin a(x,). 
Now 


and if we take @u/dx to be so small that its square can be neglected, we obtain 
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as the equilibrium condition for the string 


ð #2 
ee ee a ee aaa (1.5) 
Ox x2 Ox xı xı 
Ou B Ou _ 0 Ou ae 
aes ie ae les x, OX ace 
so that the condition (1.5) can be written as 


a Wa Ou 
|. E (7) + p) dx = 0. (1.6) 


Since (1.6) holds for any values of x, and x,, the integrand must be identic- 
ally zero, i.e., 


But, clearly, 


ð Ou 
2 A + plx) = 0 (1.7) 


and this is the required equation for equilibrium of the string under the trans- 
verse loading p(x). 

Next we pass from statics to dynamics and consider vibrations of the 
string. To do this we apply d’Alembert’s principle and include in the equation 
for equilibrium the inertial forces for the string as well; these take the form 


Meg) 


The condition for equilibrium becomes 


KR O 


and the equation for vibrations of the string will be 


ð r Ou 

Ox Ox 
We suppose that the vibrations of the string are transverse. The com- 
ponents along the x-axis of all the forces acting on any element of the string 


must therefore add up to zero. Since the loading p(x) is also transverse, we 
have 








= 0. (1.8) 





[T cos «],, — [T cos «],, = 0 


for any values of x,, x2. 
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Hence, neglecting «° and higher powers, we get 


[T]., = [T]; 


i.e., Tis independent of x. Hence T can be taken outside the differential co- 
efficient with respect to x in (1.8). If we also assume that T is independent of 
the time, i.e., that it is constant, and also that the density @ is constant and 
the loading p(x) zero, then equation (1.8) takes the form 
07u 2 07u 
a 


Or? Ox? 








(1.9) 


where a? = T/o = constant. 


The equation (1.9) was discussed by Daniel Bernoulli, d’Alembert, and 
Euler as early as the 18th century. 


§ 3. Equation for Vibrations of a Membrane 


Consider a film, i.e., a very thin rigid body stretched uniformly in all 
directions. We suppose that the film is so thin that it offers no resistance to 
flexure. Such a film is called a membrane. 

Let its rest position be in the plane xOy and let 


u = u(t, x, y) 


be its equation when displaced. 
Considering any piece S of the membrane, we suppose that the rest of 
the membrane exerts on it a uniformly distributed tension T which, at any 


u 





Fic. 2. 
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point on the boundary of S, is directed along the normal to the boundary 
and lies in the tangent plane to the membrane (see Fig. 2). 

We shall establish the equation for the equilibrium of the part S of the 
membrane which is bounded by the curve s under the action of transverse 
forces. The component along the u-axis due to the tension is given by the 
integral 

J T cos (l, u) ds (1.10) 


where T is the length of the vector T 


and Z isa vector directed along the line of action of the tension. 


We next evaluate cos (J, u). 

By hypothesis, the vector l is perpendicular both to the boundary s and 
to a vector v along the inward-directed normal v to the surface u = u(t, x, y). 
Again, any vector s directed alonga tangent to theboundary sis perpendicular 
to v and to a unit vector n along the inward normal (at the corresponding 
point) to the projection of the boundary s on to the plane xOy (since the 
tangent vector s and the tangent to the projection of s on to the plane xOy 
lie in a plane touching the projecting cylinder). Hence as the vector s we 
may take the vector product n,v, and the vector /, defined by /, = s,v 
= (n,v),¥ can also be written as 7; = — nv? + (nv). 

Since n has components {cos (n, x), cos (n, y), cos (n, z)}, and v has 


ðu _ Ou 


components m s 1) , we find for the components of l, the ex- 


pressions {cos (n, x), —cos (n, y), — cos (n, x) — cos (n, y)}, 
x 





A 2 2 
from which we have dropped ua ; ae : a as being quantities of 
ôx oy Ox dy 


the second order of smallness. 

To the same order, the length of vector /, is unity, and so we may now 
regard l, as the unit vector / directed along the line of action of the tension, 
and thus 


ð 0 
cos (l, u) = -2 cos (n, x) — 2 cos (n, y). 
Ox Oy 
The equation for equilibrium of the membrane has the form 


f| dx dy + | Teos (l, u) ds = 0 
o sS 


where p(x, y) is the magnitude of the transverse loading per unit area, 


and w is the projection of S on to the plane xOy. 
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Substituting for cos (Z, u) we get 


ô ð 
{| p(x, y) dx dy =| (> cos (7, x) + — cos (n, ») T ds = 0, 
s\ Ox Oy 


@ 


or by virtue of Lemma 1, 


ð ð 0 
2s fo) eet pe + p(x,y) = 0. (1.11) 
ax \ ôx oy oy 


The equation for vibrations of the membrane has the form 


[fer 


wheree = ọ(x, y) is the density per unit area ofthe membrane, 





2 ð ð 
oe dx dy — | T 2 sos (n, x) + — cos (n, y) ds = 0 
t? S Ox Oy 

















or, by Lemmal, 
A(t) + Z(H) + en - ene =o. a9 
If T and ọ are constant, we get from (1.12) 
(3 + = )+ p(x, y) = 0 a (1.13) 
The sum oe + = or, in three-dimensional space, Zr + = + =, 


is often called Laplace’s operator and is denoted by V7u. Using this notation 
we can write (1.13) as 





0? X, 
a E LO) (1.14) 
ðt? 0 
where 
5 T 
a? = — = a constant. 
e 


§ 4. Equation of Continuity for Motion of a Fluid. Laplace’s Equation 


Before deriving the equation of continuity, we establish an important 
formula. 

Consider a closed, piecewise smooth, time-dependent surface S(t) en- 
closing a variable volume & (t). Let o(x, y, z, t) be some function of the co- 
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ordinates and the time ¢, and consider the integral 


Ot) = aji o dx dy dz: 
nw 


our aim is to calculate the time-derivative of Q. 

Consider first the special case when the volume §2(t) is bounded by a 
cylindrical surface with generators parallel to Oz and having a fixed base 2, 
in the plane z = 0 and with an upper surface z = 9(x, y, t). Suppose that 
z = (x, y, t) is the equation of a piecewise smooth surface S(t). Suppose 


also that the derivative = is bounded: < M. 


Then 
$ 
O(t) = {| 1| 0(x, y, Z, t) az} dx dy, 
Qı 0 


where the plane region Kis the part of the boundary of the volume Q, which 
lies in the plane xOy. 


To calculate 0Q/0t we first set up an equation for the ratio of increments. 
We have: 


(x,y, t+ At) 
AQ = ij o(x, y, z,t + At) dz dx dy 
0 


o(x,y,t) 
si olx, y, z,t) dz dx dy 
0 


(x, y,t+ At) 
| il olx, y, Z, t + At) azl dx dy 
(x,y,t) 


$(x,y,0) 
| [o(x, y, z,t + At) — a(x, y, z, t) azl dx dy 


0 


l tso 
| Zil o(t + Ay ax} dx dy 
ut Ay ¢ 


| pe + 4i) — ot) az) dsa 
aildo At 


Passing to the limit as At > 0, we find 


o+Ad 
lim AG. = lim ot o(t + dn) és} dx dy 
4t+0 At 4t70 oi dt Ay $ 


%o(t + At) — oft) 
ae ji {| MEATO ae dx dy 
4190 JJ QUO t 


4Q 
At 


S|- el- 


+ 


Il 
a e 
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tso 
ie = (t + At) dz} dx d 
dt=0 At [Be At+0 a ‘Ag ral j } Á 


+ lim tolt + 4) -= eD 4, dx dy, 
Qı (40 Jo At 


[this change in the order of the limiting processes can be justified], 


| ae (x,y, p) dx dy + Ay oe dx dy dz 

Ni ôt Ot 

dQ lim —— s dx dy dz + oF dx dy 
dt dt=>0 2 a w 
ira 2e dx dy dz — A e a (n, z) dS 


where n is the direction of the inward normal to the surface S. 

cy/ét is called the apparent velocity of movement of the surface S(t) in 
the direction Oz. It has very obvious interpretation: ¢q/ér is the velocity of 
movement along the straight line given by x = const., y = const., of the 
point of intersection of the surface z = g with this straight line. 

The apparent velocity can be expressed in another form. To do this we 


represent the family of surfaces z = ¢(x, y, t) in the form of the equation 
solved for £: 


© 
g 
II 


t = y(x, y, 2). 
Then 
ôz il 
ot ðt 
Oz 


But ét/éz is the component along Oz of the vector grad t, which is directed 
along the normal to the surface S and has the components 


t Ot Ot 
— cos (n, x), — cos (n, y), — cos (n, Z). 
ôn (na ðn (n y) On (n, 2) 


Hence 
Op z l _ I 
Ot ôt Ot ôt 
— — cos (n, z) 
Oz On 
i 
t Editor’s note. We spend so much time proving that, in general 0y/0x 3 ———, that 


dy/dx’ 
it is a little of a shock to come across an instance where the relation is in fact true, simply 
because x and y are in each case the second and third variables. 
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; bs 
The expression ile is called the apparent velocity of movement of the sur- 
n 


face along the normal and we shall denote it by v,. For the apparent velocity 
of movement of the surface along the axis O, (which we now denote by v,) 
we have 

_ 9” Vn 


ðt cos (n, z) 


If the surface S consists of material particles moving with velocity v, then 
the velocity along the normal will be 


U, = Vy COS (n, X) + v, cos (n, y) + v, cos (n, Z), 


and we can write our formula for dQ/d¢ on p. 10 as 


FIA @ dx dy dz -fff UET dy dz — [f ov, dS. (1.15) 
di NWD Qa) ot S(t) 


Exactly the same formula can be obtained in the general case, by dividing 
the surface S(t) into a finite number of suitable pieces. 

It may be helpful to give an easily visualized physical illustration of for- 
mula (1.15). At a certain instant of time, t, we pick out on the surface S some 
element dS and draw the trajectories of all points of dS during the time- 
interval (ft, £ + At). The element dS traces out a volume which coincides 
approximately with an oblique cylinder the length of whose generators is 
given by v dt where the vector v is the velocity of movement of the surface. 
The volume of this cylinder is equal to the product of the area of its base by 
the height, i.e., v, dt dS. The total contribution of the integral ff foedQ 
arising from the movement of the surface S is approximately equal to the 


integral 
{| ov, dt dS. 
S 


On dividing this expression by dt, and after calculating separately the con- 
tribution to Q arising from the change in ọ, we obtain (1.15). 

The formula (1.15) may be used to obtain an equation which expresses 
the conservation of mass of fluid during the motion. Suppose that fluid 
motion is taking place in some region of space and that the velocity com- 
ponents v,(x, y, Z, t), V(X, Y, Z, t), v(x, y, Z, t) are given functions of the co- 
ordinates and time. Imagine a surface S(t) which consists always of the same 
moving material particles and which encloses a varying volume & (£). The 
mass of fluid enclosed within SQ (4) is given by 


Q= {If (x, y, z,t) dx dy dz 
Qa) 


where 0(x, y, Z, t) is the density of the fluid. 
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The mass of fluid within such a volume must remain constant because 
fluid neither enters it from outside nor disappears within it. So that, differ- 
entiating with respect to time, 


or, using (1.15), 


{ff Pe ig =l ov, dS = 0 
Qa ôt s(t) 


This equality must hold good for any surface S and for any time ¢. Hence, 
using Lemma 1, we get 


ô 
es div (ev) = 0 (1.16) 
ot 

or in explicit form 


ð 
4+ 


ð 6) ð 
— (ovs) + — (vy) + — (ov) = 0. 
TAT (ov;) By (ovy) a7 (ov-) 


This is known as the equation of continuity. 

Let us by way of illustration apply this equation to the motion of an in- 
compressible, homogeneous fluid —for which the density is constant. The 
equation then reduces to 


Ov, , Ov, Ov, 
e + — + —]= 0. 
Ox Oy Oz 





The problem of the motion of an incompressible fluid is equivalent to that 
of finding an unknown function V (the velocity-potential) such that 


Substituting these expressions for the velocity components in the continuity 


equation, we get 
07V ð? 2 
Ox? Oy? Oz? 





or 
v2 ¥=0 (1.17) 


where V?V stands for the previously introduced Laplacian operator 
ð? ð? oF 
+ —. 
Ox? Oy? Oz? 








(1.17) is known as Laplace’s equation. 
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Later we shall write down the complete set of equations of motion for a 
fluid and we shall show that any function V which satisfies (1.17) does indeed 
describe a possible motion of the fluid. Thus to solve a problem of fluid motion 
it suffices to know how to find the requisite solutions of equation (1.17). 

In some circumstances, the velocity v and so also the function V do not 
depend on the time t; the motion is then one of steady flow. 


§ 5. Equation of Heat Conduction 


We know from physics that heat may be regarded as the result of random 
motions of material particles. The thermal state of a body is defined by its 
temperature. There is a simple relation between the energy of thermal motion 
of a body and its temperature, namely 


o- fff, 


where D is the volume occupied by the body, 


Q is the energy of thermal motion, or, what comes to the same thing, 
the quantity of heat in calories, 


@ is the density of the substance, 
T is the absolute temperature, 
and œc isthe heat-capacity of the body. 


The transmission of heat from one body to another can take place in 
several ways. We shall pay no attention here to radiation, chemical processes 
and so on, but concentrate on the transfer of heat by direct transmission of 
kinetic energy from one particle to another. 

Imagine within the medium under consideration a region bounded by a 
smooth surface S, and let be a unit vector normal to S. The thermal energy 
due to the motion of the particles situated on either side of this surface may 
change in course of time either because of their mutual collisions or because 
particles move across the surface. 

A particle whose mass-centre lies on one side of the surface and which 
has a certain energy can transmit energy either by itself passing to the other 
side of the surface or by colliding with another particle whose mass-centre 
lies on the other side of the surface. Let 4sQ denote the amount of energy 
per unit time which at the time ¢ is being transmitted across the surface S to 
the particles situated on the side to which the normal is directed from the 
particles situated on the other side. 

We shall suppose that the quantity 4;Q can be expressed in the form 


sQ = | 4(S, £) dS 
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where 
XS, t) = I(x, Ys Z,A, t). 


This formula is equivalent to supposing that the amount of thermal energy 
passing across an element of area depends only on the position of the centre 
of the element and the direction of the vector n. The heat flow is regarded 
as positive if it is in the direction of n. We shall further suppose that f, ọ, c, 
and T are everywhere differentiable functions of their arguments. 

In considering the diffusion ofheat within a certain body, we shall suppose 
for the sake of generality that there is within the body a continuous distribu- 
tion of heat sources with intensity q(x, y, z, t). Then striking a heat balance 
for the volume D, we obtain 


Galil cor av = ||| Cel), 
dt dt D p ôt 
= ail Kx, y, Z,A, t) dS [ff q dv (1.18) 


where the vector n is directed along the outward normal. 
Equation (1.18) holds good for any volume D. We apply it now, taking 
as D the tetrahedron §, shown in Fig. 3, having a vertex at the point 


c 










9 ial a 


FIG. 3. 


A (Xo, Yo, Zo) and the three faces through A parallel to the coordinates planes. 
Let S,, Sy, Sz denote the faces perpendicular to Ox, Oy, Oz respectively, and 
So be the inclined face; let ox, 6,,0,, Co be their areas. We then have 


Ox = Oo COS (no, X), Fy = Oo COS (No, Y), Fz = Fo COS (Ng, Z), 
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where cos (no, x), COS (no, y), COS (Mp, Z) are the direction-cosines of the 
outward normal to the face Sp. 
Applying (1.18) to the tetrahedron K, we get 


f zena- [|| aio = ff fx, y, z, i, t) do, 
o ôt Q Sx 


+ [f Kx, y, zZ, j, t) doy + {| Kx, y, 2, k, t) do, 
Sy Sz 


+ {| KX, Ys Z, — Mo, f) do, 
So 


where i, j, k are unit vectors parallel to Ox, Oy, Oz. If the volume of {Q is w, 
then by a mean-value theorem, 


ð — = = = 
@ ve (coT) — wq = o,v, + OP, + 0,0, 
t 


+ Oo f(x,y, Z, — Mo, É) 

where the bars denote mean values, and we have written for brevity 

vy = f(x,y, z, i, t), Vy = f(x,y, Z, j, t), v: = f(x,y, z, k, t). 
If h is the perpendicular distance of A from Sp, the above equation can be 
written 

ð = = = = 
thoy A (coT) — thoog = Fo{d, cos (no, X) + V, cos (Mo, y) + V: cos (no, z) 

t 


+ KX, Y, Z, — No» i} ; 
We divide both sides by oo and, keeping the direction of mp) constant, let 


h > 0. Then the left-hand member clearly vanishes, and so, noting that 


IXY, Z, — fA, t) = — f(x,y, Zz, n, t), 
we find 


Xo, Yo» Zos 8, t) = [vy cos (n, x) + v, cos (n, y) + v, cos (n, Z)] cxoyn.zo) 


= [vn] (X0»¥orZ0) 


where nis the direction of the outward normal to a side S of the tetrahedron 
st, and concides respectively with — i, — j, — k, ny for the sides S,, S,, 
Sz, So- 


We thus see that the function f(x, y, n, t) is the projection of a certain 
vector v on to the direction of n. 
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Hence, for an arbitrary volume D, (1.18) becomes 


e ff nase fff em 


This formula is somewhat similar to (1.15). The vector v, which is analogous 
to the velocity of a fluid flow, we shall call the heat flow. 

The heat flow existing in a medium is bound up with the temperature 
distribution in the medium. Under natural conditions heat always flows from 
the parts with higher temperatures to those with lower temperatures. We 
shall select some small area dS in the medium and investigate how the tem- 
perature varies at points close to this area. 

The increase of temperature is characterized by the quantity 


ð 
Of ade 


On 


Suppose the medium is isotropic, i.¢., it has the same properties in all direc- 
tions. It is natural to assume that, if the temperature increases in a direction 
normal to a surface S, then the heat flow across S will be negative. In other 
words, the quantities 


n grad T = grad, T and v, dS 


must have opposite signs: and this must be true for any direction m. Hence the 
projections of the vectors grad T and v in any direction must be opposite in 
sign, and this is possible only if these vectors have opposite directions. 
That is, 

v = —k grad T 


where k is some positive scalar quantity, which may depend on the properties 
of the medium, on the temperature, on the way the temperature changes, and 
so on. If the temperature does not change very sharply, then as a first 
approximation we may assume that k is a function of position in the medium 
only. This assumption agrees very well with experiment. 

Substituting this expression for v in the last equation for the heat balance, 


we obtain 
ie. ap oo dv -ff kas a q dv. 


Applying Lemma 1 and taking into account that when the direction of the 
outward normal is replaced by that of the inward normal the sign of the 
derivative 07/0n = grad, T changes, we get 


ð o fa 
— (ecT) = pya ae LAE a gee. +q. (1.19) 
ôt Ox Ox Oy dy Oz dz 
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If we assume ọ, c and k to be constants, we get 


ôT 
—=0@VT+q, (1.20) 
Ot 
where 
k 
&@ = — = const, q; = ce 
gc ec 


Equation (1.19) or (1.20) is called the equation of heat conduction. 


§ 6. Sound Waves 


As a last example we consider the equation for transmission of sound. 
Suppose a compressible fluid is moving with velocity v, having the com- 
ponents along the coordinate axes 


v(t, X, J: z) > v(t, X, y> z) > vt, x, Y, z) s. 
The trajectories of the fluid particles will be determined by the equations 


d d 
a = Ux; aa Se, 


dt dt dt 
The accelerations are easily calculated. We have 


dx _ Ov, | Ov, dx Fa Ov, dy 35, 208 Ov, dz 



































d? or dx dt dy dt Oz dt 
Ov, Ov, Ov, 
= — + vz + vy —— + pe 
Ot Ox Oy 
(1.21) 
d?y ðv, ðv, dv, 
Se Vy vy 
dt? Ot Ox oy 
d?z Ov, Ov, Ov, Ov, 
= Vy v, Dz 
dt? Ot Ox oy dz | 


Suppose that at each point of the fluid there is a force acting which, per 
unit volume, we denote by F with components X, Y, Z along the axes. If 
P(t, x, y, Z) denotes the pressure at any point, then the force acting on a 
surface S enclosing a volume & will have a component along the x-axis given 
by 


| | P(t, x, y, Z) cos (n, x) dS. 
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We obtain the equation of motion by applying d’Alembert’s principle; in the 
x-direction, 


If p cos (n, x) dS [ff X dv 
Js Q 


Ov, dv, Ov, Ov, 
= E + Vy + Dy + v, dv = 0, 


where dv is an element of volume. 
Applying Lemma 1 the equation of motion becomes 


a a a 
Bile ac OO ip es ag OPEN E E eee. 8) 
at ax ay 




















Similarly we find 


Fy Rg RUNEA EEEL EELEE T, 
Ot Ox oy Oz 




















Cao PN ta E)E -z=o 
ôt Ox Oy Oz 

These three equations contain five unknown functions: vx, v,, v,, p and ọ. 
Two more equations are needed to make the system determinate. We have 
already derived one other equation relating these quantities, namely, the 
equation of continuity. So, in the general case, we still have to seek one more 


equation. 
First, however, we consider an incompressible, homogeneous fluid, for 


which we can put 
eo = const., 


and then we immediately have sufficient equations. 
We can now verify what was said earlier about the potential flow of an 


incompressible fluid: namely, that 
v = grad V, 
v7V = 0, 


do actually satisfy the complete system of equations, if the function ọ is 
defined correspondingly, and if further 





i.e., if the external forces have a potential. 


§ 6 SOUND WAVES 19 


It suffices to show that if we take 


then the equations (1.22) allow the function p to be constructed. When the 
expressions for Vy, Vy, Vz are substituted, these equations yield explicit ex- 
pressions for 

Op Op Op 

ôx’ Oy’ ôz` 
And it is known from the theory of partial differential equations of the first 
order that the equations will be compatible provided that the mixed second- 
order derivatives 

Op Op p 
Ax Oy’ Oy dz’ Oz Ax 








determined from the different equations have the same values. It is left to the 
reader to verify this. 

Returning to the general case of a compressible fluid, it is known from 
physics that the density and pressure in any fluid are related by a so-called 
equation of state, into which the absolute temperature T also enters. For 
an ideal gas, for example, the equation of state is 


° RT 


where R is the gas constant. 

Since this equation has introduced another unknown function, T, it may 
be necessary in some cases to bring in yet another equation for the inflow of 
heat. 

However, in a number of cases we can suppose that there is a functional 
relation between density and pressure: 


e = Kp) (1.23) 
where fis a given function. 

Such a circumstance holds good if, for example, we consider processes 
occurring so rapidly that there is no time for heat to be transmitted from one 
particle to another. Such processes are said to be adiabatic. 

In order to obtain from the general equations (1.16), (1.22), (1.23) the 
required equations for the transmission of sound, we now make certain 
simplifying assumptions. We shall suppose that the motion of the fluid con- 
sists of small vibrations about an equilibrium position. In the equilibrium 
condition the pressure po and the density ọọ are constants. The deviations 
P — Po and @ — @ and also the velocity will be supposed small and, in 
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ð : 
particular, we shall suppose that terms such as v, = ,-.. in (1.22) may be 
neglected. We then get x 








Working to the same degree of accuracy, we may write these equations in 
the form 
Op ð 


ð ð 
— (0) + — = X, ov) + — = Y, — (w) + — = Z. 
ôt (evs) Ox TA ») dy ar ` dz 


Differentiating these equations with respect to x, y, z respectively and adding, 
we get 
ð? 0? ð? ðX ðY OZ 

By iy, ODL OD 


— = — + — + —. (124 
Ox? Oy? Oz? Ox oy Oz 





2 [div (e0)] + 


Using the equation of continuity, we can write the left-hand member of (1.24) 
as 
ð? 0? ð? ð? ð? ð? ð? 
Dig OP OP On OP OD, y 
Ox? Oy? Oz? or Ox? Oy? Oz? 


ô 11 Op. a 
mes o (Z) 


°p 
Or 
Finally, regarding f’(p) as constant for a small change in p, so that 


f'(p) = f'(Po) 


























— f(r) 


and denoting the right-hand member of (1.24), i.e., ee + E + K 
Ox oy oz 


by ® we have 





02 02 02 2 
Dik, 1 1 0%p 
Ox? Oy? Oz? a Of? 








where a is a constant defined by 1/a = JF'(po). 
Equation (1.25) may be written in symbolic form as 
2 
Vp pil CBs p. 
a@ dt’ 


We might have obtained an equation for transmission of sound by taking 
as the unknown function the density o instead of the pressure p: in which 
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case we should have obtained a partial differential equation for ọ of exactly 
the same form as (1.25). 

The various equations which we have obtained are sufficiently character- 
istic. We could go on to adduce other examples, but our main purpose is not 
the derivation of the equations of mathematical physics but their investiga- 
tion and solution. We shall therefore limit ourselves to these examples and 
pass on to a consideration of various problems connected with these equa- 
tions. 


LECTURE 2 


THE FORMULATION OF PROBLEMS 
OF MATHEMATICAL PHYSICS. 
HADAMARD’S EXAMPLE 


§ 1. Initial Conditions and Boundary Conditions 


We know from the theory of ordinary differential equations that the 
solution of such an equation is not uniquely determined by the equation itself. 
The solution of an equation of the form 


F(x,y, y’, 4 Y) = 0 (2.1) 


depends, in general, on n arbitrary constants: 


Y = Q(X, Ci, C2; <- Cn). (2.2) 


Often we can take as these constants the initial values of the unknown func- 
tion and its derivatives: 


[yl<-0 = Yo; [y ]x=0 = I e. [Da pea = T (2.3) 


A solution of the form (2.2) is called a general solution if it is possible to 
satisfy the condition (2.3) with arbitrary values of yo, yP, ..., yP, by 
choosing appropriate values for the constants c,, ...,c,. To do this it is 
usually necessary to solve a system of finite (not differential) equations. In 
particular, if the equation (2.1) is a linear homogeneous equation, then the 
general integral (2.2) will have the extremely simple form 


Y= C1 + Cova Feet + Cans 


where the functions y,, Y2, ..., Yn are n linearly independent particular in- 
tegrals. 

The situation is similar for partial differential equations: such an equation 
has not a unique solution. Its solution will depend, in general, on a number of 
arbitrary functions. For example, the general solution of the equation 
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in two independent variables x and y will be 
u = f(x) 


where f(x) is a completely arbitrary function. 

To make a solution determinate it is usually necessary to specify certain 
supplementary conditions; for example, to require that the unknown func- 
tion, and often also some of its derivatives, or certain combinations of the 
function and its derivatives, shall take certain specified values on various 
manifolds. 

It is conceivable, generally speaking, that we might pose the problem 
of finding a general form of solution for a partial differential equation, 
similar to the corresponding problem for an equation of the form (2.1). How- 
ever, although such general solutions do indeed exist, a knowledge of them, 
with rare exceptions, in no way helps us to solveimportant particular prob- 
lems; for instead of having a system of finite equations for finding c,, 
C2, «++, Cn aS was the case for ordinary differential equations, we get for the 
solution of these particular problems so complicated a system of functional 
relations for the arbitrary functions that it is practically impossible to find 
these functions. 

Any problem of mathematical physics presents itself as a problem of 
solving some equation, such as (1.9), (1.14), (1.17), (1.19), or (1.25) for ex- 
ample, with definite supplementary conditions which in most cases are 
dictated by the requirements in the physical formulation of the problem. 

We now point out some of the possible ways of stating the problem for 
the equations which we have already obtained. 


In the problem of a vibrating string, for example, it is natural to consider 
a length of string, 0 < x </, fixed at both ends. Hence we must seek a 
solution of equation (1.9) satisfying the conditions 


lul=-0 = 0 and = [u],-, = 0. (2.4) 


If the ends are not fixed but are set in motion according to some definite 
law, then the conditions (2.4) are replaced by 


[ux=0 =A) and [ulsz = fold). (2.5) 


It is possible to specify other end-conditions, but we shall not partic- 
ularize them. 

It is not sufficient to specify the behaviour of the string at its ends in 
order to solve the problem. We need to know in addition, say, the value of 
the function u and of its rate of change du/ét at the initial moment of time, 
i.e., 

Ou 


[u]iz0 = Yo(x) and | = 9 (x). (2.6) 
t |r=o 


EMP 2 
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The conditions (2.5) and (2.6) together completely determine a solution 
of equation (1.9). We shall show later that, subject to certain provisos about 
the smoothness of the functions f , f2, Po, P1, Such a solution always exists, 
and consequently none of these conditions is superfluous. 

The problem of a vibrating membrane can be put in an exactly similar 
way. In order to determine the motion it is sufficient to specify that 


[u] -0 = Pox, y), S| = (x,y) (27) 


and the values of the function u on the boundary S 
[u]s = f(S, £), (2.8) 


where the function f(S, t) depends on the point of the boundary S and on 
the time 7. 
Instead of the values of u on the boundary, the linear combination 


aluls + f | = f(S, t) (2.9) 


may sometimes be given. 

As we shall show later, the conditions (2.7) and (2.9) make the problem 
completely determinate. A solution satisfying them always exists, and con- 
sequently neither of the conditions (2.7) or (2.9) is superfluous. 

The problem of transmission of sound in a region of space bounded by 
a surface S becomes completely determinate if, in addition to equation (1.25), 
we take into account the initial conditions 


ð 
[pl =0 = Polx. y, 2), Fa = 91(%, yz) (2H) 
t=0 
and the boundary condition 
[pls = f(S, 9 (2.8’) 


where Yo, Q1, and fare given functions. 
For the solution of the problem of heat conduction in some body [see 
(1.19)] it suffices to know the body’s initial temperature 


[Th=0 = px, y, z) (2.10) 
and the conditions at the boundary of the body 


OT 


alT]s + als | = f(S) (2.11) 


n 
where f(S) denotes a specified function for points on the surface. 

With all the equations that we have discussed — the equations of a vi- 
brating string or membrane, the equation of heat conduction — it is by no 
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means necessary to restrict attention to a finite body. We can also consider 
a line, plane, or space, of infinite extent: the conditions (2.4), (2.5), (2.8), 
(2.9), and (2.11), which we call generally the boundary conditions, then just 
drop out. A problem without such conditions is known as a Cauchy problem: 
the conditions (2.6), (2.7), and (2.10) are called the initial conditions (or the 
Cauchy data). 

Consider next a body whose surface has been exposed for a long time 
to various constant influences, so that inside the body the temperature has 
attained a value constant at each point but varying from one point to another. 
This means that the heat distribution within the body has reached a steady 
state. From equation (1.20), putting 07/dt = 0, we get 








8T PT 0? 
+ p n, (2.12) 
Ox" Oy? Oz? k 
This equation can be solved subject to the condition (2.11). The two 
simplest cases, when either a = 0 or f = 0, are of especial interest. The 
problem of finding a solution of (2.12) subject to the condition 


[T]; = f(S) (2.13) 


is known as Dirichlet’s problem. The same problem can also be posed and 
solved for an equation with two independent variables; the equation cor- 
responding to (2.12) is then 
ð? oT 
BOE S (2.14) 
Ox? Oy? k 








If, further, g = 0, then this equation also applies to the problem of the 
equilibrium of a membrane. For, if we put du/dt = 0, and consequently 
6?u/dt* = Oin equation (1.14) for a vibrating membrane, we again obtain an 
equation of the form (2.14). 

It is interesting to note that, as we have seen, one and the same equation 
may describe completely different physical processes or conditions. Thus 
it appears that mathematical equations possess a high degree of generality 
arising from the process of abstraction from the concrete physical properties 
of this or that phenomenon. 

The other problem, of finding a solution of the equation (2.12) subject 
to the condition 

ôT 


Hg KS) (2.15) 


is called Neumann s problem. This too can be considered for the case of 
two independent variables. The problem of the potential motion of an in- 
compressible fluid leads to a Neumann problem [see (1.17)]. For if we want 
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to find the velocity of the fluid inside some region, it is natural to specify 
on the boundary of the region the magnitude of the normal component of 
velocity v,, which characterizes the fluid flow across each point of the surface. 
If, for example, the surface S is an immovable, impenetrable wall, then we 
must specify that the fluid flow across this wall is to be zero. If the wall is 
moving, then the normal component of the velocity of the wall must coin- 
cide with the normalcomponent of fluid velocity. But v, = 0V/dn, from which 
it is clear that the problem discussed is identical with a Neumann problem. 

For equation (2.12), just as for the earlier equations, it is by no means 
obligatory to consider its solution only in a finite region. Very often it is 
important to solve it for an unbounded region. This happens, for example, 
when the dimensions of the region under consideration are very large com- 
pared with the scale of the phenomenon which is being investigated. It is 
natural, for example, when investigating the heat-transfer from a long, tu- 
bular conductor buried in the ground to regard the earth, not as a sphere, 
but as an infinite half-space, and to solve equation (2.12) in a half-space with 
a cylinder cut out of it. 

When considering unbounded domains, the behaviour of the solution at 
points at a great distance is by no means a matter of indifference; indeed in 
many cases the problem becomes determinate only when definite assump- 
tions are made about this behaviour. For example, if equation (2.12) is 
solved in the infinite space outside a sphere, then the solution must satisfy 
the supplementary condition that it should vanish at infinity. Otherwise the 
solution remains indeterminate. 

There is still another supplementary consideration which plays an im- 
portant role. 


§ 2. The Dependence of the Solution on the Boundary Conditions. 
Hadamard’s Example 


The statement of problems of mathematical physics includes, as we have 
seen, certain functions which enter into the boundary and/or initial con- 
ditions, and the solution will depend on these functions. These functions are 
usually determined from experimental results and therefore cannot be found 
absolutely accurately. 

A certain amount of error in the initial or boundary conditions is in- 
escapable. This error will manifest itself in the solution too, and it will not 
always follow that the error in the solution will also be small. 

We shall see very simple examples of problems where a small error in the 
data can entail a very large error in the result. When we investigate equations 
of mathematical physics, we should always particularly examine the question 
of the dependence of the solution on the boundary conditions. 

Suppose some problem in mathematical physics reduces to finding a 
certain function u(x, y, z, t) of four variables in some domain & of variation 
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of these variables, which satisfies in this domain an equation 


dx’ dy’ Oz’ Ot’ Ax?’ ð" 





2 m 
F(u Ou Ou Ou Ou 8? u aa) = l (2.16) 


In the examples considered earlier, the domain & of the independent vari- 
ables x, y, z and a certain interval of time 0 < £ S$ T served as the domain. 

Let the required solution also have to satisfy some supplementary condi- 
tions of the form 


Ou Ou Ou O o” 
Si 





A E E a OA Ds 


where S, is some manifold of less than 4 dimensions, and ¢,(S;) is a given 
function defined on the manifold S; (the S; lie within or on the boundary of 
the domain K). 

In our previous examples these conditions were set up on, e.g., the mani- 
folds t = 0 and on some surface S of space (x, y, z) for all values of £. 

We are going to define the concept of continuous dependence of the 
solution u on the boundary data {9,(S,)}. But before we can do this, we must 
in preparation introduce the ideas of: distance between any two systems of 
boundary functions {y,(S,}, and {~,(S,)}., and also distance between any 
two functions u; and uw. 

Let us examine in more detail the familiar problem of measuring the 
distance between points of some set lying in a plane. Suppose, for example, 
that this set consists of points scattered over a certain region. With each 
pair of these points, A and B, can be associated a number 0(A, B), the se- 
paration between them. In different circumstances it may be natural to take 
different numbers @(A, B) as this separation. Thus, for a helicopter pilot, 
the separation will be the length of the interval AB; but for a car-driver, it 
will be the shortest distance between the points A and B by road. However, 
the car-driver might instead regard the separation as being the shortest time 
necessary for the journey from A to B without counting the actual number 
of miles (“A is two hours’ travel from B”). And on this basis, the separation 
on making a detour by a “By-pass” road might be shorter than that along 
an urban road coinciding with the rectilinear interval AB. 

Again, consider for example a set of cross-roads in some city. Suppose 
that all the streets are parallel to one or other of the axes of a rectangular 
Cartesian coordinate system Oxy. We might take as the separation (A, B) 
between two cross-roads A (x4, ya) and B (xg, yg) the length of the interval 
AB: 


o(A, B) = J (xa = xB)’ + Qa Ys) 
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but for a pedestrian it would be natural to take the shortest distance he must 
walk to get from A to B: 


o(d, B) = |x4 — xe! + ly, — Yel- 


It might also be convenient, on occasion, to define the separation by the 
formula 


o(A, B) = max (|x4 — Xz], (Ya — Ysl). 


We now take a certain class ® of systems of functions {9,(S;)} which are 
defined on the manifolds S;, and a certain class U of functions u(x, y, z, t) 
defined in SU. We assign to the difference between any two systems of 
functions {p;(S,)} and {@,*(S,} a certain positive number ọ, by means of a 
suitable formula, and this number ọ is defined to be the “separation” be- 
tween these systems of functions: 


Co = eo{ 97 (Si) — P(S}. 


In a similar way we introduce the separation between members of the func- 
tion class U: 


eu = ev(u* — u). 


Suppose that for a certain system of functions {y,(S,)} from @ the problem 
(2.16), (2.17) has a unique solution u of U. We now change the right-hand 
member of (2.17) and put instead of the system of functions {p(S,)} another 
system of functions {p7(S,)} from ®: 


97 (Si) = pS) + PS). (2.18) 


We shall suppose that for any system of functions {y7) sufficiently close to 
the system {y,(S,)} the problem has a unique solution, which we shall denote 
by u*, and we write 

uf =u+ ù. (2.19) 
Suppose now that, given any € > 0, we can find a 6 such that the magnitude 
of the deviation of the solution, ọy(®), is less than e, 


oul) < € 


provided only that the magnitude of the deviation of the boundary functions, 
oo({G(S)}), is less than ô, 
eo {FAS)}) < ô. 


In this case we shall say that in the region SY, the solution u depends continuously 
on the boundary data. 

Such a definition of continuous dependence is clearly an immediate 
generalization of the familiar concept in analysis of the continuous depend- 
ence of a function on its argument. 
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In order to give this concept of the continuous dependence of a solution 
on the boundary functions a definite meaning, we must select the classes ® 
and U, and specify formulae: defining ọ and gp. 

We shall give two examples of possible definitions of continuous de- 
pendence, and we shall then show why it is natural to use them. 

DEFINITION 1. The class @ is defined to be the class of systems of functions 
{p,(S;)} which are continuous and have continuous partial derivatives up 
to a certain order k inclusive (the partial differentiation being with respect 
to any of the parameters on the manifold S;,). 

The class U is defined to be the class of functions u which are continuous 
and have continuous partial derivatives up to a certain order p inclusive. 

As the separation 9, between two systems of functions we shall take the 
upper bound of the absolute values of the differences between these functions 
and between their partial derivatives up to order k inclusive on the mani- 
folds S;. 

As the separation gy between two functions u and u* we shall take the 
upper bound of the absolute values of the differences between these functions 
and between their partial derivatives up to order pinclusivein the domain SR. 

If, in the sense indicated, there is continuous dependence of the solution 
on the boundary data, we shall say that the solution depends continuously to 
order (p, k) on the boundary data in the domain §.,. If, conversely, for some 
€o > 0 and for any 6 > O there exists a deviation of the system of boun- 
dary functions {¢,(S,)} such that 


eal{P(Si)}] < 6, 
but 


u(i) > £0> 


then the solution u in the domain St, depends discontinuously to order (p, k) 
on the boundary data. 

DEFINITION 2. Continuous dependence in the mean. 

The class @ is defined to be the class of systems of functions {p,(S,)} such 
that the functions y,(S;) and their partial derivatives up to a certain order k 
inclusive have squares which are integrable on S;. 

The class U is defined to be the class of functions u which are such that 
the squares of these functions and of their partial derivatives up to a certain 
order p inclusive are integrable in the domain SQ. 

As the square of the separation @g between two systems of functions 
{p,(S)} and {p7(S)} we shall take the sum of the integrals of the squares 
of the functions ¢,(S,) = p7 — p; and of those of derivatives up to order 
p inclusive on the manifolds S;,. 

As the square of the separation gy between the functions u* and u we 
shall take the sum of the integrals in the domain &, of the squares of the 
function u* — u and of those of its derivatives up to order p inclusive. 
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If a solution u of the problem (2.16), (2.17) depends continuously on the 
boundary conditions in the sense of this definition, we shall say that the 
solution depends on the boundary conditions continuously in the mean to order 
(p, k). 

We may mention that continuous dependence to order (0, 0) admits of 
a simple physical interpretation. Thus in the problem (2.12), (2.13) where 
the temperature T of the body plays the part of u, and the function /(S), 
the temperature on the boundary, plays the part of p;(S;), continuous de- 
pendence of order (0, 0) means that a small change of temperature at any 
point on the boundary would produce a small change of temperature at 
every point inside the body. 

Continuous dependence in the mean can be interpreted just as easily. 
In the problem on transmission of sound (1.25), (2.7’), (2.8’), there is, as 
can easily be shown, continuous dependence in the mean of the solution on 
the functions gy, and g, of orders (1, 1) and (0, 1) respectively. This property 
is the mathematical counterpart of the fact that a small change in the energy 
of vibration of the air, initially, produces a small change of energy subse- 
quently. 

Ordinarily in mathematical physics we use the idea of either continuous 
dependence of order (p, k) or continuous dependence in the mean of order 
(p, k). There are other natural definitions of continuous dependence apart 
from the two which we have introduced, but we shall not touch on them here. 

We may remark that at one and the same time there may be continuous 
dependence in the sense of Definition 1 but not in the sense of Definition 2. 

If for any system of functions {g,(S,)} from @ it is possible to indicate 
a domain Į’, containing the manifolds S;, such that the solution u of the 
problem (2.16), (2.17) depends in this domain on the boundary conditions 
continuously to order (p, k), or continuously in the mean to order (p, k), 
where p and k are any particular natural numbers, then we shall say the 
problem (2.16), (2.17) is correctly formulated. In the contrary case, the 
problem is incorrectly formulated. Sometimes, instead of an arbitrary system 
of functions, some particular fixed system of functions {p;(S;)} is considered, 
and we then speak of the correctness of the formulation of the problem for 
this system of functions. For non-linear problems, the idea of correct for- 
mulation may turn out to be substantially wider than that just expounded. 

For ordinary differential equations the problem of integrating an equation 


n m—1 
d u = f(x, m See T) 


with initial conditions 


{u] =u a =u oe =H 
x=0 0> dx io 1> > dx™-1 Lae m-i 
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is, as is well known, always correctly formulated, subject to the restrictions 
placed on the function f by the theorem of existence and uniqueness. 
The same applies to a partial differential equation of the first order 


Ou Ou Ou Ou 
— = f| t, x,y, z,—,—, — . 
Or : 


Cauchy’s problem, i.e., the problem of solving this equation with the initial 
data [u],-0 = uo(x, y, Z) is correctly formulated for this equation, since u 
depends on up continuously to the order (1,1). 

But for a partial differential equation of order higher than the first this 
circumstance may no longer obtain; consequently, to pose Cauchy’s problem 
for such an equation may not always be meaningful. To illustrate this, we 
choose an example due to Hadamard. 


We shall find a solution of the equation 
o?u ð?u 
+ 


=0 2.20 
ax? + Be (2.20) 








in the half-strip y > 0, —2/2 S x < 2/2, satisfying the conditions 


ð = 

[Wee—w2 = 0 = (Wlranr = (yoo, Ea = e7" cosnx (2.21) 
Oy y=0 

where 7 is an odd integer. 


It is not difficult to see that this solution will have the form 
-¥" cos nx sinh ny. (2.22) 


It can be shown that the solution of the problem formulated is unique. It 
is easy to see that when n tends to infinity, the function e-!" cos nx tends 
uniformly to zero, as do all its derivatives. But the solution (2.22) for any 
non-zero y has the form of a cosine-curve having an amplitude as great as we 
please. 

It is clear that in this case continuous dependence in the sense of the 
first definition can never hold in any domain x, y which touches the axis 
y=0. 

We can also show that there is no continuous dependence in the sense 
of the second definition. It is easy to see that the integral 


i e re "cos nx sinh mh dx dy 
—n/2 n 


tends to infinity as n > œ however small y > 0 may be, and this justifies our 
assertion. 


EMP 2a 
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Thus the problem just discussed on Laplace’s equation is not formulated 
correctly. 

If we look into the question of continuous dependence in an unbounded 
domain, we find that even for ordinary differential equations the question 
ceases to be a simple one. For these, continuous dependence on the initial 
data is known as “Lyapunov stability (or continuity)”. 

The related questions in the theory of partial differential equations could 
also fittingly be called the theory of stability. So far these questions have not 
been fully worked out; they are too difficult for an elementary course, and 
we shall not deal with them here. 

The solution of problems which are incorrectly formulated has no 
practical value in the majority of cases. When analysing solutions of all the 
problems appearing in the course, we shall always stop to ascertain that the 
problem is correctly formulated. 

In the next lecture we shall be concerned with a more detailed examination 
of the differences between the various equations which we have so far studied. 


LECTURE 3 


THE CLASSIFICATION OF LINEAR EQUATIONS 
OF THE SECOND ORDER 


§ 1. Linear Equations and Quadratic Forms. Canonical Form of an Equation 


All the equations we have so far considered have been linear equations of 
the second order with real coefficients, i.e., equations of the form 


n n 02 n ð 
Age SS Be Caer (3.1) 
i=1 jai Ox;Ox; t=1 Ox, 
where A; B C and F are given functions of x1, X2, ...; Xn- 


To study the properties of these equations in more detail we shall investigate 
certain properties of their coefficients. We shall examine first of all how the 
coefficients of the equation (3.1) transform under an arbitrary change of the 
independent variables, or, what comes to the same thing, under any geo- 





metrical transformation of the space of the variables x;, X2, ..., Xn. 

In place of x1, X2, ..., Xp We introduce new variables y,, y2, ..., Yne We 
assume that the functions y,(X,, <--> Xp), +++. YalX1, «++» Xn) have continuous 
second derivatives. 

Then 

ð " ðu ô 
bu y u oy (3.2) 
ôx; 1 Oy, Ox, 

ð? ð [0a Bin dete O Oy, ð a ð ð? 

EN ah ee Lu Yi Pe La i a 
Ox,0x; Ox, \ Ox; k=11=1 Oy,Oy, Ox; Ox;  =1 Oy, Ox,Ox; 


Substituting the expressions (3.2) and (3.3) in the equation (3.1) we get 


Ou (LS 4 an ay 
k=1 1=1 Op,Oy, \i=13=1 n Ox; Ox; 








n ðu Z 07y, n Oy, 
oe yeaa A +) B,—)+Cu=F. (3.4 
f=1 Oy, © > 7 Ox;Ox,; > i Ox; on 
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Denoting the new coefficients of the second-order derivatives 07u/dy, Oy, in 
(3.4) by Aj, we have 


ea n n ð ð , 
Ak = X 3 Ai; aon pes : (3.5) 
i=1 J51 Ox; Ox; 


If we fix on a definite point in space and write, at this point, 


0 
Pk = aq, (3.6) 
Ox; 
then the transformation formulae (3.5) become 
Ant = £ X Aij Aki Zij» (3.7) 
i=1 j=1 


which are the same as the transformation formulae for the coefficients of the 
quadratic form 


2 È Aas Pi Ps (3.8) 
i=1 j=1 
under the change of variables 
Pi =) Hei Wk (3.9) 
=1 


which takes (3.8) over into the form 


n n 


YY An Geis (3.10) 


k=1 l=1 


The determinant |«,;| must, of course, be non-zero in order that the formulae 
(3.9) shall give a (1-1) change of variables. 

If we want to simplify equation (4.1) by means of a change of variables, 
we can examine, instead of this problem, that of the simplification of the 
quadratic form (3.8) by means of the change of variables (3.9) with real 
coefficients a;;. 

A problem of this sort arises in analytical geometry in the simplification 
of equations of second-order surfaces. But our present problem is rather 
simpler, since we are not bound to orthogonal transformations, and we 
have no need to demand that in the space p4, P2, ..., Pn the directions of the 
axes G1, q2, -++> qn Shall be orthogonal. 

It is proved in text-books on linear algebra that the coefficients of the 
transformation can always be chosen so that a quadratic form is reduced to a 
sum of squares (not necessarily with positive coefficients): (3.8) becomes 


n n 


2 DAG Pi Py = kg (3.11) 
i=1j=1 l=1 
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where the k, are certain numbers which may be positive or negative or zero. 
We now prove the following theorem: 
THEOREM |. (Rule of Inertia of Quadratic Forms) 

The number of positive coefficients and the number of negative coefficients 
among the k,, kz, ..., k, is independent of the particular choice of change of 
variables (3.9) which transforms the quadratic form (3.8) into the form (3.11), 
provided only that the determinant |x,,| is non-zero. 

It follows, incidentally, that the number of non-zero coefficients k, must 
also be the same in all representations such as (3.11). 

Proof. 

If we transform our quadratic form in two ways into the sum of squares, 

we shall have 


n 


> kqi => om (3.12) 
s=1 


l=1 


where m, and q, are the space coordinates chosen in the two cases, and are 
linearly related 


Ms = 2 Psi qi- 


Suppose now that the number of positive k, is, say, greater than the 
number of positive ọ,. We equate to zero all those q, whose squares have 
non-positive coefficients and also all those m, whose squares have positive 
coefficients. If we suppose that 


ky 


IV 


kz 


IV 
IIV 


k, >02 Kray = k,+2 Zt kn, 


IV 
IV 
IV 


01 2 0, > 0 Z 01 2 %2 ZU ŽO, 


<4 


02 


© 


then we shall put 
Gres = O42 = = GQ = 9 


m == =m=Q. 


1, 


Now among the relations between m, and q, written above, those whose 
left-hand members have been put equal to zero may be regarded as a system 
of homogeneous linear equations for determining q1, 42, ..., qp, and the re- 
mainder as equalities fixing the values of mM,+1, 1,42, +...) Mp. Since the num- 
ber of these equations is less than the number of unknowns, we can always 
find a solution of the system in which not all the q,, q2,..., q, vanish. Sub- 
stituting these values of q1, q2, ..., q, in (3.12), we see that the left-hand 
member will be positive, but the right-hand member will be non-positive; 
consequently (3.12) does not hold, and our supposition is contradicted. 
Hence the theorem. 
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This theorem enables a classification of partial differential equations of 
the seeond order to be made. 

At each point of the space of the variables (x,, x2, ..., Xn) We can carry 
out a change of the independent variables p, so that at this point the form 


Further, the simple substitution 
a= V [k] Fi 


transforms our form into the expression 


Vig sey a (3.13) 
i=1 


i=r+1 


where r is the number of positive coefficients k; 
and m is the total number of non-zero coefficients. 


Suppose now that the substitution (3.9) which reduces the basic form (3.8) 
to the form (3.13) has been found, and that it is written as 


n 
= * 
Pi = 2 Hix Gk. 
k=l 


We introduce a linear change of the independent variables x,, x2, ..., Xp in 
our space by means of the formula 


Ye = Yo er. 
k=1 
This means that in formula (3.6) 
Aki = OR 


and so, at the point of space considered, all the A,; with i # k will vanish and 


the Au will be either + 1 or 0. The terms of the equation which contain sec- 
ond-order derivatives will take the form 


r 02u m O7u 


7> 
i=1 i=r+1 OV; 
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If the equation (3.1) has constant coefficients, then under a lincar change 
of variablesit will transform into an equation with coefficients constant again. 
Consequently we shall, in this case, be able everywhere in the space to bring 
the equation into such a form that in the new coordinates the coefficients of 
the mixed second-order derivatives vanish and the coefficients of those of 
the derivatives 3?u/ðx? which do not vanish are equal to + 1. We shall call 
this the canonical form of the equation. 

As we shall sce later, the character of a second-order equation is com- 
pletely determined by the number r of positive coefficients and the number s 
of negative coefficients of the second-order derivatives after such a trans- 
formation. If we consider an equation with variable coefficients, we find that 
it is impossible by a single such transformation to bring it into canonical 
form for the whole space at once; all we can do is to putit into canonical form 
at cach point of space separately. 

Moreover, in doing this, we may obtain different values of the numbers 
rand s at different points. In such cases it is convenient to divide the space 
into parts over which r and s are constant, and to investigate the equation 
in cach part in turn. 

We now introduce the concept of types of partial differential equations 
of the second order. In domains where r and s keep constant values, we shall 
say that the equation belongs to the type (r, s). It is clear that the types (r, s) 
and (s, r) are essentially the same, since by a change in sign ofall coefficients 
r and s change places. The equation for a vibrating string is of type (1,1) 
with n = 2. The equation of a vibrating membrane belongs to type (2,1) 
with n = 3. The equation of heat conduction belongs to type (3,0) with 

= 4: and Laplace’s equation to type (3,0) with n = 3. 

We shall call type (n, 0) the elliptical type; type (r, s) with r + s = n, 
r>0,s5s>0, the Ayperbolic type; and of these, the type (n — 1, 1) is the 
normal-hyperbolic type. Types (r, 5) withr + s < n arc called parabolic types. 
Of these, the type (n — 1, 0) is called the normal-parabolic type. Parabolic 
types where s = 0 are called elliptico-parabolic types, and those with r > 0 
and s > 0 are called hyperbolo-parabolic types. 

The equations for a vibrating string and membrane belong to the normal- 
hyperbolic type [equations (1.9) and (1.13)]; the equation of heat conduction 
(1.19) belongs to the normal-parabolic, and Laplace’s equation to the elliptic 
type. 

In this course we shall restrict ourselves to the normal-hyperbolic, nor- 
mal-parabolic, and elliptic types. All the equations which we considered in 
Lecture 1 had canonical form and belonged to one of these types. We thus 
see that none of these equations can be reduced to another by a real trans- 
formation of coordinates and that each of them is typical of a certain spe- 
cles, 

Note. The coordinate system in which an equation takes canonical form 
is not unique. 
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Laplace’s equation 
07u 07u 07u 
+o + 


V?u = — + —— 
ôx? ôx? ax? 





remains invariant under any change of origin and any orthogonal transform- 
ation of coordinates. 
For, the coefficients 4,, after an orthogonal rotation will have the form 


ee! n 
Ay = 5 Kikki 
i=1 


6) 
where &ig = 2% = COS (Yp, Xi), 


Ox; 





and by the orthogonality conditions 


n 1 for k=1 
> Kinin 
i=1 0 for k #/1 
so that 
— l fork = I 
Ay, = > 
0 fork Æl 


as was to be shown. 

The transformations of the independent variables which leave the wave 
equation invariant are known as Lorentz transformations; they play an im- 
portant role in the theory of relativity. 


§ 2. Canonical Form of Equations in Two Independent Variables 


As we have seen, an equation with variable coefficients can always be 
brought into canonical form at an isolated point in space. If the number of 
independent variables is greater than two, then only in exceptional circum- 
stances can the equation be brought into canonical form throughout the 
whole space in which the equation is given. However, an equation in two 
independent variables can always be brought into canonical form throughout 
the whole region of variation of the independent variables. 

We shall examine this question in more detail. When there are two in- 
dependent variables the sum of the terms containing second-order deriv- 
atives may be written in the form 


0? 0? 0? 
u -2B H pg La 


Lu = Á . 
Ox? Oxdy Oy? 











We shall call this sum the principal term of the second-order operator. 
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On transition to new variables € = &(x, y), 7 = n(x, y), the operator Lu 
takes the form 


Tips 4 Gl | ey (Sy | gy 
Ox Ox Oy Oy ðE? 


2 
rf a a cE atu 








x x Ox dy Ox Oy Oy ody | d£0n 


2 2 2 
+[4($) pop to c(3)] OE n e E ey 


ðx Ox Oy oy On? ðE On 
or 
Hig ee pe a 
OE On 


L,u denotes the principal term of the operator in the new variables. We 
assume as regards &(x, y) and y(x, y), in addition to their smoothness, that 
the curves &(x, y) = const. and y(x, y) = const. do not meet tangentially at 
their points of intersection, 

In order that the equation may have canonical form after the transfor- 
mation of coordinates, it is necessary that: 


(1) The coefficient of the mixed partial derivative 


ð ðE ð ôn ð ð 
AT EE E AA E On 
ôx Oy ax dy 


must vanish and (2) If the equation is of elliptical or hyperbolic type, then 
must 


A, = +C,, 
and if the equation is of parabolic type, then must either 
Ay = 0 or Ci = 0. 


It is known from analytical geometry that the canonical form of the 
quadratic form 
Ap? + 2Bpq + Cq? 


whose coefficients transform like those of the operator Lu is determined by 
the sign of its discriminant 
A = B? — AC, 
and if A < 0, the form is elliptical and transforms into r? + r3 
if A > 0, the form is hyperbolic and transforms into r? — r3 


if A = 0, the form is parabolic and transforms into r7. 
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In the last case we shall exclude the possibility of complete degeneracy of 
the form (A = B = C = 0). We shall examine the parabolic case first. If 
A = 0,then B? = AC and, since we exclude the completely degenerate case, 
this implies that at least one of the coefficients 4 and C is not equal to zero. 
Suppose A # 0. Put 


B C 
k = — = —. 
A B 
(If B = 0, then C = 0 also, and the equation is already in canonical form.) 
We have: 
2 2 2 
hea opt 2E cÈ = Á OF aoh DE 
Ox Ox dy oy Ox oy 
2 2 2 
E OU EE AA E D E E gO. 
Ox Ox Oy Oy Ox oy 


paa e dioh oF ðn On OF ogee ot 
Ox Ox Ox Oy Ox Oy Oy Oy 


P Mare eh CL aL 
Ox Oy J \ Ox oy 


In order that the coefficients B, and C, should vanish simultaneously it is 
sufficient to put 


OT og. p asa (3.14) 
Ox Oy 


(3.14) is an equation of the first order for the unknown function y(x, y). 
We can take any solution of this equation as the new independent variable 1. 
In the new variables £, n the principal term of the equation will take the form 

07u 


Je 





The coefficient A, cannot vanish, since neither A nor ô$/ðx + k d&/dy 
vanishes. For A # 0 by hypothesis, and the expression 0&/0x + k o&/dy 
could vanish only at points where the curves é = const. and 7 = const. 
touch, and there are no such points by hypothesis. Dividing the equation 
by A, throughout, the principal term becomes 07u/0é?. It is useful to note 
that equation (3.14) does not define a single curve but only a family of 
curves y = const. and so a certain arbitrariness remains for the choice of the 
function &(x, y). 

In the case when our second-order partial differential equation is of 
elliptic or hyperbolic type, it is easy to show that the coefficient B, vanishes. 


§2 CANONICAL FORMS: TWO INDEPENDENT VARIABLES 4l 


The complete reduction to canonical form of an equation of elliptic type isa 
complicated problem, and we shall not stop to deal with it. An equation of 
hyperbolic type, as we shall show in a moment, can always be easily trans- 
formed to canonical form. 

We select first the case when a linear second-order equation in two in- 
dependent variables does not belong to the parabolic type and the coefficient 
A does not vanish (the case C # 0, A = 0 can be treated in a similar way; 
the case A = C = 0 we shall deal with separately). Let then A # 0. We put 


E=x, = g(x,y). 


Then 0&/dy = 0, 0€/0x = 1, and the condition that the coefficient B, should 
vanish becomes 


—+B—=0. (3.15) 


Taking once more for 7 any solution of the equation (3.15), we obtain a sys- 
tem of coordinates in which the equation has the required form. This form 
will not be canonical, because the coefficients of the second-order derivatives 
will not, in general, be +1. 

If A = C = 0, then the equation will have a principal term of the form 


O7u 


Ox Oy 





and will be hyperbolic. It is easy to see in this case that by the substitution 
E=x+y, n=x—-y 
the equation takes the canonical form 


ð? u 07u 
ðE? On? 








It is clear from this that the reduction of a hyperbolic equation to the form 


07u 
Oxdy 





would solve our problem completely. Moreover, in many problems it is 
precisely this form which is most convenient, and we shall therefore devote 
a Separate section to it. 
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§ 3. Second Canonical Form of Hyperbolic Equations 
in Two Independent Variables 


The second canonical form for a second-order partial differential equation 
of hyperbolic type in two independent variables is one where the equation 
does not contain the partial derivatives 0?u/0x? and 0?u/dy?. 

It follows from the formulae of the previous section that, in order to bring 
an equation to this form we must find functions &(x, y) and ⁄(x, y) satisfying 
the equations 


2 
Ox Ox ae Ox 
i 2 
GA VeRO se) 26, 
Ox Ox Oy Oy 


These two equations are necessarily one and the same, and we have to find 
€ and 7 as two different solutions of the one equation, which we may write 
in the form 


at \ ? GIA 
ð ð 
Pa a EE a E O (3.16) 
ac at 
oy oy 


where ¢ stands for either of the functions £ or 7. 
Along a curve ¢ = const. we have 





ot 
dy Ox. 
dx a 
Oy 


and therefore (3.16) can be rewritten in the form of a quadratic in y’ 
Ay’? — 2B! + C=0. 


The condition B? — AC > 0 ensures the existence of two distinct real roots 


y, = [B+ VB AC|/A, y, = [B - VB - ACI/A. (3.17) 


By taking the integral curves of the first and second of the equations (3.17) 
as the curves € = const. and 7 = const. respectively, we obtain the solution 


of our problem. 
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§ 4. Characteristics 


The introduction of suitably chosen variables £ and 7 eliminated the terms 
in 02u/0&? and 0?u/07? in an equation of hyperbolic type in two independent 
variables. 

In the general case of n variables we could also select new coordinates 
Yas Yas -+ Yn SO that there was no term containing 0?u/dy{, for example, in 
the equation. We have seen that the coefficient of this derivative is given by 





(3.18) 


As regards the function y,(%,, X2, ..., Xn) we shall assume that on the surface 
yı = 0 and in a certain neighbourhood of it the inequality 


n 2 

B (2) >0 

i=1 Ox; 
holds good; this ensures that there are no singular points on the surfaces 
y1(%1, X25 «++; Xn) = const. This condition can always be fulfilled if the surface 
yı = Qis sufficiently smooth and if the family of surfaces y, = C, for varying 
C, fills a certain part of space adjoining the surface y, = 0. Any smooth 
surface having an equation ¢(x,, X2, ..., X,) = 0 can be taken as the surface 
yı = 9. a 

We examine the condition that the coefficient A,, shall vanish on the 

surface y, = 0. Applying a familiar result in the differential calculus, the 
cosine of the angle (n, x,;) which the normal n to the surface y, = 0 makes 
with the axis x, is given by 


2 
cos (n, x) = 
Oy; 
FE 2 (ay 


Hence the equation A,, = 0 can be written in the form 


$ J Ai; cos (n, x;) cos (r, xj) = 0. 


=1 J 


~ 


This equation shows that the vanishing of A, on the surface y, = O isan 
intrinsic property of this surface and that it in no way depends on the choice 
of the variables y3, y3, <<. Yne 

DEFINITION. A surface 


yil%, X25 2005 Xn) = Co 
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is called a characteristic of the equation (3.1) if, on changing from the variables 
Xis X2, ..., Xp to new variables yi, Y2, .... Yn, Where Yo, ..., Yn are arbirtary 
functions of X, X2, ..., X, and all the y; are continuous and have first-order 
derivatives and a non-zero Jacobian in the neighbourhood of the surface under 


consideration, it happens that the coefficient A,, of 0?u/@y? vanishes on this 
surface. 

It is not difficult to see that an equation of elliptic type can have no real 
characteristic, since A,, here appears as a positive definite quadratic form 
in «,; and therefore cannot vanish. 

If the surface x, = 0 is a characteristic for our equation (3.1), 

n n 2 n ðu 
X > Ay + $ B+ Cu =F, 


i=1 j=1 Ox; Xj i=1 x; 


i.e., if [AyiJx,=0 = 0, 
then this equation becomes a differential equation relating [u]x,=0 and 
[Ou/0x,]x,=0. For, if xı = 0, we can rewrite it in the form 


; a fa no 0? 
i=2 xı=0 OX; OX, |x,=0 i=2 j=2 x1=0 OY; Ox; 


0 n 
+ [Blac (| a | ) +$ Biao 2 (szo) 
aa i xy~=O i=2 Ea i 


+ [C], =0 ([uJx,=0) = [F].,=0- (3.19) 











The problem of finding, for the second-order equation in general form, a 
Solution which satisfies on a certain surface S the two conditions 


Ou 
[u]s = po and Eq = Qı 
On |s 


is known as Cauchy’s problem. 

As we saw earlier, particular instances of this problem arise in the in- 
vestigation of vibrations of a string or membrane when the position and 
velocity of the particles of the vibrating body are given at the initial instant 
of the motion. 

It may be usefully remarked that, in general, it is not essential that the 
direction along which the derivative of u is specified should be normal to the 
surface S; [ĝu/ðn]s itself need not be given. For, the specification on S of the 
function u itself enables all its derivatives in any tangent plane to be deter- 
mined, while a knowledge of the normal derivative enables the value of the 
gradient of the function to be found at all points on the surface S. But the 
derivative of the function in an arbitrary direction is the projection of 
its gradient in this direction. So that our aim, a knowledge of the gradient, will 
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be achieved if we are given at each point of the surface the value of the deriv- 
ative of u along any non-tangential direction. 

It follows from equation (3.19) that in the case when the surface x, = 0 
is a characteristic, [u]x,=o and [du/0x,],,=0 are not independent functions of 
the variables x2, X3, ..., Xn, and Cauchy’s problem for this surface x, = 0 
becomes impossible; for [u],,29 and [du/0x,],,-9 cannot be specified arbit- 
rarily and at the same time satisfy (3.19). 

This argument has shown that it is impossible to prescribe arbitrarily on 
characteristic surfaces both the value of a function and that of any com- 
ponent of its gradient not lying in a tangent plane. 


LECTURE 4 


THE EQUATION FOR A VIBRATING STRING 
AND ITS SOLUTION BY D’ALEMBERT’S 
METHOD 


§ 1. D’Alembert’s Formula. Infinite String 


The equation for free vibrations of a string, i.e., for its vibrations when 
there are no external transverse forces, is 
ð? u 1 u 


m 0 4.1 
Ox? a Ot? Ga 





where a = VTlo. To bring it to the second canonical form we put 
ES katy, = Xa, (4.2) 
Then equation (4.1) becomes 
o?u 


z0; 4.3 
DED (4.3) 





The general solution of equation (4.3) is easily obtained. Moreover, in 
contrast to what, as we said in Lecture 2, usually happens with such solutions, 
this general solution can easily be applied to various concrete problems. 

From (4.3) we have 


whence 


ð l 
“= vl), (4.4) 
ôn 


where y5(7) 1s an arbitrary function. 
From (4.4) we gct 


u = p(n) + y.(6), 
where y,(&) is an arbitrary function. Returning to the variables x, t£, we get 


u = y(x — at) + y(x + at) (4.5) 


46 
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This solution depends on two arbitrary functions y, and wa: it is called 
d’Alembert’s solution. 

To solve any particular problem on free vibrations of a string, we have 
only to determine y, and y, for that particular case. 

We consider first of all Cauchy’s problem for an infinite string, i.e., the 
problem of finding a solution satisfying the conditions 


Cee EA 29,0). (4.6) 
t |r=0 


Substituting formula (4.5) in (4.6) we have 
p(x) + px) = pox) 
—ay\(x) + ap(x) = p(x), 


and from the second of these we get 


—ay,(x) + ap(x) = | p(y) dy + aC 
(0) 
where C is an arbitrary constant, and y, of course, is merely a dummy 
variable. Hence 


y(x) = = | Po) = nae pı) dy — c| 
2 ajo 


oS |v E | ee ef 
2 aJo 


= 5 | te ee a pay SEL wee ah 


1 x+at 
+ Al pil(y) dy + c| 
a 


(0) 
or finally we get the formula 


x+at 


u= 5 | vo — af) + oolx + a + 4 | ply) ey]. (4.7) 
a 


x-at 


It is clear that this solution satisfies equation (4.1) and also the initial 
conditions. The method of deriving (4.7) shows the uniqueness of solution of 
the problem. Further, there is no doubt that the problem was correctly 
formulated. For any € > 0 we can find an 7 such that, if we replace po(x) 
and (x) by p(x) and pž(x) such that 


| Po(x) — Po 3 (x)| < 1, |px) sae F(x)| <4; 
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then the absolute value of the difference between the new solution and the 
original one will be less than sin any finite and previously given time-interval. 
Thus the solution of the problem depends continuously to order (0, 0) on 
the initial data. 

We may profitably examine the vibrations of an infinite string in some- 
what greater detail. We select one or two simple cases. 

Case 1. The function (x) is identically zero, and the function g(x) is 
zero except in a finite interval -kK < x S k. 

The solution (4.7) then becomes 


ie = lets Gh age eat. 


The term 49 (x — af) represents a disturbance of constant shape travelling 
with velocity a in the positive x-direction. This is evident from the fact that, 
if we put the origin of a moving coordinate system & at the point x = ar, 
i.e., if we put € = x — at, then we should see a constant disturbance in the 
moving system. Similarly, the term 4y9(x + af) represents a disturbance of 
the same shape travelling with the same speed in the opposite direction. 
These disturbances are called waves. The first is the direct wave, the second 
the reverse wave. The waves are initially superimposed, and then they sep- 
arate and move in' opposite directions further and further away from each 
other. At points lying within the region of the initial disturbance the string 





-K-at <K-at -Krat K+at 


FIG. 4. 


returns to its rest position after the passage of both waves, and at other points 
after the passage of one wave. Fig. 4 shows the disturbed string at two in- 
stants of time. 

CASE 2. The function gọ(x) is identically zero, and the function (x) is 
zero except in a finite interval —k < x < k. In such a case we may say that 
the string has an initial impulse but no initial disturbance. 

Consider the function ®,(x), the indefinite integral of (x). It is zero 
for values of x in the interval —œ < x < —k. For x 2 k it will be equal 
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to some constant, in general non-zero. This constant is evidently equal to 


| rag Cas 


Formula (4.7) gives 
1 
u = — [D(x + at) — (x — ad). 
2a 


In this case again, two waves travel along the string, one forward, one re- 
verse. They differ only in sign. 

Where both the forward and reverse waves have already passed, the 
string will have reached a state of rest, but it will not, in general, have re- 


u t=0 


D (x) 








FIG. 5. 


turned to its original position. For at sufficiently large values of the time, 
x + at > k and then (x + at) will be equal to the constant, but x — at 
< —k and ®,(x — at) will be zero. 

A so-called residual displacement will remain in the string. The shape of 
the displaced string at a particular time is shown in Fig. 5. 

It will readily be seen that it is possible to produce a wave travelling in 
one direction only by giving the string a suitable initial disturbance and im- 
pulse. It is only necessary to ensure that the reverse waves evoked by the 
initial displacement and by the initial impulse differ only in sign. 


§ 2. String with Two Fixed Ends 


We next consider a string with fixed ends and seek a solution subject 
to the conditions (4.6) and also 


[u] -0 =O and [u],., = 0. 


Obviously the functions y,(x) and (x) in this case will be defined only 
in the interval 0 S$ x <S l. 
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Returning to formula (4.5), we see that y,(x) must be defined in the 
interval from — œ to /, and y,(x) in the interval from 0 to +œ. Putting 
x = Qand x = lin the solution (4.5) we get 


— at) + at) = 0 
v1( ) y(at) | (4.8) 
yi —at) + pl + at) =0 
or 
=x) + p(x)=0, OSx< a 
yi(—x) + p(x) | (4.8 
yi(—x) + p(x + 2) =0, -1Sx< œ. 


Any two functions y,(x) and y(x) which satisfy (4.8) will give a solution of 
the problem. 

The first of the conditions (4.8’) enables y,(x) for positive x to be expressed 
in terms of y,(x) for negative values of the argument. Substituting the value 
of w(x) from the first condition into the second, we get 


yi(—x) — vi(—x — 2/) = 0. (4.9) 


This formula asserts that the function y,(x) must be periodic with period 2/ 
throughout the region in which it is of interest to us. 

Regarding (4.8’) as a pair of equations in two unknown functions, we see 
that the first of them can be regarded as a definition of y(x). It is evident 
that this pair of equations is exactly equivalent to the single equation (4.9), 
since if (4.9) is satisfied then so are both of (4.8). Let us formulate the result 
achieved. 

We have shown that any solution of the equation (4.1) subject to the 
conditions (4.8) may be expressed in terms of an arbitrary periodic function 
y(x) with period 2/, defined in the interval — o0 < x < I: 


u = y,(x — at) — y,(—x — at). (4.10) 


If y,(x) continues to be periodic with period 2/ along the whole straight 
line —0co < x < œ, the function (4.10) will not change for any x in0 S x 
< l from what it was before. This is the only interval that interests us in the 
present problem. However, (4.10) would in that case also be the solution of 
some problem on the vibrations of an infinite string. 

Putting ¢ = 0 in (4.10), we see that 


[u] =0 = v(x) — v(x). 


ðu 
ðt İ=0 


But w,(x) — yı(— x) is, as may easily be seen, an odd function, which, by 


—alyi(x) — p(x). 
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what has been proved, has period 2/. Such a function can easily be con- 
structed in full from its values in the interval 0 < x < /, where we have 


y(x) — yi(—x) = (x), OSXS/. 
Similarly, starting from the equality 
—ay;(x) + ap(—x) = p(x) for OS xs), 


it is easy to construct —a[yi(x) — yi(—x)] everywhere as an odd, periodic 
function. This is equivalent to continuing the functions go(x) and (x) 
along the whole straight line as odd, periodic functions. 

When the functions (x) and g(x) have been constructed along the 
whole straight line, y,(x) can be found without difficulty in the same way 
as we did in the case of the infinite string. 

It follows from this that the solution to our problem is expressed by 
the same formula (4.7) if in it we take p(x) and g(x) to be odd, periodic 
functions. The formula (4.7) does indeed give the required solution, since 
the fact that the initial conditions are odd implies that [uv],-9 = 0; and an 
odd function of period 2/ is obviously odd relative to the points x = kl 
(k = 0,1, —1,2, —2, ...). Hence [u],=, is also equal to 0. 

One important point must be mentioned. Strictly speaking, a function 
given by the formula (4.5) will satisfy the equation provided that y,(x) and 
a(x), together with their second-order derivatives, are all continuous func- 
tions. The question arises whether the solution we have found satisfies this 
condition. 

For the condition to be satisfied, we require that go(x) and ,(x) after 
their continuation along the whole straight line as odd, periodic functions shall 
be continuous and have continuous second-order derivatives. As the reader 
can verify, this means that we must have 


poll) = vo) = Po(0) = po(0) = 0, 

P11) = 91) = 100) = p10) = 0. 
However, it is also possible to contemplate functions which do not satisfy 
all these conditions. It then becomes necessary to generalize in an appro- 


priate way the class of admissible solutions of equation (4.1). We shall con- 
sider this question later. 


§ 3. Solution of the Problem for a Non-Homogencous Equation 
and for More General Boundary Conditions 


We consider next a more general problem. Suppose we require to solve 
the equation au 1 ðu 
— — — = p(x, t) (4.11) 
a t 
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subject to the conditions 


a[u].-o + Ê Ea = f(t) 


Ox b= (4.12) 
pee | SAO 
Ox x=ł 
and 
sen sr | a5). (4.13) 


A solution is sought in the domain defined by the inequalities 


O<x</ and O<t. 


We may first remark that it is easy to construct a particular solution of 
equation (4.11), though not, it is true, one satisfying the conditions (4.12) 
and (4.13). 

By introducing new variables 


=x- als pS ee at (4.14) 
we can transform (4.11) into the form 


ðu 


0é0n 


4 





= Q(È, n). (4.15) 
$ and y will vary over the domain defined by the inequalities 
n- £>0 (4.16) 


and 
0<nn+Ex<R2l; (4.17) 


this is the half-strip ending in GF and going through E and D, as shown in 
Fig. 6. We continue the function Q(é, n) quite arbitrarily beyond the two 
straight lines given by 


E+7=0 

E+n = 2, 
thus defining it over the whole half-plane given by (4.16). If we find a solution 
of (4.15) over the whole half-plane, then clearly it will also satisfy our equa- 


tion in the strip defined by the inequalities (4.16), (4.17). We shall try to 
find a particular solution v, of equation (4.15). Putting 


Ov, 
On 





= 2(E, n) (4.18) 
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£+7=2L 





£+7=0 


Fic. 6. 
we get from (4.15) 
Oz 1 
ra a É, > 
a Og, n) 


and a particular solution of (4.19) has the form 
1 Š 
6) = + | O(a, 1) de. 
4 n 
Further, a particular solution of (4.18) will be 


ys | z(E, B) aß 
č 
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(4.19) 


(4.20) 


(4.21) 


or, combining (4.20) and (4.21), a particular solution of (4.15) will have the 


1 1 č 1 Š č 
nE zl [f Ola, B) dx 6 = al f Ole, P) dz | ap (4.22) 
4JLdJe 4 JaLe 


form 


The integral (4.22) is taken over the domain 


E<p<a<N, 


which is the triangle ABC in Fig. 6, the point A being the point (£, 7). In 


other words, 


es a O(a, B) da ap 
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and this integral may be divided into the sum of the same integral taken over 
the areas ACEG, ADBF, and ADFGE: 


n=-4 | 20 Pdz dh — ; | | Oe) de a 


— AIG p) da dB. 


The triangle CEG depends only on the coordinate é of the point A, and the 
triangle DBF only on the coordinate 7 of A. The point A is taken inside the 
half-strip. Consequently, 


l 1 
= | | Q(x, p)dadp = wie, -L | | O(a, f) dx af = w0). 
4 ACEG 4 ADBF 
If the function v, satisfies equation (4.15) then the function 
1 
v = v, — wil) — wC) = a O(x,B) dz dp (4.23) 
4 ADFGE 


will also satisfy the same equation. If we transform the variables in the 
integral (4.23) back to x and £, then, since 





Da, p) = l —a = 2a, 
D(x, t) l a 
we get 
pssi | | p(x, t) dx dt (4.24) 
2 ADFGE 


where ADFGE has the shape shown in Fig. 7. 
We shall try to find a solution of our problem in the form of a particular 
solution of the non-homogeneous equation and a solution of the homo- 





Fic. 7. 
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geneous equation which satisfies the boundary conditions. To do this we 
introduce instead of u a new function w where 


w= Uu-— 0D. (4.25) 


The function w will then satisfy a homogeneous equation for a vibrating 
string and conditions of the same type as (4.12) and (4.13). 

In dealing with this problem we can immediately take p(x, t) = 0 and 
suppose the conditions (4.12), (4.13) transformed according to (4.25). 





Fic. 8. 


Our change of variable does not disturb the uniqueness and existence of 
the solution. If the problem was correctly formulated initially, then it will 
still be so after the change of variable. For, the solution w depends contin- 
uously on the initial conditions. The new conditions for w will depend con- 
tinuously on v and consequently on p(x, t). As a result, small deviations in 
P(x, t), f1, fa will give small deviations in the solution u. 

A solution of the equation 


O7u 1 8u 


— — — — = 0 (4.1 
Ox? a Ot? ) 

may again be sought in the previous form 
u = Wilx — at) + y(x + at). (4.5) 


As in the first problem, the initial conditions (4.13) enable the functions 
y,(x) and y(x) to be defined in the interval 0 < x < l. This means that 
the function u is defined inside a triangle lying in the strip (see Fig. 8) and 
resting on the x-axis (t > 0). 


EMP 3 
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The next question is: Can we satisfy the conditions (4.12) by a suitable 
choice of continuations of y,(x) and y(t) over the whole domain of interest 
to us? 

Substituting the expressions (4.5) in (4.12), we get 


ay ,(—at) + By(—at) + ayat) + Pyat = fÀ 
(4.26) 
yy] — at) + dy, — at) + yp2(l + at) + dy.(1 + at) = f(t) 


We can draw, in the (x,t) plane, two series of strips, parallel to the 
straight lines given by x — at = O and x + at = 0, in which the inequalities 


—lk < x — at < —-Kk—- 1), [k] 
m <x+at<(m+1) {m} 


hold good; and we shall denote each strip by its corresponding number placed 
inside either a square bracket [ ] or a curly bracket { } (see Fig. 8). 

From the first of the conditions (4.26), the value of y, in the strip [n] 
can be determined if the value of y, in the strip {m — 1}is known; and from 
the second of these conditions, the value of y, in the strip {k} can be deter- 
mined if the value of y, in the strip [k — 1] is known; in each case by solving 
an ordinary differential equation with constant coefficients. Thus, denote 
—at in the first equation of (4.26) by £; then it becomes 








apa) + Boil) = -ap —8) - Be(—8) + fi (=) (4.27) 
and if we replace / — at by £ in the second equation of (4.26), it becomes 
l- £ 
yyi(é) + PiE) = —yy2l — E) — Opi — 8) +h - ) (4.28) 


Knowing y, in {0} and solving (4.27) for y,, we obtain the value of y, in 
[1]; and then, solving (4.28) for y., we get the value of y, in {2}; and so on. 
The arbitrary constants arising in the integrations are determined from the 
conditions for continuity of y, and y3. In exactly the same way, starting 
from the value of y, in [0] and solving equation (4.28), we get the value of 
yin {1}; and then, solving (4.27) for y, , we find the value of y, in [2]; and 
so on. It is clear that in this way all the required conditions can be satisfied. 

It is clear that in this process no doubt can arise about the existence and 
uniqueness of the solution nor about the correctness of formulation of the 
problem. The only thing which is not clear is whether the functions y, and 
y which we have constructed will have continuous second-order derivatives. 
We shall leave the reader to establish the necessary and sufficient conditions 


§ 3 NON-HOMOGENEOUS EQUATION 57 


for this to be the case, and we merely remark that, since we have extended 
the class of solutions of the equation (4.1), we can drop the requirement 
that the functions y, and y, shall be continuous. 

The equation for a vibrating string and equations of hyperbolic type 
in two independent variables similar to it are often encountered in various 
problems of mathematical physics. 


LECTURE 5 


RIEMANN’S METHOD 


§ 1. The Boundary-Value Problem of the First Kind for Hyperbolic Equations 


In constructing a solution for the equation of a vibrating string we made 
use of the fundamental property of the characteristic of this equation, allow- 
ing us to integrate the equation (4.3) immediately. 

This property consists in the fact that, on the characteristic curves 
y = const., the equation (4.3) becomes an ordinary differential equation in 
du/0n with € as the independent variable. Hence we were able to find the 
function u by quadrature. This same property of characteristics—the 
existence of equations with fewer variables, which express relations between 
the values of the unknown function and its derivatives—forms the basis of 
several important methods of integrating partial differential equations of 
hyperbolic type. 


Consider the equation 
o?u 


Ox Oy 





ð 
ran ean rea C 
Ox oy 


as we have seen, any linear, hyperbolic equation in two independent vari- 
ables can be put into this form. 

We first prove this lemma: 

Suppose the value of u is given on two intersecting straight lines parallel to 
the coordinate axes (i.e., on the characteristics): 


lulz=x = PO); YOSysdb 


(5.2) 
i eee = p(x); Xo Sx 


IA 


a 


and suppose that ¢,(¥o) = P2(Xo). Then in the rectangle defined by xo S x 
<a, Yo Sy S b, equation (5.1) has a unique solution satisfying the con- 
ditions (5.2). (We assume that ¢,(y) and ¢2(y) have continuous, first-order 
derivatives.) 

Put 


—— a v, — = W. (5.3) 
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Then (5.1) can be rewritten in the form 
— = — = F(x, y) — a(x, y) v — W(x, y)w — etx, y)u. (5.4) 
x 
It follows at once that 


Li E -f AE E E E EE 


x 


w(x, y) = w(Xo;y) +| [F(x y) — a(x,y)v — B(x, y)w — elx, y)u] dx; (5.5) 


Xo 


u(x, y) = u(x, Yo) +| w(x, y) dy 


7 J 


and by virtue of (5.2) 


ð 
ep 


gel] 


It follows from (5.4) and (5.5) that 


p(x) 


gı). 


v(x, y) = p(x) + | [F(x, ») — a(x, yw — Bos y)w — e(x, yu] dy 


aega | LAGS) ag Sa E ue OO 


u(x, y) = p(x) + f w dy. 


Yo J 


Conversely, any solution of the system (5.6) will obviously satisfy the equa- 
tions (5.4) and the second of the equations (5.3). Moreover, 


Ou ? Ow 
— = 9,(x) +] —d 
Ox 2 ) F Ox y 
y 
Spaa | Ra = Hes bee we =e 
Yo 
that is, 
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Consequently, the first of the equations (5.3) is also satisfied. It also follows 
from (5.6) that 


(ayes, == p(x) ’ 


is. al | ied A | ZOT 


Yo Yo 


Pa(Xo) + PY) — Po) = p). 


Thus, any solution of the system (5.6) is a solution of the problem pro- 
posed. It follows from all that has been stated that the system (5.6) is 
equivalent to the equation (5.1) with the conditions (5.2). 

We shall find a solution of the system (5.6) by the method of successive 
approximations. Let 


vo = ga(x), Wo = pi), uo = P(x) 


and write 
Un = p(x) + iE [F(x,y — a(x, y) Ona — D(x, y) Wad 
i — (x,y) un-ı] dy 
w, = pi) + | Ry) = alx, y) aa = WY) Hea | 5.7 
= — (X,Y) Yn-1] dx 
Un = p(x) + ie Wa-1 dy 
Yo 


(Cee Cae eee 


We show that the sequences u,, v,, and w, converge. To do this, we 
assume that all the functions pi), p), 910), pax), F(x, y), a(x,y), 
b(x, y), c(x, y) are bounded in the rectangle defined by (5.2). We have 


y 
Unti — Un = -| [a(x, y) (vn n Va—1) Eg b(x, y) (Wn T Wy-1) 
Yo 
+ c(x, y) (ul, = Un-1)] dy 
Watt — Wh F A [a(x, y) (v, = Vn-1) + b(x, y) (wv, A Wa-1) (5.8) 
+ C(x, y) (Un — un-1)] dx 
y 
Unti — Un -Í (Wa Ea Wa-a) dy. 
Yo 
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We shall show that |u, — un-il, [Yn — vail, [Wn — Waal satisfy the in- 
equalities 





Jo, — on-a] $ KP 14 LAY o = Yo)? 
~ (n — 1)! 

Pa (oe gas) ease a (5.9) 
E (n — 1)! 


[un _ Un—1| < K"-14 (x +y — Xo — Yo)" 
(n — 1)! 
where 
K> a(x, y)| + |b(x, y)| + |c(x, y)| 


and the A’s are certain numbers, independent of n. 

For n = | the inequalities (5.9) obviously are true if the constants A are 
chosen sufficiently large. We show that these inequalities remain true when n 
is replaced by n + 1. From (5.8) we have, for example, 





: Z (x + y — Xo — Yo)" 
< b Keo? A 


lone — Vn 


< AK" tran gy 
g (n — 1)! 


Yo 


= AK" (x + y — Xo — Yo)" 2 (x — Xo)" 
n! n! 


(x + y — Xo — Yo)" 


< AK" 
n! 


The other differences in (5.9) may be estimated in the same way. 
It follows from (5.9) that the series 


[oe] Oo œ 

Uo + > (up = Un—1)> Vo + X (Va a Vr-1), Wo + > (Wn > Wn—1) 

n=1 n=1 n=1 

are absolutely and uniformly convergent, since their terms are in absolute 

magnitude less than the corresponding terms of the uniformly convergent 
series 

œ x 7 — n-i 

A + A 5 K"- 1 ( + y Xo Yo) 
n=1 (n — 1)! 


2 


which, as is well known, is the function A + A eX&*¥—*07¥), 
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Consequently, un, Vn, and w, tend uniformly to definite limits in the rec- 
tangle given in (5.2). Passing to the limit in the formulae (5.7), we see that the 
limit functions u, v, and w satisfy (5.6), and our problem is solved. We may 
note that an exactly similar argument would apply in the case x < Xo, 
Y < Yo. 

It is not difficult to show that our solution is unique. To do this, it is 
sufficient to show that in the case when F = 0, 9,(y) = p(x) = 0, the 
system (5.6) has no other bounded solutions than u = 0, v = 0, w = 0. 
Suppose that there is some solution satisfying the conditions |u] < A, 
lo] < A, |w] < A. Then the functions u, v, w will satisfy the inequalities 


(x +y — xo — Yo? 


|u| < K"! A 
(n — 1)! 


SE Z n-1 
lol g x1 TY = Ho — Ho | (5.9) 


(n — 1)! 


|» < K"-1 4 (x +y — Xo yey 
(n — 1)! 
These inequalities are obtained in the same way as were those in (5.9), ie., 
by successive approximation. 
The uniqueness of the solution immediately follows, since the only func- 
tions which can satisfy (5.9’) for all n are u = v = w = Q. 


§ 2. Adjoint Differential Operators 


Consider the linear differential operator L of the second order such that 


n n 82 n ð 
P. E: E (5.10) 
i=1j=1 Ox; Ox; b=1 ON; 





where A,,, Bi, and C are given functions of x,, X2, ..., Xa and have second- 
order derivatives. Without loss of generality we may assume A,; = A,,; for, if 
this is not true initially, we can make it so by letting A,; stand for half the 
sum of the original coefficients of 07u/0x,; 0x; and 0?u/0x, ôx. 

We now introduce the differential operator Mv which is adjoint to Lu: 


mar y Tw) _ 5 ABM). oy, (5.11) 


i=1j=1 Ox, Ox, i=1 Ox; 
It is easily shown that the relation between L and M is reciprocal: Lv is 
adjoint to Mu. 
A differential operator which is identical with its adjoint is said to be se/f- 
adjoint. 
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Next we show that 


n ð n 
blu—~uMo=¥ ty. php a oD + Buw} (5.12) 
i=1 Ox, (J=1 Ox, Ox, 


i.e., the expression v Lu — u Mo is the sum of the partial derivatives with 
respect to the x, of certain expressions P;, 





vlu-uMv=)> Sri 
i=1 OX; 
where 
P, = > (vA; 2i ~ ot) + Bwv. (5.13) 
j=1 Ox; Ox; 


Formula (5.12) follows at once on differentiating: 





ð a ð? 2 0 
See. X } vAy x + Ý oB, — + Cw 
i=1 OX, i=1j=1 Ox;Ox,; i=: Ox, 

non 2 ; n 
-|5 Yu CAGE yu oa), + Cuv 
i=1j=1 Ôx ôx; i=1 Xi 


Fi n a O(A,;v) Ou “oe, 
x; Ox, Ox; Ox, 


i=1j=1 
The last sum vanishes, and we have 


aa ie (5.14) 
i=1 OX, 
as was to be proved. 

Now consider some n-dimensional volume 9, bounded by a piecewise 
smooth surface S. We assume that all the conditions of continuity of the 
functions and their derivatives which were discussed when we established 
formula (1.2) are fulfilled. 

(If n = 2 or 1, the words “volume” and “surface”? would be replaced by 
“domain” and “‘curve” or “interval” and “ends of the interval’’.) 

On the basis of a formula similar to (1.2) we shall have 


[ferz Le E EA aen cos (7, x) dS (5.15) 
Q S i=l 


where cos(n, x,), cos(#, x2), ... are the direction-cosines of the inward 
normal to S. 
(5.15) is known as Green’s Formula. We give two examples. 


EMP 3a 
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EXAMPLE 1. Green’s formula for the Laplace operator. 


Let 
Lu = V?u. 
Then 
Mv = Vv 
and 
Py pe P pe a P: png 
Ox Ox Oy oy Oz Oz 


Green’s formula takes the form 


i. (vV?u — uV?v) dx dy dz 
es Oe anys OU cos (n, x) + p E — u EE) cos (m, 3) 
è Ox Ox Oy oy 


a esa do jee NaS: 0 
Oz Oz s\ On On 


where, as usual, dv/On denotes the derivative of v along the normal and is 
equal to the projection of the vector grad v = {dv/dx, dv/dy, dv/dz} in the 
direction of the inward normal. (5.16) is also known as Green’s formula for 
the Laplace operator. 


EXAMPLE 2. Consider the equation (5.1). 
The adjoint operator Mv and the functions P, and P, for the operator Lu 
on the left-hand side of this equation will have the form 


07v O(av) O(bv) $ 


Mv = —— - —— — 

Ox Oy Ox oy 
Bad je ge + auv 
2 Oy Oy 
Bale poe eeu + buv 
2 Ox Ox 


Then Green’s formula gives (with the inward normal) 


ð 
{| (vLu — uMv) dx dy = al f a — u a + au | cos (n, x) 
Ce S 2 Oy oy 
+ l v 2 — u ee + buv | cos (n. | ds (5.17) 
2\ Ox Ox 
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§ 3. Riemann’s Method 


An important method for finding various solutions of equation (5.1), 
based on Green’s formula (5.17), was given by Riemann. 

Consider the solution of Cauchy’s problem for the equation (5.1). Sup- 
pose that we are given the values of u and ĝu/ôy on the curve y = u(x) and 
assume that 


u(x) < 0 (5.18) 

[ul = pcx) = Po(x) (5.19) 

=| = (x) (5.20) 
oy y= p(x) 


(the derivative in (5.20) is partial, and is not taken along the curve y = u(x)). 
Differentiating (5.19) we have 


ð ð 
i + B HC) = gh) 
Ox y=p(x) oy y= p(x) 


Ea = Pox) — p(x) p(x) (5.21) 
y= p(x) 


so that 


Ox 
We now transform (5.17) into a rather more convenient form. Assuming 
that the boundary of the domain is traced out anticlockwise so as to keep 
the enclosed area always on the left, we have 


dx = cos(a,y) dS, dy = —cos (n, x) dS, 


if we take dS to be always positive. 





Fic. 9. 
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Using these relations, we get from (5.17) 


{| (v Lu — u Mv) dxdy = A E a - bw | as 
R Ss 2 Ox Ox 


=| È (« ov — v =) = aw | dy (5.22) 
sL 2 ðy Oy 


Draw through the point M(x, Yo) two straight lines parallel to the co- 
ordinate axes to intersect the curve y = u(x) in the points P and Q (see 
Fig. 9). Then, applying (5.22) to the triangle MPQ, we have 


Q 
i (v Lu — u Mv) dx dy -Í 3 («3 — oe) — bw dx 
Q pte Ox Ox 
1 / Ov =) } RE ðu =) 
— | — | u — — v —) — aw |dy$ + — {v0 — — uU—] + aw | dy 
2\ dy dy aL2\ dy Oy | 
+ pE v ou u 2e + buv |d 5.23 
— | v — — u — x. : 
p2 Ox Ox Oo) 


Transforming the last two integrals, 


MT] ðu ðv 1 ay s ðv 
— | v — — u — | + aw | dy = — [wv]o + — u — + 
E a ed aerate ale 


Q 
[uv]% + uf — sal + av) d 
Q 3 Dy y (5.24) 


— {|v — — u — | + bwo | dx = — [uv] + uf — — ; 
P ax x) | a fe ( Ax + bo) dx. 
(5.25) 


These formulae enable our problem to be readily solved. 
Let v(x, Y, Xo, Yo) be any function satisfying the conditions 


Mv =0 


y x 
Lalo, = exp | a(Xo ’ y) dy, [eles = exp | B(x, Yo) dx . 
Yo Xo 
Then 
WAX, Vo, Xo, Yo) = 1; 


Ov 4 
| = a(xo. y) exp | a(xo, y) dy = alxo, Y) Whe x 
OY İx=xo Yo 


Ov j 
Ea = B(x, Yo) exp | B(x, Yo) dx = B(x, Yo) Ivl- y. 
Ox Y=Yo ° 


Xo 


§3 RIEMANN’S METHOD 67 


We have already established in § 2 that such a function exists by our sol- 
ution of the boundary problem of the first kind. A function v satisfying these 
conditions is called a Riemann function. 

Since we have y = yo on the straight line PM, and x = xo on QM, the 
last terms in (5.24) and (5.25) vanish, and we get 


M 
i PELEN E + auv d= i 
aL2 oy oy 2 
(5.26) 
M 
Es je ip + buv dee iat 
P 2 Ox Ox 2 


Substituting the expressions (5.26) in (5.23), we now have 
1 1 
[f vF(x, y) dx dy = [u]; — A [uv] — 3 [ulg + Ø (5.27) 
QR 


where ® denotes the first integral on the right-hand side of (5.23) and is ex- 
pressible entirely in terms of v and known functions, since on the curve PQ 
u, Ou/Ox, Ou/dy are all known, by (5.19), (5.20) and (5.21). 

Hence (5.27) gives the so-called Riemann formula 


u(Xo,Yo) = L [uv]p + 2 [uvje — P+ [f vF(x,y)dx dy. (5.28) 
Q 


M(Xo, Yo) is an arbitrary point, and thus (5.28) gives in explicit form the 
solution to our problem. 

It follows from the very method of deriving Riemann’s formula that the 
solution is unique, since we have obtained for the unknown function u an 
explicit and single-valued, definite expression, without making any assump- 
tions whatever about it except that it exists. To complete the investigation, 
it remains only to show that the solution of the Cauchy problem which we 
have examined does actually exist. 

We note first that it is sufficient to establish the existence of a solution 
of the equation (5.1) under the conditions that on the curve y = u(x) the 
function u together with its first-order derivatives all vanish. For, we could 
introduce instead of u a new unknown function 


w = u — G(x) — iy — u) px). 
The function w would satisfy the equation 


ð? w 
Ox Oy 





ð ðw 
+ a(x, y) ea + b(x,y) ea + e(x,y) w = F(x,y) (5.29) 
x y 
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where 
F,(x,y) = Fx, y) — pix) — a(x, y) {po(x) + Ly — UON pa) — we 1()} 
— W(x, y) px) — (x,y) fp + Ly — u) 9.00}, 


with the homogeneous conditions 


ð ay 
Dayo) = Ea =i 
dy y=p(x) 


The equation (5.29) has exactly the same form as (5.1), but differs from 
it in its free member. If we prove the existence of a solution for this new 
problem formulated for the function w, then this will imply that a solution 
for the original problem exists. In fact, 


u = Wt Golx) + [y — ua) p(x) 


would be the solution of the equation. Now in the case when the functions 
Po and g, vanish, Riemann’s formula gives 


ulXo Yo) = {| vF(x, y) dx dy. (5.30) 
© 


It is sufficient for us to prove that the function u(xo, yo) defined by (5.30) 
satisfies the equation (5.1) and that together with its first-order derivatives 
it vanishes when yo = (xo). We verify the last statement first. When 
Yo = u(xo) the domain &, disappears and consequently [u]; =u = 0. 

Further, on the basis of the rule stated earlier for the differentiation of 
integrals in a variable region, we have 


M ð 
oy | em | | Treni 
ol 














Ox 03 
oan (5.31) 
M ð 
ou = | vF(x, Yo) dn + | F(x,y) dx dy | 
Oyo r © 3yo | 
and in both formulae the integrals on the right-hand sides vanish when 


Yo = M(Xo). 
It remains to show that u(xo, yo) satisfies equation (5.1). We shall verify 
this at the end of the next section. 


§ 4. Riemann’s Function for the Adjoint Equation 


In § 1 we found a solution of a boundary problem of the first kind by a 
method ofsuccessive approximations. Riemann’s method enables the solution 
to be found in a more convenient form. 
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Suppose that, as in § 1, we wish to find a solution u of equation (5.1) 
subject to the conditions (5.2). In the plane (x, y) we draw through the point 
S(Xo; Yo) the straight lines SP, SQ, given by x = xo, Y = yo; and through 
the point M(x,, yı) we draw MP, MỌ parallel to the axes. We apply (5.22) 
to the rectangle MPSQ, taking as u the as yet unknown solution and as v, 
Riemann’s function v(x, y, x1, y,). We then have 


{| (vLu — uMv) dx dy = [| vF dx dy 
& IJR 
M 
= 2 ga — u oe, + bw | dx 
p |2 Ox Ox 
MD] Ou Ov 
+ — | v— — u—] + aw | dy 
a L2 oy oy 
Q 
— = is gee + bw | dx 
sL2\ ôx Ox 


| $ E ( Ou | ] 

— — | v — — u — ) + aw | dy. 

sL 2 dy oy J 
Transforming, as before, the integrals along the intervals PM and QM, 


and noting that on the intervals SQ and SP the integrands consist of known 
functions, we get 


l 
| | oF (x,y) dx dy = file — 2 fool 
c 2 
ej] ðv l 
— — 2 — — + bv dx — — 
i E ( P2 Ox Pa) na X > [uv]p 
P 
a E (ori ee m) + aup, | dy. (5.32) 
S 2 Ox 


It is convenient to eliminate the derivatives of the function v by integrating 
by parts both integrals on the right-hand side of (5.32). Then, rearranging the 
terms, we have 


ie =e ae lee | "og © bo.) ax 
2 2 2 2 £ 


S 


P 
+ | Ce ner | | ite) Gea: 
Ç 


S 
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Thus ô % 
[ulu = [uv]s +| v(p2 + by,) dx +| v(y, + apı) dy + [f vF(x,y) dx dy 
S QR 


S 


(5.33) 


Formula (5.33) leads to an important result. Suppose the function uis the 
Riemann function for the adjoint equation Mv = 0, i.e., u is a function 
which satisfies the equation Lu = 0 and the conditions 


[u],-», = exp S b(x, Yo) dx} ; 


Xo 


[u]s= x, = exp E a(xo, Y) a) Š 


Yo 


Then all the terms on the right-hand side of (5.33) vanish, and we get, using 
the equality [uJ]; = 1, 


[u) = [v]s or u(X1,Y1, Xos Yo) = v(Xo, Yo: X1; Yı). 


This relation is known as the theorem on the symmetry of Riemann’s 
function. It may be expressed in words thus: 

If in a Riemann function the variables xo, Yọ are regarded as the current 
coordinates, and x,, y; as the coordinates of the vertex, then the function be- 
comes the Riemann function of the adjoint equation. 

COROLLARY. The Riemann function v(x, Y, Xo, Yo) defined above satisfies 
the equation 








0?v Ov Ov 3 
——— + a(Xo. Yo) + b(xo, Yo) + (Xo, Yow = 0. (5.34) 
Xo Oyo OX OYo 


Using this result, we can easily verify that the function u(xo, Yo) defined 
by (5.30) does actually satisfy the equation (5.1) and hence that it is a solution 
of the Cauchy problem. On differentiating the first of the formulae (5.31) 
with respect to yo, we get 














ð?u M Ov M Ov 
n a [0] x5,¥0) F(X, Yo) + | F F(xo, y) dy + | F(x, Yo) dX 
xo Oo @ Po JP 9X9 

02v 
+ ——— F(x, y) dx dy. 
Q Xo OYo 
Hence 
ð? u Ou Ou 
——— + (Xo, Yo) + b(xo, Yo) + (Xo, Yo)" (Xo, Yo) = 
Oxo Yo OX OYo 
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Mr Ov 
= F(xo, Yo) + + a(Xo, yow | F(xo, y) dy 
Q OVo 


M 
+ | 5 + b(xo, 2g F(x, Yo) dx 








PLGXo 
0?v Ov Ov 
+ ——— + a(Xo, yo) + (xo, Vo) 
il Axo Yo lta OX Be ia 


+ (Xo, Vo) | F(x, y) dx dy. 
From the last formula we get immediately 


Lu = F, 
which is what we had to prove. 


§ 5. Some Qualitative Consequences of Riemann’s Formula 


From Riemann’s formula may be derived certain results of general inter- 
est, which we shall examine a little more closely. 

Let us investigate the behaviour of a solution to Cauchy’s problem for 
equation (5.1) in relation to a change in the initial conditions. It is easy to 
see that the value of this solution at a certain point (xo, Yo) will not depend 
at all on the Cauchy data outside the curvilinear triangle MPO, formed by 
the two characteristics through this point and the curve carrying the initial 
data. If we were to change the initial data outside this triangle, the solution 
would change only outside this triangle. Thus any characteristic will se- 
parate the region where the solution remains unchanged from the region 
where it does change. We reach this conclusion: to a given solution which is 
fixed inside the triangle MPQ we may attach along the characteristic, in 
general, various solutions which may be regarded as its continuation. 

Thus the characteristics are curves along which the domain of existence 
of a solution may be cut if we wish to replace one solution by another in 
certain parts of this domain and still obtain a valid solution over the whole 
domain. This important property of characteristics is closely linked with the 
fact that Cauchy’s problem is, in general, insoluble for arbitrary initial data 
specified on the characteristics. For any other curve we could, knowing the 
solution on one side of the curve, find the values of the solution and its 
derivatives on this curve and solve the Cauchy problem on the other side of 
the curve. Thus across any non-characteristic curve there is a single-valued 
continuation of the solution. 


LECTURE 6 


MULTIPLE INTEGRALS: 
LEBESGUE INTEGRATION 


IN COURSES on elementary mathematical analysis it is mainly continuous 
functions of one or more independent variables that are dealt with. In 
problems in mathematical physics, however, continuous functions are not 
enough, and discontinuous and unbounded functions play an essential part. 
One of the most important concepts is that of an integral, and the application 
of this concept to discontinuous and unbounded functions is needed in 
mathematical physics. We shall therefore dwell particularly on the theory of 
integration of discontinuous and unbounded functions. We shall construct 
the theory of the Lebesgue integral for such functions, following in the main 
the ideas of the Russian mathematical school, and we shall prove for this 
integral all the fundamental theorems that are usually given in courses on 
mathematical analysis for integrals of continuous functions. 

It should not be supposed that our purpose is merely to achieve the 
greatest generality possible in the theory of integration of discontinuous 
functions. The generalization of the concept of an integral gives to the theory 
of integration an intrinsic completeness, and, thanks to this, enables a whole 
series of important theorems to be obtained which have no place in the 
theory of ordinary integrals of continuous functions. 

We shall later make use of the following three important results: 


1. The criterion for the admissibility of passing to the limit under the integral 
sign. 


2. The Lebesgue—Fubini theorem on the possibility of changing the order of 
integration in a multiple integral. 


3. The criterion for the convergence in the mean of a sequence of functions. 


We shall consider the integration of discontinuous and unbounded func- 
tions, making use mainly of what we may call the idea of exclusion of 
singularities, 

If a function f of many variables x,, X2,..., Xa which is given in some do- 
main §t is discontinuous in this domain, but becomes continuous in the 
domain §t,’ which remains after a certain partial domain o, which may be as 


72 


§1 CLOSED AND OPEN POINT SETS 73 


small as we please, has been excluded, then the natural way of finding the 
integral of this function is to consider first its integral in &’ and then to pass 
to the limit as R’ tends to 9. This method is always used in the elementary 
theory of improper integrals. 

We shall explain the theory of Lebesgue integrals using a generalized 
form of this procedure. The concept of a function continuous on a closed 
set will be of fundamental importance to us. The properties of closed sets, 
i.e., of sets which contain their limit points, will be dealt with later. We 
merely mention at the moment that functions which are continuous on a 
closed set of points have a number of important properties; in particular, the 
integral of such a function can be constructed. 

As well as closed sets we shall also consider open sets, i.e., sets which do 
not contain any of their boundary points. We shall first define the concept 
of an integral for functions which are continuous on an open set. Using this 
concept we shall further develop the theory of integration of continuous 
functions on closed sets and then investigate the behaviour of an integral when 
the region of integration varies. 

In the general case the Lebesgue integral of a discontinuous function is 
constructed as follows. From the domain §,, in which the function fis given, 
a set o is excluded so as to leave a closed set &’ on which the function is 
continuous. The integral of fon the closed set Q’ is then calculated. Passing 
to the limit as &’ tends to $}, we obtain the integral of fon S. 

In the theory of integration built up in this way we shall naturally try 
to preserve a number of fundamental properties of the ordinary integral, 
such as, for example, the possibility of termwise integration of the sum of 
a number of functions. This at the very outset imposes a limitation on the 
set of functions suitable for our consideration: we are led to the concept of 
summable functions. And it is with these summable functions that the further 
investigation is concerned; for them all the most important properties of 
ordinary integrals remain valid. We shall in this lecture touch on some of the 
questions in the theory of summable functions. 


§ 1. Closed and Open Sets of Points 


Before we enter into the exposition of the theory of the Lebesgue inte- 
gral, we must go into certain properties of point sets in n-dimensional 
space. 

We consider an n-dimensional space with coordinates x3, x2, ..., Xn. By 
an open set of points in this space we mean a set of points M such that every 
point of the set is an internal point, i.e., there can be drawn, with its centre at 
this point, a sphere which belongs wholly to the set M. 

An open set may be connected, i.e., it consists of a single piece; but it may 
also be unconnected, being formed of a finite or infinite number of separate 
pieces. An open connected set is usually called a domain. 
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EXAMPLE 1. The set of all internal points of a certain rectangular parallel- 
epiped defined by the inequalities 


0<x,<a (i = 1,2,...,n) 


is an open set. (The sign < must not be replaced by the sign <. The parallel- 
epiped together with its boundaries does not form an open set.) 


EXAMPLE 2. The set of all internal points of a certain sphere defined by the 
inequality 


n 
Sg SR? 
i=l 


is an open set. 
If we exclude the origin from this set and consider points defined by 


n 
0< £ x< R, 
i=1 
we again obtain an open set. 

By the sum or union of several sets we mean the set of all points which 
belong to at least one of the sets. We shall denote the sum of the sets E, and 
E, by E, + Ez. 

The sum of a finite or infinite number of open sets is itself an open set. 

For, each point of such a sum is an internal point of at least one of the 
open sets and consequently it will be an internal point for the sum. 

Besides open sets, closed sets will play an important part, i.e., sets which 
contain all their boundary points. 

We give some examples of closed sets. 


EXAMPLE 3. The set of all points of the sphere 
y x s R? 


is a closed set. (The sign < must not be replaced by <.) 


EXAMPLE 4. The set of all points of a certain parallelepiped 0 < x; S a; 
(i = 1, 2, ..., n) is a closed set. 


EXAMPLE 5. The set consisting of a single point x; = a; (i = 1, 2, ..., ”) 
is a closed set. For, this point has no boundary points at all. 

The sum of a finite number of closed sets is a closed set. 

(For an infinite number of sets this assertion is no longer true.) The proof 
presents no great difficulty, and we leave it to the reader. 

Let us agree to call a set which contains no point at all an empty (null) 
set. This convention serves to simplify the statement of a number of later 
theorems. The empty set will be regarded as being simultaneously both open 
and closed. 
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Let E1, E2, --- Ek, ... be certain sets; the number of them may be either 
finite or infinite. By their intersection we mean the set E of all points each 
of which belongs to all these sets. We shall denote the intersection E of the 
sets Ey, Ez, ..., Ex by 


E= EE, ai Ek or E = I] Ex: 
k 


The intersection F of afinite or infinite number of closed sets F,, Fa, ..., Fy)... 
is a closed set. (In particular, it may be the empty set.) For, a boundary 
point of the set Fis also a boundary point of each of the sets F,, Fy, ..., Fy... 
and consequently it belongs to all of them and therefore must be contained 
in their intersection F. 

If all points of a certain set E, belong to the set E,, then we shall say 
that E, is contained in Æ, or is included in E,. We shall express this property 
symbolically by 

E 2E or E SE. 


A bounded infinite set in n-dimensional space always has at least one limit 
point. 

The truth of this assertion is established in the same way as for a single 
independent variable. Let the coordinates of the point P® (i = 1,2, ...) 
belonging to the set E be (xË, xP, ..., x®). Consider the set of numbers 
{x} which are the first coordinates of the points P“. This set, being infinite 
and bounded, has at least one limit point (in particular, if any one of the 
numbers, say x, is repeated infinitely often in our sequence, then it may 
be taken as such a limit point). 

We select from the sequence P a sequence P such that for it the se- 
quence x has a limit. Repeating the argument, we select from the sequence 
P” a sequence P for which the sequences of each of the first two coordin- 
ates have limits; then we construct a sequence P$”, and so on. After n steps 
we reach a sequence P“, in which all the coordinates converge, and which 
consequently has a limit point, as was to be shown. 

THEOREM 1. If a sequence of bounded closed sets is a contracting sequence, 
Le., if 


F, 2 F 2 2 F2- 


and if none of the sets F, is empty (null), then their intersection also is not null. 
For, consider a sequence of points P4, Pz, ..., P,, ... with P, S F,. The 
set of points of this sequence, being bounded, must have at least one limit 
point. This point, being a limit point for each Fẹ, belongs to all the Fẹ and 
consequently enters into their intersection. This intersection therefore cannot 
be null. Hence the theorem. 
It may usefully be remarked that: 
The intersection of a finite number of open sets 2, = Su, R2 -.. Rr is an open 
set. 
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For, any point of Į is an interior point ofeach ofthe sets R1, So, .-., pr, 
and in each of them it is the centre of some internal sphere. The smallest of 
these spheres will be an internal sphere in SQ. 

Let E, and E, be two sets. Remove from £, all points belonging to 
their intersection E, E2. Then we shall call the remaining set E the difference 
of E, and E,, and write E = E, — E,. By means of this operation of form- 
ing the difference of sets, we can construct further examples of open and 
closed sets. 

If 8 is an open set, and F a closed set, then 


Ro = R — F 
is an open set. 

For, if there were a point belonging to Ko which was not surrounded by 
a sphere internalto So, then in any neighbourhood of this point there would 
be points excluded from Q, and therefore belonging to F. Being thus a limit 
point for the set F, the point must itself belong to F, and consequently can- 
not belong to 25 = 2 — F. This contradiction proves our assertion. 

Further, Fo = F — SQ is a closed set. 

For, a point P which is a limit point for the set Fy and a point of F would 
be excluded from F on the subtraction of & only if it belonged to {. But 
points of 2 cannot be limit points for Fy because they, together with certain 
neighbourhoods round them, belong to §2,; and since these neighbourhoods 
belong to | they cannot contain points from Fo. This means that no point 
P which is a limit point for F, is excluded from F on subtracting 9. Conse- 
quently Fo contains all its limit points and is therefore a closed set. 


The closure E of any set E, i.e., the set obtained by the adjunction to E 
of all its limit points, is a closed set. 

For, let P be a limit point for some sequence of points P,, Pa, ..., Pa of 
E. We shall show that Po is a limit point not only for E, but also for E, 


and consequently enters into Æ. It will follow from this that the set £ con- 
tains all its limit points and is therefore closed. Inside every sphere ø, des- 
cribed about P, with radius 1/2* there is at least one point Q, belonging to E. 
The sequence Q, obviously again converges to Po, and consequently Po is a 
limit point of the set E, as was to be proved. 

The boundary C of an open set 3, i.e., the set of limit points of this open 
set which are not internal points, is a closed set. 

For, by definition of the set C we have C= Ñ — &, where $S isthe 
closure of the set K. Hence by the previous propositions the set C is closed. 

By using the operations which have just been discussed on sets of closed 
and open sets of simple structure we can obtain closed sets of quite complex 
structure, as the following two examples show. 


EXAMPLE 6. The set F} of all points of the closed interval [0, 1], whose co- 
ordinates can be expressed in the decimal] system without using the digit 5, 
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is a closed set. It is to be allowed here to write a number as a recurring 
decimal; e.g., 0:5 = 0-4999... Hence, if the decimal fraction expressing the 
coordinate of any point is finite and contains only a single figure 5in the 
last decimal place, then that point belongs to the set Fẹ. 

The easiest way to show that this set is closed is to note that it can be ex- 
pressed as the difference 


[0, 1] — Sty 


where [0, 1] is a closed set, and & is an open set consisting of all points be- 
longing to the open intervals £}; which are given by inequalities of the form 


05<x< 06: O15 < x < 0:16: 0:25 < x < 0-26: 
She = » Ri. 


In fact, any point whose coordinate cannot be written without using the 
digit 5 belongs to one of the intervals &;. All the K; are open sets and there- 
fore {4 is also open, and this implies that Fẹ is closed. 

A set of points E such that in any open set S$, there is an open subset 22 
which does not contain a single point of E is said to be nowhere dense. 

The set F, considered in Example 6 is an example of a closed, nowhere 
dense set. 


EXAMPLE 7. Consider in some open set a continuous function f. The sets 
E(f > a) and E(f < a), where a is any number, are open sets. 

We prove this, e.g., for E(f > a). For, if at some point P the value of the 
continuous function f is greater than a, then the inequality f > a will also 
hold in some sufficiently small sphere round P. Hence the set E(f > a) con- 
sists only of interior points and so is an open set. 


EXAMPLE 8. Now let f be a function which is continuous in the closure ion 


of an open set %: N= + C, where C is the boundary of the set S. The 
sets E(f = a) and E(f < a) for any a are closed sets. 

We give the proof for E(f 2 a). 

If for some sequence of points P,, P2, ..., Py, ..., tending to Po, the 
inequality {(P,) 2 a holds, then lim f(P,) 2 a. But since f is continuous, 


k> 00 


lim f(P,) = (Po). Hence the point Po belongs to the set E(f = a), and 
k> œ 


this implies that the set E(f = a) is closed. 

In courses on mathematical analysis, functions are considered which are 
given, as a rule, in open or closed domains. We shall have to consider later 
on functions which are given on sets of a more general character. 

A function which is given on some set £ is said to be continuous at the 
point Po (belonging to £) if, given any positive number ¢, a neighbourhood 
(however small) can be found round the point Po such that for any point P 
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(of the set E£) belonging to this neighbourhood the following inequality holds 
good: 


| APo) - AP)| < e. 


In particular, it follows from the definition that at isolated points of E any 
function is continuous. 
Functions which are continuous at all points of a certain set are said to be 
continuous on this set. 
Let 
R= Rpt Rater t+ Net: 


be the sum of a finite or infinite number of open sets. If a function f, given on 
K, is continuous on each set K p then it is continuous on SQ also. 

For, any point of § together with a certain neighbourhood round it be- 
longs to one or other of the SQ, and in it is a point of continuity of f. 

We shall consider in more detail functions which are given and continu- 
ous on closed sets, and first of all we shall prove two important theorems. 

THEOREM 2. (Weierstrass) A function f which is continuous on a bounded, 
closed set F is bounded on this set and attains on it its upper and lower 
bounds. 

We prove first that the function fis bounded on the set F. For, if it is not, 
we can obtain a sequence of points belonging to F at which the values of f 
increase without bound. This sequence will have at least one limit point 
belonging to the set F because the latter is bounded and closed. Denote this 
limit point by Po. Then any neighbourhood of Py must contain points at 
which the values of the function f become as large in absolute value as we 
please. But this contradicts the continuity of fat the point Po, since by de- 
finition of continuity, for points P sufficiently close to Po and belonging to F 
it must be true that 


| Po) — AP)| < e 


for any positive e. This proves that fis bounded on F. 

The set of values taken by fon F, being bounded, has an upper bound M 
and a lower bound m. We now show that the function f attains the values 
M and m at some points of the set F. By the definition of an upper bound, 
for any positive e there must be a point P, of F such that M — f(P,) < e. 
Putting £ = 1/n, we obtain a sequence of points P, such that f(P,) > M as 
n =œ. Since the set F is closed and bounded, this sequence must have at 
least one limit point Po in F. Since f is continuous, the equality f(P)) = M 
must hold at the point Po, as was to be shown. 

In exactly the same way it may be shown that f attains its lower bound 
at some point of F. 

THEOREM 3. (Weierstrass) A function f which is continuous on a bounded, 
closed set F is uniformly continuous on it; i.e., given any positive number e, a 
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number ô = ò(£) can be found such that, for any two points Pand Q of the set F, 


IRP) - KO| < « 


provided only that the distance between P andQ is less than ô. 

If, as is usual, we call the difference between the greatest and least valucs 
of the function on a certain closed set the oscillation of the function on this 
set, then this theorem of Weierstrass can be restated thus: 

For any £ > Q there is a number ô(£) such that the oscillation of the function 
f does not exceed £ on the intersection of F with any sphere of radius 0(é). 

We give an indirect proof. Suppose, if possible, that fis not uniformly 
continuous on F. Then a positive number £€ọ can be chosen such that, for 
any 6 > 0, two points P; and Qs can be found such that the distance between 
them is less than 6 but the absolute value of the difference between the values 
of the function at these points is greater than £o. Putting 6 = 1/n, and choosing 
from the sequence P, a sequence P,,, converging to some point Po (the cor- 
responding sequence of points Q,, will obviously also converge to this point), 
we reach the conclusion that in some neighbourhood of P, the oscillation of 
fis not less than £ọ, contrary to the hypothesis that fis continuous on F. 
Hence the theorem. 

We mention one application of these theorems. Let F be a closed set and 
Po some fixed point. The distance r(P, Po) from the variable point P of the 
closed set F to the point Pg is a continuous function of the point P for a 
given point Py. By the first theorem of Weierstrass, this function attains its 
lower bound. Put ô(Po) = min r(P, Po). The number ô(Po) is called the 

P 


distance of the point P, to the closed set F. If Py does not belong to F, then 
this distance is different from zero. 


§ 2. Integrals of Continuous Functions on Open Sets 


As already mentioned, in constructing the general concept of an integral 
we shall broaden bit by bit the class of sets on which an integral is defined. 
We begin with integration in open sets. 

Suppose a function f(x,, X2, ..., Xn) is given, and is continuous and non- 
negative, on a certain open set. (It may, of course, be unbounded and not 
uniformly continuous, as, for example, the function 


N ] 
ESETE 


in the region 0 < r < | obtained by removing the origin from the open 
sphere 0 < r < 1.) 
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We divide all space into cubic cells Fy,,4,, «++ x, Of side A defined by the 
inequalities 
kh S x; S (ki + lh (i = l, 2 saN) 


where the k; are integers. We shall call such a division a net. 

We now form from a finite number of cubes of the net some set ®, lying 
wholly within &. We shall call such a set an internal net set. We shall then 
decrease h, by dividing each cube of the net into a whole number of smaller 
cubes, and again form an internal net set. We shall say that such a system of 
internal net sets is exhaustive for the domain SQ, if two conditions are satisfied : 


(a) the sequence ®, expands, i.e., 


Dran 59,9 SD, 
(b) every point of the domain falls strictly inside all the sets @,, starting 
from a certain k. 

We remark that for any open set there is at least one exhaustive system 
of internal net sets. For, in forming the internal net set we can include in it 
all the cubes of the net, which, together with their boundaries, lie within & . 
The system of internal net sets obtained in this way will be exhaustive. In 
fact, any point Py of the domain §, can be enclosed by a small sphere o 
belonging to S. Consequently, for a sufficiently small net, when the greatest 
diagonal of the cube with side A becomes less than half the radius of the 
sphere o, one of the cubes together with the point Po and all the cubes bor- 
dering on this one will enter into ®,, as was to be shown. 

Put 


Jj -Í e [Aana dx, dx3 ... dx,, 
Pr, 


where the ®,, form an exhaustive system of net sets. Since the function f is 
non-negative, the magnitude of J, does not decrease with increasing k. If the 
sequence Ją remains bounded as k —> œ, then obviously J, will tend to a 
certain limit. In this event we shall say that the function fis integrable in the 
domain §2, and we shall call the limit of the sequence J, the integral of the 
function f(X,, X2, -< -+ Xn) in the domain $}: 


oe | AXi -e Xn) dx, ... dx, = lim | e | | © seers oy dX -e oe 
£ kro S Dhe 
As we shall show, this limit does not depend on the method of choosing 
the exhaustive system nor on how the coordinate axes are situated in the 
space. 


We shall write the integral n siete [fe Xz, <<. Xn) UX, dx, ... dx, in the 


shorter forms | fae or ip fax, dx, ... dx,. 
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If the sequence of expanding sets is not exhaustive, then 


fdv. 


Òc 


lim fdv < | 
hg 


Remark 1. A function f which is non-negative, bounded, and continuous, 
in a bounded, open set §2,, is integrable in this set. For, the integrals over an 
exhaustive system of net sets are bounded in their set, and hence they con- 
verge to a definite limit. 

LEMMA 1. Consider an expanding system of open sets 


NSRS S Le Ses, 
and let 
R = Ky + Ny tev + Ny + 


Then any closed, bounded set F lying entirely within Q, will fall inside all St, 
starting from a certain k. 

For, suppose this assertion is false. Then for any k we could find a point 
P, belonging to F but not to ,. The set of points P, has at least one limit 
point Py which obviously will belong to F. It is easy to see that Pp does not 
belong to any one of the {0,, for in any neighbourhood round it there are 
points P, with k as large as we please. This, however, is impossible, since the 
set F belongs to the sum 8}, and consequently each of its points must belong 
to one of the terms forming the sum $K. This contradiction proves the lemma. 

We now prove that an integral on an open set does not depend either on the 
direction of the coordinate axes in space or on the method of setting up the 
exhaustive system of net Sets. 

Consider an open set Ką consisting of all interior points of the sets D,,. 
The sum of these open sets is an open Set §0,, andthisimplies that any bounded, 
closed set F lying inside {2 will be contained in all the net sets ®,, starting 
from some k. Let ®,, and W, be two exhaustive systems of net sets, not ne- 
cessarily given in the same system of coordinates. By Lemma 1, for a suitable 
choice of k, = k2(k,) and ka = k3(k2) and for any k,, we shall have 


© cY 


S! . 
hk; = hk} = hky 


Consequentl y 


fdv < fa < fdv 


Panki Vries Pay, 


from which it is clear that the limits for the systems Ø, and ¥, are equal. 
Hence the independence of the integral from the choice of the exhaustive 
system of net sets and from the direction of the axes is proved. 

Any non-negative function which is integrable on an open set § is inte- 
grable on any open subset S2,,. For, integrals on an exhaustive system of net 
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sets for KQ, will be majorized by the integrals on the corresponding net sets 
constructed for 9. Hence they form a bounded, and therefore convergent, 
sequence. 

Remark 2. 1f 2 € SQ, and the function fis non-negative, then 


fdv <| fa. 


£2 Qı 


For, the exhaustive sets for K, can be taken so that they enter into the ex- 
haustive sets for 2. 

Remark 3. If f, and fọ are any two non-negative functions which are contin- 
uous and integrable in N, then their sum fı + f is integrable in 9, and 


| (fi + fr) dv =| fidv + | fdv. 
8 & © 

The proof of this assertion presents no difficulty. It follows at once on passing 
to the limit from the obvious equality 


| fi +w] fidv +[ hdv. 


Remark 4. If f is non-negative, continuous and integrable in Sj, and ifa isa 
non-negative constant, then af has the same properties as f, and 


| af dv = a| fdv. 


Again the proof presents no difficulty. 

THEOREM 4. Let Q, and St, be two open sets, which may intersect each 
other, and let f be a continuous, non-negative function in the set 84, + 2.and 
be integrable on this set. Then 


fdv+| fdt -Í fdv + | fae, (6.1) 


Qı £2 Hatea Yo t6.2 


Construct in Q, and §2,, exhaustive net sets P 9? and ®@“. Clearly, 


| f dv J sæ=] f dv +f fdv. (6.2) 
Dp) Dr) CRESET: IAES) DnD Pp) 


It is readily seen that the sets O° + Ø form an exhaustive system for the 
set Kı + Ka, for any point of this set sooner or later falls into some set 
D™ or PP; and PPD forms an exhaustive system for K , % 2, since sooner 
or later any point of this set falls in both the net sets ØP and 7. Hence, 
passing to the limit in (6.2) we get (6.1). 
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COROLLARY. The integral of a non-negative function taken over the sum 
of a finite number of open sets does not exceed the sum of the integrals taken 
over each of these sets: 


[ræs] fa | fasta f fdv. 
R Qı R2 Qk 


Hence it follows that if all the integrals on the open sets K, exist, then so 
does the integral on 8. 
THEOREM 5. Given an expanding sequence of open sets 


Ni ERN2 Se SMe See, 


let So denote their sum Su, + Ra tet + Re tet 
Let f be any non-negative, continuous, and integrable function in & o. Then 


fa =lim| fdv. 
Ko k>a J Qk 


Proof. Clearly, 
f fdv 2 fdv 
o Qk 


hence 


f sa = iim | fdv. (*) 
Sto RO OK 


Construct a system of exhaustive net sets ®, for the open set 2.9. By Lemmal 
any such net set will be wholly included in a certain §2,,. We shall therefore 
have 


| feos fdv slim} fdv 
Ph Qna Ko Qk 


and passing to the limit as h > 0, we get 


| fdv < lim | fdv. 


Qo kod De 


Comparing this inequality with (*), we see that 


fdv = lim | fdv 
Ro k> J Ok 
as was to be proved. 
COROLLARY. Given a sequence (not necessarily expanding) of open sets 
Ris Kas 0) No -~ and f a non-negative continuous function; if the sums 


N 


Y | fw (N=1,2,..) 


k=1 Qk 
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are bounded in the aggregate, then the integral exists over the sum Sto of the 
sets Syy, and 


fdv = lim | fdv 
Co ROO J Cyt late thn 
s im | fdv + jurer] sal. 
kroo Qı $02 Sek 


Remark 5. Let X, be an open set and Bn, be a net set contained in it, and let f 
be a non-negative function continuous and integrable in S}. Then 


| seo + | feo =| foo, 
R- Pho Bhg & 


To prove this, we include ®,, strictly within a net set ®,, so that 


| fdv <| fdv +e. 
Dhe Pr, 


The sets ®,, + Yp, where Y, is an exhaustive system of interior net sets for 
& — Br will be exhaustive for Q, and consequently 


fdv = tim | fav < lim || fav +{ feo | 
Q h>0 J Dne +tPh h>0 Dhe Ph 


| feo +| fdv +e, 
Pho 82-Phy 
from which our assertion follows. 


THEOREM 6. Suppose that a contracting sequence of open sets is given: 


NIR a Se ie Ss 


and suppose that their intersection 84 o = Su1Sb2 ... Sux -~ is also an open set 
(in particular, it may be empty). 
Let f be a continuous, non-negative fuuction, integrable on S}. Then 


| Fav = tim | f dv 


öğ k>o, Qk 


(if Sto is the empty set, then this limit is zero). 
Proof. In each set S, we introduce a corresponding interior net set B® such 


that 
fa-| fdv<—. 
On a 2k 
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We set up the open sets 2; = Ky — PHD, Then it is not difficult to see that 
the open set S}, coincides with the sum Ro + Ri ++ Rk + ...- By the 
corollary to Theorem 5 


{ sacs] saf favs +[ fat 
81 Qo Qi Qk 


But by virtue of the choice of D**” and Remark 5, 





fdv = sæ- fdv <S sa- fdv + 
prt) Dives 


Qi Qk Qn 7 


and this implies 


[sos] sao+(| a-f sor) 
Qı Qo 81 
«(| feo —| fdv + T 
Q2 §23 2° 
-Í Fao + tim (| meej fav) + eas 
Qo k> œw Qr a 


lim | fa s| fdv+—. 
k-> oo Qk Qo 2 


whence 


And the theorem now follows from the obvious fact that 


lim fdv 2 fdv. 


koo J Chg No 


In this section only non-negative functions have been considered. In § 4 
we shall show that the integration of functions which change sign reduces to 
the integration of non-negative functions. This will be proved for an integral 
understood in a more general sense, namely for the Lebesgue integral, par- 
ticular cases of which are the integrals of continuous functions on open sets 
(§ 2) and on closed sets (§ 3). 


§ 3. Integrals of Continuous Functions on Bounded Closed Sets 


We now pass on to the definition of the concept of an integral of a contin- 
uous function on a bounded closed set. It is natural to define it in this way. 
Let the function f be defined on some bounded closed set F and be continuous 
on it. We enclose F in some open set. Suppose we have succeeded in contin- 
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uing fin a continuous manner on to the open set Į, and that fis found to be 
integrable on this set. We further form the open set 2, — F. We then de- 


fine J; fdv by writing 
frof sa- | fdv. 
F Q QOF 


But in this definition much still remains to be explained. It is not clear, 
firstly, whether the function fcan always be continued in a continuous man- 
ner and whether an integrable function will result from doing this; and sec- 
ondly, it is not known whether such a definition of an integral will lead to 
an unambiguous result. 

In order to establish the validity of our definition we now prove certain 
auxiliary propositions. 

Let f be any non-negative function, continuous and integrable in an open 
set 2,. Suppose further that {2 is contained in 9,, and that Fis a closed set 
included in §},. Then we shall have 


QHR- F= Rhy, MUR -H= 2 - F. 
Hence, by Theorem 4, 


| sav fao=| fa f dv 


R KQıTF Qı Q-F 
ie., 
|se- fdv = | fdv- fdv. 
& QZF Qı Kı-F 


Let f be non-negative, continuous and integrable on the open sets &, and 
Ka, and let FS 2,22. We put 2 = 182. Then from what has been 
shown, 


| so- fda =| fdv- fdv = sa- f fdv. 
Q QTE Qı Sak R2 Qa-F 


We have obtained the important result that: the difference 


| se -| f dv 


does not depend on the choice of the open set St. 
Lemma 2. Ifa continuous function f vanishes at points of a certain bounded 
closed set F lying within an open set 9, then 


| fo fdv. 


& &-F 


§ 3 INTEGRALS ON BOUNDED CLOSED SETS 87 


Suppose first that the set K, is bounded. 
From Remark 2 (p. 82), 


| f do s f soo, (**) 
RTE QR 


We consider an open set 90, of those points at which f < e, where eisa 
small positive number. Since K, and consequently all ., are also bounded, 
we see that 


im | fdv = 0, 


e+0 Qe 


By the corollary to Theorem 4, 


| fdv S fdv + fdv 
Q §0-F Qe 
which implies 


fa 2 | fdv. 


Comparing this with (**), we obtain the asserted result. 
In the general case, we may take § as the sum of expanding, bounded, 
open sets S}. Passing to the limit as k > œ in the equality 


fdv -Í fdv, 
Qr Kk-F 


we get the result asserted in the lemma. 
If two functions f, and f, are equal at all points of the closed set, F, then 


| fief _fidon| pa- fh dv. 
& 


Q-F 
For, from Lemma 2 we get immediately the equivalent equality 


| (f1 — f2) do -f (fi — f2) dv. 
8 Q-F 


The result just proved implies that in the definition given at the beginning 
of this section of the integral of a function f, continuous on a closed set F, 
taken over this set, the value of the integral does not depend on the way in 
which the function is continued outside F. We still have to demonstrate the 
possibility of such a continuation. 

LEMMA 3. Consider an open set St, and its boundary C. Let F be a closed 
set lying in the set N, + C. Let some continuous, non-negative function f be 
given on F. Then a continuous, non-negative function œ can be constructed in 
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K + C which will be equal to fat the points of F: and the upper and lower bounds 
of ¢ will be equal respectively to the upper and lower bounds of f. 

As was shown on p. 79, any point P of the domain § which does not 
belong to Fis situated at a finite positive distance (P) from the set F. We 
construct a sphere of radius R with its centre at a given point P and consider 
the maximum value of the function fin this sphere. Let 

max f = M,(R). 
rsR 
If there are no points of F inside this sphere, we shall take M>(R) to be zero. 

M,(R) increases monotonically and consequently is an integrable function 
(in the usual sense of the word) of the variable Rt. 

As the function y we may take, for example, 

1 26(P) 
P) = —— M,(R) dR. 
PP) ACP) J scp) p(R) 
At points of the set F we put ¢(P) = f(P). 

We prove that the function g(P) so defined is continuous. For, at a 
point P, at a distance ô > 0 from some point Py of the set F, the value of this 
function will be between 

min P) and max P), 

rs36 rS36 
where we have taken a sphere of radius 36 with centre at the point Po of the 
set F and consequently /(P,) tends to f(Po) as 6 > 0 since fis continuous. 

Next, for two points P, and P, which do not belong to F and which are 
at a distance Å from one another, we have 


Mp(R) S Mp(R+h) and d(P,) < OP,) +A, 
Mp (R) S Mp(R+ h) and d(P2) S ôP) + h. 


We shall take 
h < min [32 , wt. 





3 
Then 
(P ) (P ) 1 ake, ( jd 1 T (R) dR 
AL) — g 2) = —— R R- P2 
£ ô(P,) Tees O(P) 5 
] 2ô(P1) 
< —— | M (R)dR 
6(P;) 6(P;) 
1 26(P,)—2h 
— ——__. Mp (R — h) dR 
O(P;) + h a 


t See, for example. V.I.Smirnov, Course of Higher Mathematics, Vol. 1, p- 2999, 
Pergamon Press, 1964. 
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§3 


(P1) 


1 26(P1)—3h 
1 
1 


26(P}) 
+ on ae M>,(R) dR 
O(P;) lees 


| 2ô(P1)— 3h 
— eel Mp (R) dR 
OP) +h J xp, 


2ô(P;)—3h 


SEEE E | Mp (R) dR 
ÔCP ACP) + h] Jaep 





1 26(P1) 
Mp (R) dR 
ô(P,) PE i 





h 2ô(P1) 
< - f Mp (R) dR 
[d(P)] (Py) 





Mp (R) dR < 
ð(P1)— 3h i O(P;) 





20(P1) 4hM 
d(P,) | 


where 
M = maxf 2 M,(R). 


For a sufficiently small } this quantity can be as small as we please, and this 
implies that, for any given € > 0, we can make ¢(P,) — ¢(P2) < £ by 
taking A sufficiently small. But the points P, and P, are on an equal footing, 
and so the inequality g(P2) — ọ(P1) < € also holds. Hence it follows that 
g(P) is continuous, and the lemma is proved. 

We may remark that the case when the function fchanges sign may readily 
be reduced to the foregoing one, by considering in place of f the function 
f+ c, where c is a sufficiently large positive constant. 

The concept of an integral on a closed set has now been firmly established, 
and we have at the same time shown that any non-negative function f which is 
continuous on a bounded closed set F is integrable on this set. For, by Theorem 2 
this function is bounded on F, and so an immediate application of Lemma 3 
shows that fis integrable. 

For closed sets such as a parallelepiped or a net set, our definition of the 
integral obviously agrees exactly with the usual definition of a Riemann 
integral of a continuous function. 

THEOREM 7. If F, and F, are bounded closed sets and f is a non-negative 
function, continuous on both sets, then 


| fae+| seo fav +| fdv. 


Fi+F2 FıF2 
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This theorem is readily reduced to Theorem 4 if we enclose F, + F, in 
a domain , and put 2 — F, = KR and Q — F, = Ka. Then, noting that 


Ri + R= R — FF, Riba = (F, + Fə), 


we get 
[so-so] fdv; [ teo=| sw- f fdv; l 
Fy Q Qı Fo Q R2 
i få -Í fdv aj f dv; 6.3) 
F,+F2 QR RıQ2 


| feo=| saw] fdv. 
FıF2 QR Gat $22 


And the theorem follows from (6.1) and (6.3). 
THEOREM 8. Let F, 2 F, 2 ~ 2 Fy, 2 ... be a contracting sequence of 
bounded closed sets, and let Fy denote their intersection: 


nay ae eee eee 


Let f be some non-negative function continuous on F,. Then 


| fav = lim | fdv. 
Fo k>o J Fy 


This theorem follows from Theorem 5 in the preceding section, if we 
continue f on an open set KQ, containing F, and put 2, = N — F,. Then 
putting also Ko = Ni + N2 +t + Ne + we have R — No = Fo, 


| fdo -Í fdv—| fdv (k= 1,2 ...). 
Fk Q Q 


ik 


Applying Theorem 5 and passing to the limit, we get the stated result. 
THEOREM 9. If the intersection of a contracting sequence of open sets 


Ni 2 Q2 Nk 
is a closed set F: 


F = Ria eee Ske ... 


and if f is a non-negative, continuous function, integrable on §Q,, then 


[see lim | fdv. 
F k> 00 Qk 
R: 


Sky — F, 


For, let 


k 
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| fee - seo | fdv. 
F Qk Qk 


Passing to the limit on both sides of this equality, and noting that 


then 


tim | fav =0 


k>o Qh 


by Theorem 6, since the intersection SQ, is null, 
we get 


| fav = lim | fdv, 
F k>a J Qk 
as was to be shown. 

We may remark that any closed set F can always be taken to be the inter- 
section of a “nest” of open sets SL}. For we may take as $}, the set of points 
whose distance to the closed set Fis less than ¢,, where £, > Oas k > œ. It 
is clear that the intersection of such sets KR, will contain only points whose 
distance to Fis zero, and so it will coincide with the closed set F. 

THEOREM 10. Let Fi © Fa S+ S F, © ... be an expanding sequence of 
closed sets such that their sum E is bounded and is either a closed set or an 
open set. Let f be a non-negative function, continuous on all the F, and on E, 
and integrable on E. Then 


fav = lim | fdv. 


E k> œ Fk 


(The supplementary condition that f be integrable on E is not needed if E is a 
closed set.) 

If E is an open set, say E = Si, then this theorem reduces to Theorem 9, 
if we consider the open sets 2, = & — F,; and it reduces to Theorem 6, if 
the set Æ is closed and = F say. 

We now examine the particular case when f = 1. We shall call the inte- 


grals 
| dv and |e 
Q F 


respectively the Lebesgue measure of the open set § and of the closed set F, 
and we shall denote them by mS, and mF respectively. 

All the theorems already proved, when applied to the case f = 1, at once 
give similar theorems about the measure of open or closed sets. Measure 
appears on the scene as a natural generalization of “volume”. We shall come 
back to the properties of measure later. 

Of particular importance for its applications is the following theorem. 
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THEOREM 11. (Mean-value theorem) 

Let E be an open set or a bounded closed set on which a function f is con- 
tinuous. When E is an open set, we further suppose that E has a finite measure 
and that f is integrable on E. Suppose that, everywhere on E, 


M, SfS M, 


where M,, M, are constants. Then 


M,mE s | fav < MmE. 
E 
The proof follows immediately from the fact that 


|u- mozo, | 4 -pazo 


§ 4. Summable Functions 


We now pass on to a consideration of the general theory of the Lebesgue 
integral. 

Let f be an arbitrary non-negative function given in a bounded open set 
SL. We consider all the closed sets F © § on which f is continuous, and 
determine the upper bound of the integrals of f taken over the sets F: 


sup | fav. 
F JF 


We shall call this upper bound, if it exists and is finite, the inner integral on 
the set N, of the function f, and we shall denote it by 


Gn | fdv. 
R 


The concept of the inner integral is of particular importance in cases where 
the function fis measurable. 
A function f given on some bounded open set SX, is said to be measurable on 
the set Q if there are closed sets Fs, with measure as close as we please to the 
measure of S}, on which the function f is continuous, such that 


m3 — mF, S ô, 


where 6 is any positive number, 
If a non-negative measurable function f has an inner integral in the 
open set K, then it is said to be integrable, or summable, in the Lebesgue sense 
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on the domain St, and its inner integral is called simply its integral or its 
Lebesgue integral. In this case we shall use the ordinary integral sign. 
Remark. If a function f is measurable on a bounded open set S.,, then it is 
measurable also on any open set 34! which is wholly contained in $2. 

To prove this it is sufficient to take as the set F! the intersection of the 
set F, with an inner net set Ø; belonging to an exhaustive system for SQ’. 

COROLLARY. If a function fis summable on a bounded open set 82, then 
it is summable also on any open subset SU’ of &. 

Remark. It is easily proved that the sum and the product of two measurable 
functions are measurable. 

As we shall show later, the Lebesgue integral has a number of extremely 
important properties, which remarkably simplify its use. The following 
example shows that, for a non-measurable function, the inner integral, even 
if it exists, does not have some of the most important properties of an ord- 
inary integral. 

Consider a function f which is positive in an open set §t, and has an inner 
integral on SQ, but which is not measurable (it can be shown that there are 
such functions). 

Since fis not measurable, closed sets on which fis continuous will have 
a measure substantially less than ml, i.e., sup MF = a < m$}. 

F 


It is obvious that the closed sets in which fand f + 1 are continuous will 
be identical. For any one of them we shall have 


[or iyo — | fav = me 


(see Remark 3, p. 82). 


Hence 

[a+ Dav = | fav + mF £ sup | fdv +a 
and / i ú 

iw | (f+ Dd <S Ge) | fdv +a. 
Q 8 

Consequently, 

Ga | (f+ 1) dv # cn) | fdv + Go | l dv, 
, 82 Q & 
since 


cn) | I dv = m& > a. 
Q 


The last inequality shows that, in general, the additive property does not 
hold for inner integrals of non-measurable functions. 
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LEMMA 4. Let f be a measurable, non-negative function in the bounded open 
set 8, and let F, be some system of closed sets on which f is continuous such 
that 

m3 — mF, < €. 


lim | fdv 
e70 F, 
exists and is finite, then the function f is summable, and this limit is equal to 


If even one of these assertions were false, we should have 


If the limit 


im | fav < sup | sav, 
F, F JF 


670 


since, by definition, either 
sup | fdv =o or sup | fdv -f f dv. 
i F E F G 
We should therefore be able to find a closed set Fo such that, for any € > 0, 


fso- fdv27> 0, 
Fo 


Jd Fg 


with f continuous on Fo, and 7 independent of e. 
Put F} = FoF,. Then using the previous inequality we have 


| sw- | save n> 0. 
Fo i 


The function fis bounded on Fo. Let f < M. Then 
| fdv — oe = E (f — M) dv = (f- mao + M(mFo — mF;). 
Fo 


But the expression inside the curly brackets is clearly non-positive, and so 


mF — mF; = EL 


M 
But by Theorem 7, 


mFy — mF; = m(Fo + F) — mF, < €, 


and we get )/M < e. Hence our hypothesis is wrong, and the lemma is 
proved. 
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COROLLARY. Suppose that in the bounded open set St, an expanding system 
of closed sets is given: 
FSRS shs, 


and mF, > mQ — 5,, where 6, > O as k > œ. 

Let f be a non-negative measurable function which is continuous on all the 
F,. If the integrals fp fdv are all bounded by the same number A, then the 
function f is summable in 8 and its integral is given by 


| Sav = im f dv. 


Q k> œ Fk 


This corollary follows at once from the lemma, if we note that the non- 
decreasing sequence of values of fr, fdv has a limit. 

THEOREM 12. Let f be a summable and non-negative function in the bounded 
open set §,. Then, given any e > 0, there is a (£) such that, for an open set Sto 
with 25 S SL and M&s < Ô, the inequality Jo, fdv < £ holds. 

For, suppose the theorem false. Then a number £o > 0 and open sets 
Sla can be found with measure as small as we like, mK, < 6, for which 


| fdv 2 £o. (6.4) 
RS 


Using the open sets K, we can construct a contracting sequence of open 
sets K, for which MQ, < ôk, 6, > Oas k —> œ and theinequality (6.4) holds. 
To do this it is sufficient, for example, to choose from the St, some sequence 


of sets Ri such that mN; < 1/2°+! and to put 2, = Y} SLs. By the corollary 
s=k 


to Theorem 5, mJ, < 1/2", so that we can take 6, = 1/2". Let F, be an ex- 
panding system of exhaustive sets for fin Q with mR, — Fx) < ôt. Then 
the closed set F = F, — SQ, has the property that 


mFe = mS — 26,. 
This follows from the fact that N, — Fë c (& — F,) + 2, and so 


m(S% E Ff) < m( sS} = F,) + msy < 20x. 


From the corollary to Lemma 4, 


im Í f dv -j f dv. 
k> œ F* Q 


+ We shall call the system of closed sets Fy lying in & exhaustive for fin K, ifthefunction 
f is continuous on each F, and if for all 6 > 0 an Fy can be found such that m(& — Fẹ) 
< ô. The nomenclature ‘‘exhaustive (integral)”’ is justified by Theorem 12. 
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Hence, for sufficiently large k, 


Eo 
dv — —. 
[fe j P i 3 


On the other hand, we can find inside the set S{, a closed set F** on 
. . f ; 2e 
which fis continuous and for which fast > =, 
k 


Now the F¥ have no points in common with the F;**, so that the func- 
tion fis continuous on the closed set Fë + Fž* and therefore 


| fdo > [se reece 
FR+ER* & 


But this is impossible, since fp fdv = sup fr fdv. The contradiction proves 
the theorem. 

The property which we have just proved and which is of fundamental 
importance is known as the absolute continuity of the Lebesgue integral. It 
characterizes completely the dependence of the Lebesgue integral on the 
set on which the integration takes place. We shall make use of this property 
on more than one occasion in the sequel. 

We shall now concern ourselves with a more detailed explanation of the 
relation between the Lebesgue integral and the function which is being 
integrated. 

LEMMA 5. Ifa function f, is measurable and non-negative, and if a function 
fı is summable, and if 


Sfi 


then the function f, is also summable, and 


| Ta a fed 


Q Q 


For consider an expanding system of closed sets F”? on which the func- 
tion f is continuous and which have measure satisfying mF® > mQ — €; 
and consider also a similar system F£” for the function f2. 

Then, from Theorem 7, the measure of the sets F = FOF will tend 
towards ms}: 

mF > mR — 2e. 
We have 


J, dv S fido s | fi dv. 


73) (3) 
Fo Fi 


The sequence | Pee: dv does not decrease, is bounded, and consequently has 
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a limit. So by Lemma 4 the function fa is summable. And, passing to the 
limit, we see that the integrals of fı and fọ do satisfy the stated inequality. 

THEOREM 13. If f, and f, are non-negative and summable in $}, then their 
sum fı + fa is also summable and 


| Cr tAd | fdo rfs dv. (*) 
Q Q Q 


We construct sets F®?, F, F® in the same way as in the previous lemma. 
The functions f, and f, will obviously be continuous on F® and, moreover, 


Gf, + f,) dv = fi dv + fo do. (6.5) 


(3) @) (3) 
Fe Fs Fs 


The right-hand side of (6.5) has the limit fç, fi dv + Jo f2 dv. Hence the limit 
of the left-hand side exists, and so, applying Lemma 4, we see that (fi + fh) 
is integrable and the formula (*) is valid. 

So far we have considered only the integrals of, firstly, non-negative 
functions which are continuous on open sets and on closed sets, and second- 
ly, non-negative functions which are measurable on bounded open sets. 
We now pass on to the integration of functions of variable sign. 

Let fbe a function which can take both positive and negative sign. We put 


S=} +A A= l-A. 


We call f* and f7 respectively the positive and negative parts of the function f. 
The function f+ coincides with f at those points where fis positive or zero, 
and it vanishes at those points where fis negative. On the other hand, f- 
vanishes at those points where f is positive and is equal to — f at those 
points where fis negative or zero. Clearly, f = ft — f-. 

If a function fis continuous on a closed set F, then both the functions f+ 
and f~ will also be continuous on this set. 

For, if f is positive at a point P belonging to F, then f will be positive 
at all points of the set F which are sufficiently close to P. Moreover, the 
function f* will coincide with fat these points and so will also be continuous. 
The continuity of f~ at those points where fis negative is shown in exactly 
the same way. At points where f = 0 both functions f* and f~ will also be 
continuous, since, for example, the values of f* as the points P, tend to P 
on F will either coincide with the values of f at these same points or will 
vanish, but in either case will tend to a limiting value equal to zero. Hence 
follows 
Remark. If the function f is measurable on an open set 8, then both the func- 
tions ft and f` will also be measurable on $}. 
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We define the integral of f on an open or closed set E by the formula 


[ foo= | pao - | rae. 


A function f is said to be summable if f* and fT are summable. 

From this definition follows: 

THEOREM 14. If a function f is summable in a bounded open set St, then, 
for any system of closed sets F, on which f is continuous and which are such 
that mF, > m& — ò, ô > 0, 


| fdv = lim | fdv. 
Q 


6-0 J F3 


To prove this, it is sufficient to notice that 


[ sare | w- f sooo, 
Fo Fô Fô 


and pass to the limit. 

We now have another lemma. 

LEMMA 6. If a function f, measurable in an open set §.,, is represented in two 
different ways as the difference between two non-negative functions 


f=fi-f, and f=f -fas 


[rw-p f pa- f fav 
R 82 Q & 


For, the result to be proved is equivalent to 


[ fas] tedo=| parf fae, 
QR Q QR R 


and this immediately follows from Theorem 13 if we note that fi + fa 
= fa + fz. Hence the lemma. 

It follows from this lemma, incidentally, that, however we represent the 
function f as the difference of two non-negative functions, we shall always 


have 


then 


| fide fave | prao- |r dv. 


If a function is summable, then the integral of its absolute value exists, and 


conversely. 
For, if the integral of |f| = f* + f~ exists, then by Lemma 5 each of f+ 
and f- is summable. Conversely, if f* and f~ are summable, then from 


Theorem 13, |f| is summable. 
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Remark. If cis an arbitrary constant, and if fis a function summable onthe 


open set $S}, then 
| cfdv = eÍ fdv. 
R & 


This is almost obvious; the proof follows at once by using the similar 
property for functions of constant sign. 

Animportant general property of the Lebesgue integral follows from the 
previous remark. 

If fis fo, ---» fa are summable functions, and a,, a2, ..., Ay are arbitrary 
constants, then 


| (ai fı + arfa + + arfi) dv = a| fasta | fav +- + af fdv. 
R Q Q Q 


This is proved by induction. 

We notice one more important property of the Lebesgue integral. 

THEOREM 15. Let f be a summable function, andy a measurable and bounded 
function so that |p| < M. Then the product fp will be summable, and 








| eae s m| |f|dv. 
& & 
For, | fpl S M|f|. The function M |f| is summable; therefore so is | f| 
and 
| Se dv s| | fp| dv = m| | f| dv. 
R R 8 





§ 5. The Indefinite Integral of a Function of One Variable. Examples 


If f(x) is a summable function in the interval 0 < x < 1, then it will 
obviously be summable also in the interval 0 < x < y, where y < 1. The 
integral 


iG) = | Tax 
0 


is called an indefinite integral. 

By the very definition of measure, an isolated point has zero measure. 
Hence the integral over the open interval 0 < x < yis equal to the integral 
taken over any one of the following half-open intervals or the closed interval: 
Osx<y,0<xZy,0Sx < y. This justifies the use of the notation 


fs (x) dx 
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and also allows us to write 


[Œ dx + [rŒ dx = | F(x) dx 


for any summable function f(x). 
We next prove: 
THEOREM 16. The derivative of an indefinite integral is équal to the function 
under the integral sign at all points where this function is continuous. 
For, 
yth 
Fly + A) — FO) = 1 T(x) dx. 


h Ray 


Let m, and M, be the lower and upper bounds of the function f(x) in the 
intervaly S x < y+ Aifh>O,orintheintervaly + h S x S yifh<0. 
Then 


F(x + h) — F(y) <M 
S a a a a h 


h 
and consequently 
in FO + h) — FO) 
h>0 h 


= f(y), 


as was to be shown. 
A measurable function may not be summable. 
Let us look at a few examples. 
EXAMPLE 8. The function 


Jt ak Soa ARG eee TS 
= Rena where R = Jx + x3 MAE x? 


ismeasurable inthe sphere given by R < 1. For, if we exclude from this sphere 
the interior of a small concentric inner sphere R < €, f will be continuous 
in the remaining part. 

This function will be summable provided a > 0. To prove this, we notice 


that 
dx; ... dx Eaa 
P ~ | Se —— m Vms 
-r SRS! 


where 
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We change the variables iny,, by x; = &,/2" (i = 1, ..., n). Then 














ie 1 = dé, ... dé, = ] 7 
m gna n : a~a gma 0> 
"EIA OSes 
PELER i=1 
where 
OS) EE 
i=1 
Hence we have 
k-1 oa a 
» Pm Ss > Yo = Yo ia 0, 
m=0 m=0 24 — 


as was to be shown. 
EXAMPLE 9. The function 


where r=V(xX,—y,)? +: +, — Vr, 





f= 


p’ 


is measurable in the 2n-dimensional domain 0< x; <1, 0< y; < l, 
(i = 1, ..., 2). It will be summable ifa > 1. 

For, if the set r < eis excluded from this cube, then f will be continuous 
on the remaining part. The volume of the excluded domain, as may easily 
be seen, is a small quantity of the order e". That fis summable if a > 1 may 
be established as in Example 8. 

EXAMPLE 10. A function f in the cube v9, — 1 < x; < 1 (i = 1,..., 7), 
which is equal to unity at all points whose coordinates are rational numbers 
and to zero at all other points, is summable. 

All rational points (i.é., points with rational coordinates) can be enumer- 
ated, i.e., put into a 1-1 correspondence with the natural numbers. For, 
suppose the coordinates of any positive rational point are expressed by the 
fractions 


Pi Ph Pa 


3 teey 


qı i q2 In 


We write these 2” integers one after the other: pi, Po, -<-s Pus G1 Jos +-+9 Qn- 
Each rational point will correspond to many such combinations of integers, 
since the coordinates of one and the same rational point can be represented 
by many different fractions, if these have not been reduced to their lowest 
jerms. On the other hand, to each combination of 2n integers corresponds 
tust one well-defined rational point. All such combinations can be enumer- 
ated one after the other using the sequence of even natural numbers. To do 
this, we write first the combination of integers whose sum is equal to zero, 
then those whose sum is equal to 1, then to 2, and so on (there will obviously 
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be a finite number of each of these). In this way all the positive rational points 
will be enumerated, though to each point will correspond infinitely many 
different natural numbers. If we wish to make the correspondence I-1, then 
when numbering the points in sequence we must reject points to which a 
number has already been assigned. As regards the negative rational points, 
we can include these in our enumeration by using the sequence of odd 
natural numbers. 

Each of the rational points P,, P2, ...,P,,... can be included within a 
certain sphere S, with centre at the given point and such that 


] 


Dette 





mb, S 


e 


The sum RP = Kı + -+ y+- will be an open set with measure 
< 1/2' and therefore as small as we please. 

We exclude from the cube vo those points whose distance from the boun- 
dary is less than 1/t; and we denote the remaining closed set by v,. The closed 
set F, = vı — will have a measure as close as we please to that of vo. 
On it f will be continuous and equal to zero. Consequently, 


| fres o. 
-1<x;<1 


We often have to consider functions which are given in an unbounded 
domain &. 

We consider a system of spheres R < N, and let 9. y be the part of the 
open set & lying within the sphere R < N. We shall say that say a non- 
negative function fis measurable in Ș, if it is measurable in any Ñ, y, and that 
it is summable in §, if the integrals [oyẹ fdv are bounded in the aggregate. 


Then by definition 
| feo = iim | fdv. 
Te N> œw Qy 


Integrals of functions of variable sign were defined on p. 98. For such 
integrals all the usual properties are valid: we enumerate 


1. [tw=| fart] peo, 
Q © € 


J; | ara a| feo, 
Q Q 


3. | we max lo]. | | f| do, 
R R 


IA 
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and moreover the existence of the right-hand members of these relations 
implies the existence of the left-hand members. The proof of these pro- 
perties is obtained in an obvious way from a passage to the limit. 


EXAMPLE 11. Let 
1 n 
S a R= | Ne 
R42 » i 


in the domain R > 1. The function fis clearly measurable in SQ. It will be 
summable in Q, if a > 0. 





For, 
dx, ... dx, < 
— K? m 
Roo oe 
where 
dx, ... dx, 
Wm = ove a 
am<R<2m41 R 
Put 
= 2%, (i= 1,...,n) anda = yé 
i=1 
then 








or 


as was to be shown. 
It follows, incidentally, from Examples 8 and 11 that the integrals 


| ~| dx, ... dx, og | lee Se Oy 
R<6 R"e psi R’*? 

ô 
tend to zero as ô > 0. 


§ 6. Measurable Sets. Egorov’s Theorem 


With a view to the further study of the properties of summable functions, 
we now introduce the concept of a measurable set. Let 9, be a bounded open 
set, and let E be any point set included in it. We construct the characteristic 
function £,(P) for the set E, i.e., a function which is equal to unity at the 
points of E and to zero at points not belonging to E. 

If the function (P) is measurable (and consequently also summable, 
because of the boundedness of §-(P) and $|), then the set E is said to be 
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measurable, and the integral 


| E(P) dv 
§2 


is called the measure of E and is denoted by mE. 

It is not difficult to verify that, in the cases when E is an open set or a 
closed set, the new definition of measure agrees with the one given earlier 
(see p. 91), since mE is constructed in exactly the same way as previously in 
these cases. 

If the set E is measurable, then so is  — E. For, if the function £,(P) 
is measurable, the function 1 — (P) = =, 2(P) will also be measurable, 
and in this case 


mS — E) =f [1 — &,(P)] dv = mS — mE, 
Q 


For any two measurable sets E, and £E,, the following relation holds: 
En (P) + EeP) = e+e KP) + Ee eP) (6.6) 


Further, $£, r, = ég, e. Evidently, €;,.,(P) is measurable and consequently 
$p, +p, is measurable. Hence we see that the sum and intersection of two mea- 
surable sets are always measurable. 

THEOREM 17. The necessary and sufficient condition for a set E lying in an 
open Set Ș§, to be measurable is that there should be a sequence of closed sets F; 
included in E and a sequence of open sets S$, containing E, such that 


mS, — Fy) 70 ask > o. 


Proof. Suppose that the function (P) is measurable. Then closed sets F, 
can be found with measure as close as we please to m& and on which & ,(P) 
is continuous. Each such set F, may be decomposed into two subsets having 
no common points: 


1 2 
F, = FẸ + FQP, 


where F{? = FE, F? = F, — E. On F{” the function &-(P) is equal to 1 
and on F{”? it is zero. 

Each of the sets, as may easily be seen, will be closed. For, a limit point 
for a sequence of points P, from F;") is a point of the set F, and consequently 
belongs either to the set F{” or to F,??. But it cannot belong to F{? because 
the function €,(P) would then be discontinuous at this point on F}, and this 
contradicts the choice of F,. In exactly the same way it can be shown that 
F is closed. 

According to the premises we have 


mF, = mF? + mF > mS — ô, where 6, > 0. 
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Hence 
mF? + m& — m — FE) > m — dx, 
or 
mS — FR) — mF < ô. 


The sets Fi? and (Q — F{?’) are, then, the sets whose existence was asserted 
in the theorem. 

Conversely, suppose there are sets F, and K, having the properties indi- 
cated in the theorem. We can always replace the sets 2, by sets Kč * such 
that the sets & — SLe* will be closed. To do this we join to theset paset Vix 
consisting of those points of the set whose distance from the boundary C 
of the set 9 is less than 1/k. Obviously, mf), 0 as k > œ, and therefore 
if we put WE* = Ne + Vix, the difference me* — mF, willas before be as 
small as we please for sufficiently large k. The set  — S%* will be closed 
since it is the difference between the closed set S, — SLI% and the open set 
Qe + bie: 

We can easily satisfy ourselves that the function €,(P) is continuous on 
F,andon 3 — X£*.Consequentlyitis continuousontheset F, +( —2**), 
since a function which is continuous on two closed sets is continuous on the 
sum of these sets. We evaluate the measure of this set, ®, say. Clearly, 


D, = Fe + (R — RE*) S — (NE* — Fa). 
Further, 


m = mb, + RĚ* — Fd 


IIA 


mD, + MRE — F,). 


Consequently, m®, = MKR — 6,, where ô, > 0 as k > œ. 

Thus, £,;(P) is continuous on the closed sets Ø, with measure as close as 
we please to the measure of §2,, and eonsequently it is measurable, as we had 
to show. 

It is not difficult to show that if a set E is measurable, then 


mE = sup mF = inf mQ 
FOE ES() 
where the F are closed sets contained in E, and the Q, are open sets contain- 
ing E. 
Let E be a measurable set, and f be a function summable in SY. Then we 
define the integral of fon the set E by the equation 


| sav =| &(P) f(P) dv. 
E G 


It is easy to see that this definition does not depend on the choice of the 
open set St, which contains the set E. If the set E were included in any other 
open set, the value of the integral would remain unchanged. 
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This definition is equivalent to the former ones when E = Fis a closed 
set on which fis continuous, and when E = K, is an open set on which f is 
continuous. 

For, let F{? and Fi” be two closed sets having no points in common, on 
which &,(P) is continuous and takes the values 1 and 0 respectively, with 


(1) 


mF + mF? > mì — 6, 670. 


The existence of such sets was shown in the proof of Theorem 17. 
If E = Fis a closed set and fis continuous on F, then we may take as 
the set F” the set F itself. Then, by Theorem 14, 


670 


| EAP) AP) dv = im | E(P) AP) dv = | fe. 
R p14 p2) F 


If E = Kois an open interval and ®, is a system of exhaustive sets for f 
in Ko, then the set F;!? may be replaced by ®,, for 


[R — (D; + F ER — (FP + FP + (No — D) 
and this implies 
mR — (@; + FE) S m[Q — (FP + FEY] + mo — D) < 26. 


Thus, ®; + F{” will be an exhaustive system for the function &,(P) /(P). 
Hence 


Q 670 


E(P) AP) do = lim | E(P) AP) dv = lim | E(P) AP) do 
otr? 60) o; 


= im | S(P) do =| fav, 
Ds Qo 
as was to be shown. 
From formula (6.6) we have 


| fav +| fev = | f dv -Í f dv. 
Ey E2 E; +E, E,E2 


In particular, if f = 1, we get 
mE, + mE, = mE, + E) + mE, E2). 


If for a certain set E there are open sets K, containing E and such that 
inf m7, = 0, then (by the remark following Theorem 17) mE = 0. Con- 
versely, any set of zero measure can be included in an open Set with measure as 
small as we please. 
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THEOREM 18. If a function f is different from zero only on a set E of zero 
measure, then the integral of this function on an open set St, containing Eis zero. 

For, let Fą be an exhaustive system of closed sets for f, and KQ, bea 
system of open sets, with measure tending to zero, which contain E. The 
measure of the closed sets Ø, = Fy — SQ, willtendtowards the measure of |, 
since 2 — D, = (R — F) + Rr; hence mR —®,) Sm(2Q — FY + mK, 
— 0. Thus the system of closed sets ®, will be exhaustive. The assertion of the 
theorem follows from the fact that for this system all the integrals 


f fdv 
Ok 
are zero. 


COROLLARY. If two summable functions f, and fọ differ from each other 
only on a set of points of measure zero, then 


| fise= | few 
Q Q 


=Í fi — fal dv = 0. 
Q 


For, 





[rw-p 
Q Q 


We shall say that a certain assertion holds good almost everywhere if it 
holds good for all points except perhaps those of some set E of measure zero. 
As we have just shown, if two functions coincide almost everywhere, then 
their integrals are equal, and the integral of the modulus of their difference 
is zero. We shall say that such functions are equivalent. 

We now consider another question of importance for the sequel. Let E 
be some measurable, bounded set, and let F™ be an expanding system of 
closed sets belonging to the set E: 








| Gupya 
QR 





Fy SF Se iy? cgp” 


IIN 


We shall say that a system F consisting of the sets 
FP S FP SFM Ses FRc... 


is interior in relation to F® if for any set F we can find a set F$} such 
that F}? S FSP. 

Let us agree to express this relation by F® < FQ or FO) > F®), (The 
relation F > F® does not exclude F® < F2), 

FY > FO and F? > F® implies FM $ po, 

LEMMA 7. Suppose that a sequence of expanding systems of closed sets 
on a set E is given: 


FH > FO > Fo >... > Fo) > as 
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such that 
lim (mE — mF?) = 0, S = 1,2, -«., 


k> 


Then a system F exists which is interior in relation to all the F and which 
is such that 
lim (mE — mF) = 0. 


k> 


Proof. \n each system F we choose a set FS) = F such that 


Let 

F” = FEY FEO oa p. 
It is clear that 

Fo = Fo) ee = EY Co abe 


The sets F<” are closed sets. 

It is not difficult to see that the system F is interior in relation to any 
one of the systems F“. This follows from the fact that Ff? c F®* for 
any SZ k. 


It remains to show that lim mF{® = mE. We have 
k>@ 


mE — mF < mE — F®"*) + mE FEO) 4 


(K+ m)* = 
+ mE — F De eine © oat eee 


from which our assertion follows and the lemma is proved. 

A consequence of this important lemma is: 

THEOREM 19. Suppose a sequeuce of functions fı, fz, ..., fx, ... which are 
continuous on a closed set F is given. If the sequence converges everywhere 
on F, it will converge uniformly on every set of a certain system of closed 


sets F; which are such that lim mF; = mF. 
570 
Proof. We consider closed sets F,(e) having the property that on them 


lhe — fm = E 


for any n, > kand m, > K. 
Whatever £ may be, any point of F will belong to at least one F,(€)- 
Hence 
F = Fy(e) + e + File) +. 
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Moreover, 
Fie) S Fae) S = S Fife) S 


Applying Theorem 10, we shall have lim mF,(£) = mF. 


k> œ 
Consider the sequence of systems F“ consisting of F,(1/25), Fa(1/25), +. 
Obviously F? > FP > -- 
Applying Lemma 7, we see that a system F exists which is interior in 
relation to all the F“. On any set F{® the sequence fı, f2, ... converges 
uniformly. For, Fj lies inside a certain Fy for any (S) and so we get 








Si zi Ím 


l 
< zS for m; > Hs, Mm, > Ns. 


Hence the theorem. 

From this theorem follows immediately the essential fact in the theory 
of measurable functions: 
Egorov’s Theorem. If a sequence of functions f,, fr, ...,fx, +... which are 
measurable on a bounded open set St, converges almost everywhere, then the 
limit function is measurable. 
Proof. We select closed sets F, on which f} is continuous so that we have 


m3 — mF, < FT’ 


On the set Fo = F.F ... Fk ... all the functions f, , f2, ... are continuous. 
We evaluate the measure of F,. We have 


mF = lim mF,F, ... Fy 


k> œ 


ô 


mF, — mF,F, 


ô 
mF,F, — mF, F,F; = mF, F, + F3) — mF, S m& — mF; S —. 


24 
and so on. Hence 
6 ô ô 
mF,F, ... F, = mF, — — = mQ — (mQ — mF,) - — 2 m - — 
4 4 2 
and consequently 
ô 
mF 2 mS — —. 
2 
Since the sequence f,, fo, -.-» fx, --- converges almost everywhere, it fol- 


lows that there are closed sets F; such that mF; 2 mS — 6/2 and on which 
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the sequence converges. Then F* = FF; has the property 
mF 2 mS — 6. 


By Theorem 19 the sequence fi, fo, ...,/;%, ... converges uniformly on the 
set 


F; s F¥, sothat mFř — mF; < ô. 


Hence mF; = mQ, — 26, and consequently the function fo = am n fii is con- 


tinuous on the set F; with measure as close as we please to ie i.e., itis 
measurable, as we had to prove. 
Using Theorem 19, we can prove the following important lemma. 
Lemma 8. Ifa non-decreasing sequence of functions fi, fo, ..., fy, ... which 
are summable in the bounded domain Sv, has the property that 


| farsa 
8 


i.e., if the integrals of its members are bounded, then the sequence fi, fr, c., 
Tx, --. converges almost everywhere and has as its limit a summable function 


lim f = fo 


k> 00 


im | fa dv -f fo dv. 
BPO 2) Q 


The lemma will be proved if we establish the existence of closed sets F;* 
such that all the fy are continuous on them, the sequence fẹ, converges uni- 
formly, and also m(S) — FS) < ô, where ô is any positive number. 

For, in this case the limit function fọ will be continuous on all the sets F* 
and the inequality 


and moreover 


fdv SA 
F5 
will hold. 
By Lemma 4, fọ will be a function measurable and summable on &. The 
closed sets F* form an exhaustive system for fo, and therefore 


| nw- im | fodv SA 
Q 670 Ft 


Finally, given any € > 0, we shall have, for a sufficiently large k, 


| fo s| fow sy fy, dv + e, 
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and consequently, 
| favs | pe s|. f, du +e 
R 


which implies 


| fo dv = im Í fa dv, 
Q A ES 
as was to be shown. 


We still have to show that sets exist having the required properties. Con- 
sider first the case when fy 2 0. 
We introduce the functions 


Wr = tan“! fp. 


Clearly, wą will be a non-decreasing bounded sequence. Hence y, will con- 
verge everywhere on $}. 

We write 

hay Ve = Yo. 

By the arguments used in proving Egorov’s theorem we see that closed 
sets F; exist for which mf, — mF; < ô, and for which the convergence is 
uniform and yo is continuous. 

Let F be a closed set of those points of F, for which yo = 2/2. On F; 
the function y, tends uniformly to 2/2 and this implies that f, = tan Y, 
tends uniformly to infinity. Consequently, mF; = 0, for otherwise we should 
have fr; fe dv — œ, which is obviously impossible. 


We enclose F; in a domain §, such that mM, < Ô, 
and put 
FF = F; — Xs. 
Then clearly, 
mF; > mF, — m8; > m& — 26. 


On the sets F# the sequence y, converges uniformly to a limit different from 
2, i.e., f, converges uniformly to a finite limit. 

If fx is a function of variable sign, it is sufficient to consider a sequence 
Pr = fk — fi, and then the proof reduces to that just given. Hence the lemma 
is proved. 


§ 7. Convergence in the Mean of Summable Functions 


To illustrate the use of the previous theorems we now present some pro- 
positions dealing with the properties of measure. 

THEOREM 20. Suppose that on a bounded open set 2, a sequence is given of 
measurable sets E,, E,, ..., Ex, ..., no pair of which have any points in com- 
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mon. Then the sum of these sets, Ey = E, + Ex + © + E, + ++ is measur- 
able and 


mE») = 5 mE;. 


i=1 


Proof. Let &(P) be the characteristic function of the set E;. We put 
s 
Ys = } &(P). 
i=1 


By Theorem 13, each of the functions y, is summable, since it is the sum of 
a finite number of summable functions, The sequence y, is a non-decreasing 
sequence which converges to the characteristic function of the set Eo, i.e., 
to 9(P). Moreover, Y, < 1, since the sets have no common points and con- 


sequently there cannot be two function &(P) different from zero at any 
point. By Lemma 8, the function é (P) = lim y, is summable, and 


s> wo 


| (P) dv = im | ( 3 (P) dv = z | EP) dv. 
QR sa Q k=1 k=1 9 


Hence the theorem. 

COROLLARY 1. Jf E,, E2, ..., Ex, ... is any sequence of measurable sets 
lying within a bounded domain 2, and Ey = E, + E, +++: + Ey + +++, then 
E, is measurable, and 


foo} 


mE, < >, mE,. 


k=1 


For, the set Ey can be presented in the form 


E, + [E, —£,) + [Es — (E, + ED + + 
+(e Et Bp to t Bet 


Here all the addends are obviously measurable and no two of them have any 
points in common; also m[E, — (E, + Ez + + + E,_1)] S mE,. Hence the 
proposition. 

COROLLARY 2. The sum of a sequence of sets each of zero measure 


Eo = Ey + Ex to + Ex toe, mE, = 0, 


is also a set of zero measure. 

This follows immediately from Corollary 1. 

We showed earlier that if a function f vanishes almost everywhere, then 
its integral is zero. We now prove a theorem, which, in a certain sense, is the 
converse of this. 
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THEOREM 21. If the integral of a non-negative summable function f on a 

bounded open set is zero, then the function f is zero almost everywhere, except 
perhaps at points of some set E of zero measure. 
Proof. Consider an expanding system of closed sets F, on which the function f 
is continuous and such that m(2. — Fx) < 1/2". The set Ey of points belong- 
ing to K which do not enter into any of the sets F, has zero measure, since 
it can be included in the family of open sets 9 — F, whose measure tends to 
zero as k > ©. 

The set ©, of those points of F, at which f = 1/2* is obviously a closed 


set. By hypothesis, fg, f dv = 0, and hence m®, = 0. Put E = Ey + Y} GD. 
k=1 


The sets ®, form an expanding sequence. Any point at which f > 0 must 
enter into either Ey or one of the sets ®,, i.e., it will belong to E. And from 
what we have already proved, mE = 0. Hence the theorem. 

THEOREM 22. If a function f is summable in an open set 9. and if for any 
Junction which is continuous in St, the equality Jo fy dv = 0 holds, then f must 
satisfy the condition fp |f|dv = 0 and consequently f is equal to zero almost 
everywhere. 

We prove this theorem by reductio ad absurdum. 

If the integral fo |f] dv were different from zero, then at least one of the 


integrals 
| ft do, | f- dv 
82 8 


(whose sum isequal to fo | f|dv) would be different from zero. The difference 
of these integrals is zero, since it is equal to the integral of f. Consequently, 
both the integrals must be different from zero. Hence there is a closed set F” 
on which f+ > 0 and consequently f = f+, and for this set 


[w= | jwn, 
F’ F’ 


This integral may be written in the form J, f(P) £r (P) dv where £,(P) is the 
the characteristic function for the set F’. By Lemma 3 and by the definition 
of a measurable function (see p. 92), a continuous function y,(P) exists 
whose values lies between zero and unity 


and which can differ from ép (P) only on a set §, of measure as small as 
we please. Further, 


| SP) Ep(P) do = | AP) xP) dv + | AP) [Ee(P) — xP) do. 
QR QR Q 
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But from the hypothesis, the first integral on the right-hand side is zero be- 
cause of the continuity of y,(P). And using Theorem 15, we get 





| S(P) [ée(P) — x(P)] do 
® 





s | AP). 
Qk 


Since the integral of | f(P)| is absolutely convergent, the last integral, to- 
gether with the measure of Kp, becomes as small as we please, and con- 
sequently cannot be equal to the constant number A > 0. We are thus Jed 
to a contradiction, and the theorem is proved. 

LEMMA 9. Any function y(P) which is continuous in the open set Si and 
which is different from zero only inan open set SQ, lying together with its bound- 
ary inside 8, may be uniformly approximated on Q, as closely as we please by 
means of a function p,(P), whose derivatives of any order are continuous and 
which is different from zero only in an open set St, consisting of points whose 
distance from $}, is less than h. 

Here A is a sufficiently small number, dependent on the desired degree of 
accuracy of approximation and on the configuration of & and 3,,. We con- 
struct the function y,(P) by the formula 


| e77" w(P’) dP’ 
h 


rs 
r2 
| e” dp’ 
rsh 


r= Gy x) + Oy — xh) + + &, — X07. 


y AP) = 
where 


The function y,(P) is differentiable without restriction. To see this, we put 


| e? dp’ = alh) 
rsh 


and define a function w(P, P’) by the relations 


h. 





IA 


[ 
w(P, P’) -| ] eno 
i (fh) 


Then the function y,(P) can be written in the form 


Yn (P) = | w(P’) w(P, P^ dP’. 
Q 


In this form we can apply to it the theorem on differentiation with respect 
to a parameter under the sign of the integral. 
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For, the function w(P, P^) has continuous derivatives of any order with 
respect to the coordinates of the point P. Derivatives of any order of w(P, P’) 
obviously exist for r < h and r > h. Their limiting values for r > h and 
r > h will all be zero. We have to establish that the limiting values of all the 
derivatives of w forr < h, r > h will also be zero. This follows from the fact 
that any derivative of w of order s will have the form 


r2 
2_—h2 
asw e" h 


pe ni p , wt 
SB GE Det Ble oa 


r2 


where Q is a polynomial in its arguments. But e” 


than 1/(r? — h*)5 tends to infinity, and this implies that 


tends to zero faster 


: Sw 
lim a re = 0. 
roh əxi a OXR 


For the difference y,(P) — y(P) we have 


| £ = YPY — y(P)] dP 


r2 

2— h2 
| e” dP’ 
rsh 


[W(P — p(P)| < e, 


whence, by the mean-value theorem, 


|yn(P) = y(P)| <E. 


ph) — p(P) = 


For sufficiently small A, 


Hence the lemma. 

This lemma enables us to apply the integral criterion for the vanishing of 
the function in a rather weaker form than that given in Theorem 22. Let f 
be summable in K. Suppose that 


| APP) dP = 0 (6.7) 


for all functions y(P) which firstly, have continuous derivatives of any order, 
and secondly, are each different from zero only in some inner subset & „of 
the domain $|. 

Then this is sufficient to assert that 


| | f(P)| dP = 0. 
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For, if the condition (6.7) holds good for all functions which are differ- 
entiable without limit, then it will also hold for all continuous functions. 
Suppose the contrary. Then a function yo(P) exists such that 


| S(P) Yo(P) dP > e. 
Q 


By the lemma, there is a function y,(P) as close as we please to Wo which is 
differentiable without limit. We have: 


| fPyyolP) dP = | AP) ve) dP + È AP) [volP) — yi(P)] AP. 
£2 £2 R 


By the condition, the first integral on the right-hand side is zero. On the 
other hand, 





| S(P) [yo(P) — yp P)] dP 
Q 





< max |po(P) — vP)| | VP aP < e, 
R 


where e is an arbitrary positive number. We are thus led to a contradiction, 
and this proves the assertion. 

To prove the important Theorem 23 we require the following lemma. 
Lemma on the Upper and Lower Limits of a Sequence. Let X4, X3,..., Xpy +. 
be any bounded sequence of real numbers. Then a number Y is said to be 
the upper limit of the sequence {x,\ if for any number e > 0 there is among 
the numbers of {x,} only a finite set for which x, > Y + e, and an infinite set 
for which x, > Y — e. 

A number y is said to be the Jower limit of the sequence if x, < y — e 
holds only for a finite set of the numbers x, and x, < y + € holds for an 
infinite set of them. 

If the upper and lower limits coincide, then the sequence obviously con- 
verges and has only a single limit point. 


We usually write lim x, for Y and lim x, for y. 
Our lemma asserts that 


lim x, = lim fiim max (Xj, ..., d} (6.8) 
jJ>æœ (s> 

lim x, = lim fiim min (Xj; ...; surah (6.9) 
j7o Ss? oa 


Both limits on the right-hand side of (6.8) and (6.9) are meaningful. For, as 
s increases, the numbers 


O) 
Zs = max (Xj, Xj+1s -+> Xj+s) 


do not decrease but remain bounded, and consequently tend to certain limits 
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which we denote by z. The numbers z are bounded from below and do 
not increase with increasing j, since 2 < z¥5", and consequently 


ze? = lim 2 < lim 297,” = z7”, 


570 s>% 
Hence the limit of z9? as j > œ exists. 
We shall now prove the relation (6.8). Given any € > 0, an infinite set 
of numbers z®’will satisfy the condition 


z” > lim x, — € 


IV 


and hence it may be shown that, for allj 2 1, 


z > lim xą, ie. limz® = limx,. 


j>œ 
On the other hand, for a sufficiently large j all the z will satisfy the in- 
equality 


z” < lim x, + £, 


from which it may be proved that 


lim z® < lim xx, 
jJ>œ 
hence (6.8). 
In an exactly similar way we can prove (6.9), which, incidentally, reduces 


to (6.8) if x, is replaced by — xz. 





Suppose a sequence is given of functions f,, fo, ...,f;,--. Which are 
summable in the open set SQ. If for any e > 0 there is an integer N = Ne) 
such that 

| lfm — fn[ dv < e 
82 


for all m, n > N, then the sequence {f,} is said to be convergent in itself. 

THEOREM 23. For any sequence of functions fi, f2, -+--> fy, ... which is con- 
vergent in itself, a summable function fo exists which is called the generalized 
limit of the sequence { f,} and which has the property that 


| Wi -flae + oak œ. 
Q 


Before proving this theorem we make this observation. If f1, f2, are 
summable functions, then so is f3 = max (fi; f2). 

For, max (fi, fd = fi + (f2 — fa) t. But if fı, fz are summable, then 
so is their difference and also the positive part of this difference. 

If f,, fo, ---s fm are summable functions, then clearly the function 


max Chistes asf) 


will also be summable. 
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We turn now to the proof of Theorem 23. We consider a sub-sequence 
{fn} chosen from the sequence {/,} so that 


| | Firs — fup, | dv < x for k >k. 
Q 


We write Y, for fy,. We shall prove that the sequence y, converges almost 


everywhere to a summable function fo. To do this, we examine lim y, and 
lim yx. Let 


D _ 
Xs = max (Y1, Wr, -s Pyss)- 


We keep j fixed for the moment and consider the sequence 7}, 4P, ..., 
D... This is a non-decreasing sequence of summable functions. On the 
Xs q 
other hand, 

y Sx? Sy, t+ PAS = wl F \pi+2 = Pilt e + [Wits — Yj+s-ı 


whence 


0< x3? dv — y;dus > ly: — Pk- | do 2 a < E 
Jo Q Q WEF k=j 2 2771 


Consequently, by Lemma 8, the sequence {72} has almost everywhere a 
certain function y9 as its limit, where y9 = y; and 


os] m y; dv < l i 
2-1 
Q R 


We now consider the sequence 76, 7, ..., 7%, .... It will be non-increas- 


ing, since y% < x3"; hence yg < a D, The integrals of y, are uniformly 
bounded from below, since 





Suk 


| y; dv 2 | vod ~ | lyr — Yr-1| dv >f Yo dv — ar 
Q R FLIR Q a 


-f Wo dv — Ls 
Q 


Consequently the integrals of y? are bounded from below. By the same 
Lemma 8 the sequence yf? converges almost everywhere to a certain function 
fo where 


im | x dv E fa dv = im (Je — fo] dv = 0. 


J> œ J> œ 


By the lemma on the upper and lower limits of a sequence, fọ = lim y,. 
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We now show that fọ satisfies the requirements of the theorem. We have 


(s) G 
j JO = J £0 y — Jo e 
[i aas] ly; — x8] do + | Les? fo| de 
QR R §2 


Both integrals on the right-hand side become as small as we please for 
sufficiently large j. Hence 





| ly, — fo| dv <e for j> J(e). 
Q 


Following exactly the same argument for the function f? = Lim y,, we 
obtain 


| ly; — fë | do <e 
Q 


and this implies 
f | fo — fë | dv al ly, — fo| dv -Í ly, — fo" | dv < 2e. 
82 Q 82 


Consequently, 


| le -law = 0, 
& 


and the functions fọ and fë coincide almost everywhere. 
Finally, for any function of the original sequence fj, we shall have 


| | fr — fo| dv sj | fr = p,| dv +] lyy — fo| dv. 
QR Q Q 


Consequently, given any ¢ > 0, we can find an integer N(e) such that, for 

k > Ne), 

| | fe — fo| dv < 6, 
Q 


as we had to prove. 


foe) 
We shall say that a series X u,(P) (6.10) 
k=1 
converges in the Lebesgue sense if a summable function u exists such that 
N 
lim | u= X Uk 
N> Q k=1 
It is clear that convergence in the Lebesgue sense implies that it is possible 


to pass to the limit under the integral sign. 
We shall say that the series (6.10) converges in itself in the Lebesgue sense if 


|, 


dv = 0. 








m+p 


2 Me 


k=1 


dv < € for m > Me). 








EMP 5 


120 MULTIPLE INTEGRALS: LEBESGUE INTEGRATION L.6 


Theorem 23 can be reformulated for series thus: 
A series which converges in itself in the Lebesgue sense converges in the Lebesgue 
sense to a certain limit function. 

A series which converges in itself may be multiplied term by term by any 
measurable bounded function and will still remain convergent. 

THEOREM 24. The members of a sequence f,,f2,..., fy, ... which con- 
verges in itself have Lebesgue integrals which are absolutely equicontinuous. 

In other words, given any £ > 0, a number 6 can be found such that 


| fe dv 
Rö 


provided only that the measure of the open set S}; is less than ò. 
Proof. Given € > 0, we choose an N so that, for k > N, m = N, we have 


| a = fa 


For any f, of the functions f1, f2, ..., fy we can, by virtue of the absolute 
continuity of the Lebesgue integral, find a 6, such that 


| ala < 


assoonas ms}, < 6,. We take as d(e) the smallest of the number 6, 63... dy. 
Then for k < N the assertion made by the theorem is fulfilled because of 
the choice of 6 (e), and it is also true for k > N because 


| fa dv 
Qı 


THEOREM 25. In order that the sequence {fx} should be convergent in itself 
in the Lebesgue sense in an open interval, and consequently that it should have 
a limit in the Lebesgue sense, it is sufficient that two conditions be fulfilled: 


<E 











dv < Ë, 
2 


+ = £. 








<f [f — fal dv al [fx] dv < 
E : 


ec 


E 
2 


E 
2 


1. The sequence { f,} shall converge almost everywhere to a certain limit func- 
tion fo. 

2. The members of the sequence { fx} shall have integrals which are absolutely 
equicontinuous. 


Proof. By virtue of the lemma to Egorov’s theorem, there are closed sets F ‘ey 
with measure as close as we please to the measure of &, on which the con- 
vergence is uniform. We choose ô > 0 so small that 


|du< = 
| Ta 
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as soon as m&,, < 6. Further, we find an N so that on the set F, the in- 


equality | i 
— fal < 
If In 3m 





holds as soon as k, m > N. Then, fork > Nand m > N, we shall have 


| | fe — fal dv =| | fe — Ím 
Q 





dv sf i = ful dv 
Fs 


RQ-Fó 
<Í |f] do al fal dv +| reece 
Q-F 5 §20-F 5 Fò 
€ E € 
<— + — +E. 
3 3 3 


This implies that the sequence {f,} converges in itself, as was to be shown. 
COROLLARY. Jf a sequence of summable functions fi, fo, ...5 fy, --. COn- 
verges almost everywhere in the open set St, to a limit function fọ, and if the 
functions |f| do not exceed a certain summable function y, then the integral 
Ío fo dv exists and 
| fo dv = im | fa dv. (6.11) 
Q Kr JQ 
For, it follows from the inequality |f,| < y that the integrals of the 
sequence {/,} are absolutely equicontinuous and this implies that the 
sequence converges in the Lebesgue sense. It is clear that its limit in the 
Lebesgue sense must coincide with fọ almost everywhere. The possibility of 
passing to the limit under the integral sign is, as we have already pointed 
out, a consequence of the convergence in the Lebesgue sense. 


§ 8. The Lebesgue—Fubini Theorem 


The Lebesgue-Fubini Theorem. Let f(X,, X2, «++» Xns Yis V2 -++ Ym) be a 
summable function, of m + n variables, given in a cube Ko (0 < x; < 1, 
O<y, <1), i= 1,2,...,4,7 = 1,2, ..., m. Consider a certain measurable 
set E of io and let E(y;, ..., Ym) be the section of this set by the manifold 


yı = const., y2 = const., ..., Ym = const., 
i.e., the set of points having the same coordinates 
R E EEE 


as the points (xı; X25 +.. Xns Y1» Y2; SeN m) of E for fixed Yı: V2, seo Vane 
Let E, be the projection of E on to the manifold yı, ..., Ym, i.e., the set of 
all points whose coordinates y,, ..-, Ym are the same as those of any points 


of E. 
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Let yp (Yi, .-.; Ym) be a function defined in the cube 0 < y; < 1 by 


0 outside Ey 
yEy, Lens Vig) = (6.12) 
| fdx, ... dx, inside E, 
) 


ElYis eres Ym 
Then: 


(a) The integrals on the right-hand side of (6.12) exist for almost all values 
Of Yis ve+> Ym, (i.€., for all points except perhaps those of some set of zero 
measure) . 


(b) The function py (Yi, ...;¥m) is a summable function in the variables 
Yis crea Vme 


© | fox Ong dVi o. dY = | POC, -e3 Ym) Wy... dym-e (6.13) 
E O<yy<l 


Without loss of generality we may take f to be positive. We shall prove 
the theorem first for the case when Æ is an open set K, and the function fis 
continuous in K. We construct a system of net sets ®, exhaustive for K. 
Then it is clear that 


| fdx, ... dx, dyi -+ Wm -Í PoP gs ces Ym) Gs <+- d¥m (6.14) 
$ 0O<yj<1 


h 


The sequence py?" (yi, ..., Ym) is a sequence, which does not decrease 
as h > O, of measurable functions such that 


| aaa Gees A dy, as dY m s | fax, ree dx, dy; «++ dm. 
O<vj<l 82 


By Lemma 8 this sequence has almost everywhere a limit p’(y,, ..., Ym) such 


that 
(Dy, 


lim y inaya) = POI 


k>0 
and 


h>0 


lim | ad 6 eee 2 dy, ... OYn 
O<vj<l 


-| PLY ia ete es Ym) dYa -+ AV pis 
O<sj<l 


But the ®, (Vis ..-,; Ym) form an exhaustive system of polyhedra for 
RO 1...» Ym) Since any point of (Yi, ..., Ym) falls into one of the 


Py, ee Ym)» and consequently vn 1 8889 Ym) = P(r J Asa Ym) $: Then 
passing to the limit in (6.14) we obtain the required result (6.13) for this case. 
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Remark. If we consider a system of domains 1 > 22°72 Q>" 
such that 
lim m2, = 0, 
k>% 
then for almost all y,, ..., Ym we shall have MK (Y1, -<-s Ym) > Oas k > œ. 
For, by what we have proved, 


A -| E AE 
O<yj;<1 


The sequence of functions MKR (Yi, -<-s Vm) = Pki <--> Ym) IS Monotonic 
and bounded; hence at all points it has a limit 


lim Yk = PolV1> -+3 Ym). 


k= œ 


By Lemma 8, we can pass to the limit under the integral sign: 


k> o k>œw 


im | dys m= | Wo dy, ... dy,, = lim mS, = 0. 
0<»yj<l O<yj<1 


Consequently, Yo = 0 almost everywhere, as was asserted. 

We next consider the case when Æ is a closed set F on which f is con- 
tinuous. This case reduces to the previous one if we extend f over the whole 
cube SNo and consider the open set 2, = Mo — F. Clearly, 


| fon ... Ax, Ay, ... dYm -f fdx,... dx, dy; ... Vn 
Q 


F Qo 


-| fdx, ... dx, dy, ... dY m- (6.15) 
Q 
On the other hand, 


pP 4 yO = y 
which implies 


| yp dy, on dm =| pe dy, sai dyn 
O<vycl O<yj<l 


af pedyr ce Wn (6.16) 
O<y;<1 


Substituting in the right-hand side of (6.15) for the (m + n)-tuple integrals 
their expressions in terms of the functions y“’> and y%, and using (6.16), 
we obtain the required result for this case. 

Finally we consider the case when Eis an open set St and fis an arbitrary 
summable function. The general case of a measurable set E may easily be 
reduced to this one. 
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We construct an exhaustive system of closed sets F, for the function f. 
By what has been proved 


| f dx; - dXn dys. dYm -f yr dy... dym. (6.17) 
F O<y;<1 


k 


The sequence y” is an increasing sequence of measurable functions such 
that 


| yer dy, .. dYm <| fdxi -dxa dY1 -.-d¥m- 
0<yj<1 & 


By Lemma 8 it will have almost everywhere a finite limit y’ such that 


k- 00 


lim py?” = y’, tim Í py dy... dym = | W dy, ... dYm. 
O<ryj<1 O<y;<1 


We shall show that 
y’ = yer), 


To do this, we shall establish that F,(y,, y2, -<-> Ym) forms an exhaustive 
system for S01, Y2, ---, Ym) for almost all y,, ..., Ym. For, the measure of 
& — F, is as small as we please for sufficiently large k. Consequently, in 
view of the Remark on p. 123, for almost all y,, ..., Yms 


an miy: Y2; eva) = FLO. 2> e Ymd) = 0. 
= 0 
This implies that F.(y;, Y2, --- Ym) does indeed form an exhaustive system 
for 01, Y2, ---, Ym) for almost all yi, Y2, ..-, Ym, and consequently 
y’ = py, Then a passage to the limit in (6.17) proves the Lebesgue-Fubini 
theorem. 
Remark. If the function f(x, ...; Xas Yis +++» Ym) is measurable, if f 2 0, and 
if moreover the function y‘P exists and is summable, i.e., if proposition (a) 
of the Lebesgue—Fubini theorem is satisfied and the right-hand side of (6.13) 
is meaningful, then the function f will be summable and, consequently, the 
Lebesgue—Fubini theorem in its entirety will be valid. That is, the left-hand 
side of (6.13) will be meaningful and will be equal to the right-hand side. 
This is almost obvious. For, suppose it happened that the function f was 
not summable; then the integrals 


[fax Wa dx, dy; ee dyn 
F 


taken over closed sets on which fis continuous could be made as large as 
we please. Suppose that the integral on the right-hand side of (6.13) is equal 
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to A. We then choose a closed set F so as to have 
| fen 1. dx, dY; -> dYm >A+1. 
F 


We construct a function 


where ¢ is the characteristic function of the set F. Then py exists and is 
summable and 


| yP dy, dy, ... dy, > A +l: 
O<yj<l 
On the other hand, it is clear that yP < y®, which implies 


| yP dy, dyz ... dy,, <| yp dy, dy, ... dy,, = A. 
fF O<y;<l 


O<y;<1 


We are thus led to a contradiction, showing that our supposition was false. 
There is one further obvious consequence of the Lebesgue—Fubini 

theorem which is noteworthy: 

In a repeated integral of a summable function the order of integration may be 

changed. 


LECTURE 7 


INTEGRALS DEPENDENT ON A PARAMETER 


§ 1. Integrals which are Uniformly Convergent for a Given Value of Parameter 


Suppose that in a closed domain D of the variables x,, ..., x, a function 
F(x, ..+5 Xn, 4) is given, which depends on the parameter A whose values 
vary over the interval a < A < b. Consider the integral 


yA) = | | Fen, siaa Xar A) Ny Sen Hs (7.1) 
D 


We shall suppose that this integral exists in the Lebesgue sense. In other 
words, we assume that the function F(x,, ..., Xn, A) considered as a function 
of the point (x,, ..., x,) in n-dimensional space becomes continuous if we 
exclude from the closed domain a certain open set of points o whose measure 
may be arbitrarily small (in applications we shall for the most part consider 
cases when F(x,, ..., Xn, 4) is discontinuous at points belonging to certain 
manifolds of fewer dimensions: e.g., at isolated points, or on a finite number 
of surfaces, curves, etc.) and that 


| «| Re, ...}, Xns A) dx, eee dx, — im | -~ [Fes vey Xn, A) dx, me ba 
D 


D-o 
However, the open set o may decreas eprovided only that its measure tends 
to zero. 
We shall say that the integral (7.1) converges uniformly for A = Ap if, 


given any £ > 0, a number A(e) and a part o(e) of the domain D can be found 
such that: 


1. The function F(x;, ..., Xn, A) is continuous in x4, X2, ..., Xn, A on the 
closed set D — o(e) for |A—Ap| S Ae). 
2. The integral 


f flre Xir rA Al dxdt a, dx, 
o(e) 


is less than e for all values of A in the interval 2) — A(e) < À < Ay + Ale). 


3. The domain D — o(e) is bounded (this condition is not needed if D is 
bounded). 


126 
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LEMMA 1. Jf the integral converges uniformly at A = io, then it is a con- 
tinuous function of À at this point. 
For, 





[| ae es Xp 21) dxi ... dXn -| «| Fes o Xn AO) dx; oes Oe, 
D 


D 

















< | v fire e.. Xs Ay) = F(x,, e Xn Ao)] dx; tee dx, 
D-0 
+ [j [Fen sty Mag 21) dX; sxe Oks 
+ n | Fre Xn» Ao) dx, eee dx, 








< | one [lee is Xn> âi) — F(x, ...3 Xn» Ao)| dx, vee dx, 
D-o 
+ [> [en oy Xp Ay)| xy... dx, 


g ~ [lr Las Xn, Ao) | dæi oo. dy. 


We choose o(e) and A(e) so that the second and third addends are each less 
than £/3. Then, since a function which is continuous on a bounded closed 
set is uniformly continuous, we can choose |A, — 2o | so small that, for all 
points x,, ..., x, belonging to the domain D —o, we have 


E€ 


F(X15 e3 Xn AD — Fey, 3 Xn Ao) < —————— 
|For, ) = Fry eee 


where D—o denotes the measure (volume) of the domain D — o. We then 
have 


[p [Fe s Kees Aa) s ~ | Roen a Xans A) dxi ... dxa] < € 
D D 


and the lemma is proved. 

An integral (7.1) which converges uniformly for any Ain a certain interval 
will be a continuous function of A in this interval. 

If it is possible over the whole of this interval to choose the open set 
o(e) to be the same and independent of the value of A, then the integral will 
be uniformly convergent over the whole interval in the sense of the usual 
definition in analysis. 
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In some cases it is convenient to generalize the concept of uniform 
convergence of the integral for a given value of parameter to meet the 
situation where we take as parameter some point P with coordinates (X4, X3, 
...) Xn) in n-dimensional space. Consider the integral 


| e | Fe, aly Deg P) AXi 4a Xoo (7.2) 
D 


We shall say that this integral converges uniformly at the point Po if, for 
any £ > 0, we can find a neighbourhood h(e) about the point Po and a part 
o(e) of the domain D such that: 


1. The function F is continuous when the point P is in the neighbourhood 
h(e) of the point Po and the point Q with coordinates (x,, .... X,) is on the 
closed set D — a(¢). 

2. The integral fa... f |F(x1, ..., Xp P)| dx, ... dx, is less than «for all P of 
A(e). 

3. The domain D — ø is bounded. 


For this case the following lemma holds good. 

LEMMA 2. If the integral converges uniformly at P = Po, then it is a 
continuous function of P at this point Po. 

The proof is a repetition of the argument for Lemma 1. 


Fic. 10. 


We shall often have to use the following sufficient criterion for uniform 
convergence. Let a function F(x,, X2, ... Xn, P) given in a bounded domain 
D satisfy the condition 
A 


n—a’ 
r 





|F(x1, «5 Xp, PI] < 
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where a > 0, A is a certain constant, and r denotes the distance from the 
point P(X,, X2, ..., Xp) to the point Q(x), ..., x,). 

It is supposed that F depends continuously on the X,, ..., Xas Xis <+., Xn 
everywhere except at points where P coincides with Q. 

It is easy to establish the uniform convergence of the integral 


| ~ | Fo, jive Nay POX, ae dx; 
D 


at any point Py lying inside D. To do this, it is sufficient to take as o a 
sphere, centre at Po (Fig. 10), and radius ọ such that 


z 


. dx, < € 





and for A(e) a sphere of radius ọ, < @. For, we then have 


| | Fen x,, P) dx; ... dx, ajs [Flas ee dX, 
<| le dx; «ev UX, < 2:7 
rs2o0 r 


It is clear that in D — o and on its boundary, the function F will be a con- 
tinuous function of its arguments for points P of the neighbourhood 


A(e). 








§ 2. The Derivative of an Improper Integral with respect to a Parameter 


Suppose we have an integral 
yA) = | | F(Xi, X2, -3 Xn, 4) dx; dx2 ... dx, 
D 


over a domain D which does not depend on the parameter A. In analysis we 
often encounter the formula 


F(Xi, X23., Xn, AY dx; dx3 ... dXn 
a | Fe ; 1 dx, 


=|- | Span dx, Pde dx, = pA) 


f It is clear that a sphere of radius r < 2ọ with centre at the point P will contain 
the sphere Po (Fig. 10) if the point P is no further from Po than @; < o. 
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which is valid if the integral on the right-hand side is proper. It will be useful 
to us to get rid of this premise. We shall prove the following theorem. 


THEOREM. Suppose 


(a) the function F(x,, ...; Xn, A) is the improper integral with respect to A of the 
function f(X1, --., Xn, 4) in the domain D of the variables x1, X2, ...; Xn for 
a SÀ Sb, ie., 


a 
Fete A) = Fis is) = | fo -<-> Xn, A) då 


for all xX, X2, ..., Xp of D except perhaps points of some set of measure zero. 
(For the most partthisset willconsist of separate points, curves, or surfaces.) 


(b) the function f is a summable function of the (n + 1) variables (x1, ..., Xn, A) 
ie., the (n + 1)-tuple integral 


a 
| | nes [fe X25 -<3 Xn) dx; ave dX, d2 


aJ D 


exists fora SÀ Sb. 
(c) the function (A) = fp... f f(%15 X2, -3 Xn A) dxi ..., dx, is continuous at 
== Ao. 


Then the following relation will hold: 


dyl) EL Ree ona ee 
Oa A=Ao OA D A=20 


-| ~ | foe eee! Ning Ao) dx, eae dies 
D 


The proof of this theorem presents no difficulty. By definition, 


ka = ie = [LA sity, Xas Agi ID) 
A=Ao h>Q h D 
= Fiaa Aah diid Ra 


By the Lebesgue-Fubini theorem,on change of order ofintegration (Lecture 6), 
the integral on the right-hand side is equal to the (n + 1)-tuple integral 


ve | fdx, dx. ... dx, då, 


tiie doth} 
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and this last integral can be expressed as 


a ~ [fan dx, ... dxa) då. 


Using the property of indefinite Lebesgue integrals at a point of continuity 
of the function under the integral sign (see Lecture 6, Theorem 16), we have 


which is what we had to prove. 

We shall often have to make use of this theorem for some integral or 
another. Usually it is easy to verify that the condition (a) holds, but we 
shall give several simpler criteria to satisfy the condition (b). 

Criterion 1. Conditions (b) and (c) of the theorem will be satisfied if the 
integral 


| is [a X25 +009 Xn, A) dx, dx, Bess dx, 
D 


converges uniformly in the closed interval a < å < b. 

The proof is easy and we leave it to the reader. 
Criterion 2, Condition (b) will be satisfied if the function f(x, X2, ..., Xn, A) 
(n = 2) is continuous in all its arguments everywhere with the exception of a 
smooth curve, continuous in 2, given by: 


x, =a,(4), x, = a,(d),...,x%,=4(4), a<A<b, (13) 


and if in the neighbourhood of this curve the inequality 


| Ax, X25 +065 Xn, a Ss Ag ""** 
is satisfied, where 


e=min /Y[x,—a(A?, «> 0, 
asasb i=1 


and if the domain D is bounded. 
We separate the curve (7.3) from the (n + 1)-dimensional domain 


D 
asizsb 


by means of a domain dp at the points of which @ < 0o, where @o is a con- 
stant. The integral 


| [fe X25 ees Xn, A)| dx; ... dXn då (7.4) 


{agas} 
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will be convergent if the limit of the integral 


i ne | le. bE ne ae aj dx, ... dx, då 
asasvs 7° 


exists when go > 0. This limit will exist if, as ọọ > 0, the integral 


[o f Mkn xas o te Dl dy deg aA 


0 


tends to zero uniformly with respect to 2. We have 


| ~ | [fen X25 +009 Nay 2)| dx, dx, tee dx, d4 


b 
z| af oes | aoe dx; ... AX. 
a 0<eS00 oe 


| ie jer" dxi ... dXa = Cno: 
0<eSeo0 


from which it is clear that the integral investigated converges, and also that 


the integral 
| n | fee Lia Na AV OM: 20s AX 
D 


converges uniformly with respect to the parameter A. 
Criterion 3. If the domain D is not bounded, then we must examine the be- 
haviour of the function at infinity as well as the singularity considered in 
Criterion 2. 

The convergence of the integral (7.4) will be guaranteed if 


But 


[F(x,, ares ae d)| <-Ar 
where 
e>0O and r= Jx +x t ee +? 


The reader will easily be able to prove the validity of this criterion. 


LECTURE 8 


THE EQUATION OF HEAT CONDUCTION 


§ 1. Principal Solution 


Having already considered a few problems concerning equations with two 
independent variables, we now pass on to equations in several independent 
variables. 

We first consider the equation 


ð? ð? 0? 1 ð 
StS tar tag thee, (8.1) 
t 











Ox? Oy? Oz? a? 


which determines the temperature at points of a certain homogeneous, iso- 
tropic body. 

A change of variable using t; = a?t enables us to get rid of the coefficient 
a*. So for convenience we shall in the rest of this lecture take a = 1. And if 
we denote the sum of the second-order derivatives, as before, by Vu, we 
can write the equation of heat conduction in the form 


V7u = =~ + fix, y, Z, £). (8.1’) 
t 


It is this equation which we shall solve. 

We are going to examine the problem of heat conduction in an unbound- 
ed medium. We shall solve Cauchy’s problem for the equation (8.1’), i.e., the 
problem of integrating the equation (8.1’) with the initial condition 


[u] =0 = g(x, y> Zz). (8.2) 


As we pointed out in Lecture 2, this condition means that the distribution of 
temperature throughout the body is known at the initial moment of time. 
A particular solution of the homogeneous equation of heat conduction 
(that is, equation (8.1’) with f = 0) plays an essential part here; it is known 
as the principal solution. 
Consider the function 


v= ans ee = 4(to—t) (8.3) 
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where 


r= J(Xo — x)? + (Yo — y)? + (Zo — z}. 


We shall prove some lemmas about this function. 
LEMMA 1. The function v satisfies the equations 


Mh Se , Vo+—=0 (8.4) 


where 
ð? 2 2 
V20 v 07v 020 


~ ôx? 3y 022 


For, differentiation with respect to x gives 


r2 r2 
a ae l 1 -e 4@o— oe =e) - e 4to- 
x = = = a 
162? (to — À? 327x? (to — t)? 


with similar terms for the derivatives with respect to yọ and zy. Hence 


Vp, fp m 3 + —— ee e To 
? 3 5 3 7 > 
16r? (to — 1)? 327? (to — t)? 


and moreover 


r2 

200: = pe i + eee eee e 4079 

Oto 3 5 2 2 , 
1627(t>o — A? 3227(to — 1)? 


from which it is easily seen that the first of the equations (6.4) is satisfied. 
And the second of these equations may be deduced from the first, by noting 
that the function v depends only on the differences (x9 — x), (vo — V), 
(Zo — Z), (to — t), and consequently 





Oo ôw Gee 
ðx?  ðx?? to or 


LEMMA 2. If to > t, then 


+œ fto to 
| | | v dx dy dz = 1. 


For, introducing polar coordinates r, 0, p, making use of the symmetry of 
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v, and integrating by parts, we get 


+o Pto Po +o 2n pn 
| | | vax dy de = | parf [vsin 0 d6 ap 
-o 4J -0 J -0 0 OJO 


r2 
% 2 EE AR Sons œ — — 
r = 1 A(to~t) 
a ag. Ser dre ate rák m ) 
1 
2 


1 3 -L 
o 272?(to — 1)? 2 


1 e o os 1 to -2 r 
z 1 | en tinn r- e 48 q | —__—— 
2 
-0 


Hence our lemma follows from the well-known result that 
+o oes 
| e`? dz = Ja. (8.5) 


Equation (8.5) may be proved, for instance, as follows: 


+o 2 +o +o +a +o 
(| en ax) = | er ax | e77 dy = | | e70? ty) dx dy 


00 2n 00 
-Í reo” af dé = af e7”? d(r?) = —afe""]? = x. 


0 0 0 
Hence 


+o = 
| e77 dz = da. 


— 0 


LEMMA 3. Consider the integral f(to — t, Xo, Yo, Zo) = ff fo v dx dy dz 
taken over some finite domain S}. As to — t > 0, this integral tends to 1 if 
the point (xz, Yo, Zo) lies within the domain S, , and to 0 if this point lies outside 
the domain. 

We introduce new variables x,, y,, z, defined by 











x — xo = xı Jlo- l, Y — yo = Jı dto- t, Z=- 2 = 2, Jt —1. 
Then 


1 —4(xj+ 97+ 22) 
(to — t, Xo, Yo» Zo) = it e e dx, dy, dz, 
$21 
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where the domain of integration K, for the variables x,, y,, z, is obtained 
from the domain St, of the variables x, y, z by a homothetic transformation 


with the coefficient of similitude 1/,/t, — t and (xo, Yo, Zo) as the centre of 
similitude, followed by a change of origin to the point (xo, yo, Zo). AS 
to — t tends to zero, this domain will expand without limit. 

If the point (xo, Yo, Zo) lies inside the domain K, then the domain 2, 
will expand in all directions and in the limit will occupy all space. By the 
previous lemma, we conclude that in this case the limit of the integral will 
be equal to 1. 

If, on the other hand, the point (xo, yo; Zo) lies outside the domain 9, 
then as tg — t > 0 the domain §2, will expand and in so doing will move 
away from the origin so that its distance from the origin in the coordinate 
system x1, Yı, Zı Will increase without limit. By virtue of the convergence of 
the integral of v over an infinite space, which was established in the previous 
lemma, the limit of the integral f(to — t, Xo» Yo, Zo) in this case will be zero. 
Hence the lemma. 

LemMa 4. Let F(x, y, z) be any function which is continuous and bounded in 
a certain domain Q, (in particular, N, may be the whole of space). Then 


r2 
lim e * F(x,y, y) dx dy dz = F(x9, Yo, Zo) (8.6) 
$70 





3 
2 


$ 


if the point (Xo, Yo, Zo) belongs to the domain &. In this formula the passage 
to the limit is uniform with respect to (Xo, Yo, Zo) in any finite domain 82, 
lying together with its boundary within Ș&. It is here assumed that £ remains 
positive as it tends to zero. 

Proof. We form the difference 


r2 


e TR y, z) dx dy dz 











a3 
87 7é 9 
— F(Xo, Yo, Zo) a | e % dx dy dz (8.7) 
8m? E? Jo 
l -i 
= T e * [F(x, y, z) — F(xo, Yo, Zo)] dx dy dz. 
82 E? Q 


The second term of this difference tends to F(xo, yo, Zo) by Lemma 3 and 
moreover, does so uniformly. To prove Lemma 4 it suffices to show that in 
any region K :(Xo, Yo, Zo) this difference tends uniformly to zero as € > 0. 
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We isolate the point (x9, Yo, Zo) by a sphere of smal! radius ô. Let ô be so 


small that forr <6, 


E 
|F(x, ys z) = F(xo, Yo» Zo)| < 2° 


this inequality being uniformly satisfied for all points (xo, Yo, Zo) of the 
domain Kı. We shall evaluate the difference in (8.7) by breaking down the 
integral on the right-hand side into two integrals, one taken over the volume 


of the sphere r < ô and the other over its exterior. We get 
{If vl F(x, Y, z) = F(xo, Yo, Zo)] dx dy dz 
Q 
- | | | F(x, y, 2) — F(xo, Yo, Z0)] dx dy dz 
rsd 


+f] | oLF(x, 952) ~ Fros Yor 20) dx dy dz. | 


Estimating the first of these integrals, we have 





{II vl F(x, y, z) = F(xo, Yo, Zo) dx dy dx 


to ptm ft» € P 
< — v dx dy dz = —. 
-NJ -NJ -L 2 2 





(8.8) 


Moreover, since F is bounded there is a constant M such that |F| < M, and 


consequently 





l | | e 4 [F(x, y, z) — F(Xo, Yo: Zo)] dx dy dz 
v r>ô 


2M r ones 
2 a e 4 dx dy dz, 
8m E? r2zò 


We change the variables in the last integral, putting 





ER ae y=y, JE. san dé, So that ri = Pye, 


and we have 
M 


87? 


-1,2 nN 
2M e * ‘dx, dy, dz; = = r? Pie ae 
3 Vx = dr. 
rizö/yě òl y% 
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For sufficiently small é this integral is less than ¢/2 because of the convergence 


of the integral a 
? a -4r 
rie dr; ° 


Hence the lemma. 
Remark. We could consider, in place of the integral (8.6), the more general 
integral 


P(x, Yo: Zo, £) = w e 4° F(x, y, z, E) dx dy dz, (8.9) 
8a? Ż o 





in which the function F(x, y, z, €) under the integral sign depends on the 
parameter and is continuous and bounded for positive £$: 


|F(x, rer 6) <M. 
Let 


lim F(x, y, z, &) = F(x, y, z), (8.10) 


č>+0 


F(x, y, z, E) tending to F(x, y, z) uniformly in any bounded domain &, 
which, together with its boundary, lies within &. Then 


lim (xa, Yos Zo» £) = F(xo, Yo, Zo) 
čġ>+0 


at any interior point (xo, Yo, Zo). 
For, the difference 


l zi 
P(X%0, Yo, Zo, E) — 5 {|| e * F(x, y, z) dx dy dz 
827 E Q 





= l gi e” E Cte p, z &) — F(x, y, z)] dx dy dz. 
8a? i Q 





We split the last integral up into two integrals, the first taken over the space 
inside a sphere o defined by (x — xo)? + (y — yo)? + (Z — Zo)? < ô,and the 
second taken over the space outside this sphere. Then, given any positive 
number s, we get for sufficiently small £, 


l 





| f OR [F(x, y, z, £) — F(x, y, z)] dx dy dz 


r2 
< Fal e 4 dxdydz < e. 
8a? E* 7 








3 
82° ECS 
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Further, 


<a | {l eT 4 (F(x, y, z, €) — Flx, y, z)] dx dy dz 
(=s 


3 3 
watt {Tj gat ddya. 
Ant Pe Q-0 


8m" & 
The last expression tends to zero (see Lemma 4). Consequently, 











lim P(X, Yo» Zos» é) 


§7+0 


= lim : a e * F(x, y, z) dx dy dz]; 
EO | ga? g? 9 


but by Lemma 4, the last limit is equal to F(Xo, yo, Zo), and so the assertion 
is true. 





§ 2. The Solution of Cauchy’s Problem 


We now pass on to the solution of the equation (8.1’). 

Suppose that for ¢ > 0 a certain function u is given which has con- 
tinuous derivatives with respect to the space coordinates up to the second 
order inclusive and a first-order derivative with respect to time. Suppose 
also that u and its first-order derivatives are bounded throughout space. 

We apply Green’s formula (5.16) to the functions u,v for values of 
t such that 0 S ¢t < to, taking as the domain of integration a sphere &, 
bounded by the spherical surface S. We get 


ae (u V?v — v Vu) dQ = I, CS — noua) ds. (8.11) 
on 


Further, it may easily be verified that 


ISCO reece ae ca 


for any two functions u, v such that the integrals 


eam | racy 
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are continuous functions of ż in the interval 0 < £ < fọ. Combining this 
equation with (8.11), we get 


PEES- ee 
Uee eae e 


(8.12) holds identically for any functions satisfying the appropriate con- 
ditions. We now substitute for u the required solution of equation (8.1’) and 
take v to be the particular solution of the equation of heat conduction which 
is given by (8.3). Then, using (8.2) and (8.4), we get 


R rater cake 
-FLES ve» x Dan} T (8.13) 


Now an integral of the form 


to +o +œ +a 
| i | | vF(x, y. z, 0 an dt 
0 — 0 -a -0 


will converge absolutely if F(x, y, z,t) is a continuous, bounded function. 


For, 

CA [vF(x, Ve Z, olas} dt E max |F, y, Z, 1)| as} dt 
0 Q ù r 

max | F(x, y, Z, 1)| fo- 


We shall assume at present that f(x, y, z, t) and g(x, y, z) are continuous 
bounded functions. We shall further suppose that as t > to, the solution 
u(x, y, Z, t) tends uniformly to its initial values in any bounded domain. 

We now pass to the limit in equation (8.13), letting the radius of the 
sphere { tend to infinity. Then the integral over the surface S will tend to 
zero, since by hypothesis, both u and du/0n are bounded and e~’” tends to 
zero more rapidly than any power of r asr > oo. We clearly get 


[to +o + 0 to7 0 
| | | uv dx dy g 
704 70y 70O +0 
to +00 +c +œ 
-| ‘| | | vf(x, y, z, t) dx dy az) dt 
(0) = 00 - eo ai 


IIA 


IA 


§ 2 SOLUTION OF CAUCHY’S PROBLEM i 


By the remark made after Lemma 4, 


+o pto ftoo 
tim | | | uv dx dy dz = u(xo, Yo: Zo» £o); 


TTlo} -oJ -0J -o0 


it is clear that this integral is continuous for t = 0; hence 


U(Xo, Yo» Zo» to) = | | | AX, y, z) ([V]:20) dx dy dz 


70 =o 7o 


to +o +% +00 
— | rÍ | | uf(x, y, z, t) dx dy azl dt. (8.14) 
0 -%0 =o — 0 


Equation (8.14) gives an expression for the solution of our problem. 

In deriving this formula, we have assumed that a solution to the problem 
does exist. Hence we should now verify whether the function u defined by 
(8.14) does in fact satisfy the equation (8.2) and the initial conditions. 

It should be noted that the equation (8.2), which we have solved for 
t > 0 with initial conditions given for £ = 0, may have no solution at all for 
t < 0. The solution (8.14) in any case will cease to have any significance in 
these circumstances. 

Passing on now to the proof, we first show that the function u given by 
(8.14) has continuous derivatives up to some definite order. For, on changing 
the variables of integration by 


E=x—-—%X, N=Y-YVo> Č = Z — Zo, T= t — bo, 
we can write (8.14) in the form 


u(xo, Yos Zo> to) 


+a +0 Pto 
-Í f | ME, n, E, to) oxo + Ê, Yo + Ms Zo + Č) dë dn dt 


to Pto +00 +o 
| | | | o(€, , Č, T) x 
0 -0 7y 70 


x Axo + E, Yo + N, Zo + Č, to — T) dé dy dé dr, 


where 
E242 +t 
] ES 
e 4t 


o(f,4,0,7) = 





Now it is shown in calculus text-books that such a formula may be differ- 
entiated with respect to the parameters at least the same number of times 
as the order of derivatives of f and » which remain bounded, since the inte- 
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grals of derivatives of the functions under the integral sign converge uni- 
formly. We shall assume that the functions fand have the required number 
of continuous, bounded derivatives. 

When f(x, y, Z, to) = 0 the formula (8.14) gives 


1 +o pta +o E 
U(Xo> Yo» Zo> to) = Aa | | e 4to g(x, y, z)dx dy dz 
gn? 12 -0y 7o =% 





(8.15) 
where u, denotes the solution of the equation 
ð 
Vie E 
Oto 


which satisfies the condition 


[ui),=-0 = Y(Xo> Yos Zo). 


By Lemma 4, the right-hand side of (8.15) is a function which in any bound- 
ed domain tends uniformly to ¢(Xxo, Yo, Zo) aS to > 0. Moreover, it is not 
difficult to see that the integral may be differentiated with respect to the 
variables Xo, Yo, Zo, fp as often as we like provided only that tp > 0. We get 


Os (Xos Vos Zo» Í 
Vots(%0% Yo» Zo» to) — Oito Vos 20+ to), (8.16) 


Ouo 
+0 +a +œ 
-| | | (vee - e)a) dx dy dz. 
70y TOV —-0 Oto 


By Lemma 1 we see that 1,(%o, Yo, Zo» to) satisfies the equation (8.1’) when 
(X03 Yo» Zo» to) = 0, as we had to show. The uniqueness of the bounded, 
smooth solution, i.e., of a solution having the required number of continuous 
derivatives, follows immediately from the arguments which led us to the 
formula (8.14). Thus the formula (8.14), when f = 0, gives the solution of the 
problem. 

It remains to show that the second addend in (8.14), i.e., the function 


to +a +o +o 
u2(X9, Yos Zo» to) = — | rf f | vf(x, y, Z, £) dx dy azl dé, 
(0) -o -0 — 00 


satisfies the equation (8.1) and the condition [w2],,-9 = 0. It will then follow 
that the function u satisfies equation (8.1) and the initial condition (8.2). 
We introduce an auxiliary variable w defined for tp > t by 





+o +œ +o 
w(Xo» Yo» Zo» to; ÙD = af | | vf(x, y, Z, £) dx dy dz. (8.17) 
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The function w(xo, Yo; Zo, fo, £) satisfies the equation 


Vaw — — = 0 (8.18) 
and the condition 
[w] =r = — f(xo, Yo» Zo» t). 
The function u2(Xo, Yo; Zo, to) can be expressed in terms of w as 
to 
U2(Xo, Yo» Zo» to) -f w(Xo, Yo» Zo» to» t) de. 


o 


By its construction, it is clear that uz(xo, yo, Zo, 0) = 0. 
We now work out the expression for 





(8.19) 
Differentiating u, under the integral sign with respect to Xo, Yo, Zo, We get 


to 
2 
Vous = | Vow(Xo; Yo» Zo» to, Ò dt. 


(0) 





Also, 
ðu to Ow Xos , Zo, Ío» Í 
2 = [w(x0, Yos Zo» fos Dh=t + wlxo, Yo» Zo» to» t) dt, 
Oto o Oto 
and hence 


Ou 


2 
Vou2 — 





= f(x,y, zZ, t), 


as was to be shown. 

The question whether the Cauchy problem which we have just considered 
is correctly formulated may be immediately resolved by analysing formula 
(8.14). 

It is obvious that small changes in p or f will have little influence on the 
solution. 

There is continuous dependence of order (0, 0) (see Lecture 2, § 2). 

It is now time to mention another important circumstance. 

If the free term in equation (8.1) is zero (this implies that there are no 
heat sources), then the solution of the Cauchy problem which we have just 
examined is a function which may be differentiated with respect to xo, Yos Zo 
as often as we please, quite independently of whether the function œ has 
derivatives or not. 
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This smoothness of its solution distinguishes the equation of heat con- 
duction in an essential way from, say, the equation for a vibrating string or 
from the wave equation. 

For, the d’Alembert solution u = ¢(x — at) for the equation of a 
vibrating string cannot be differentiated with respect to x or £ more than 
twice. This same function is also a solution of the wave equation in two or 
three independent variables, since, clearly, 


ð?u O7u 





Consequently the solutions of these equations are no smoother than the init- 
ial conditions are. 

We have discussed the solution of the equation (8.1’) in a space of three 
dimensions. In an exactly similar way the solution of the equation 


O7u 07u Ou 











= — + f(x,y, À 8.20 
ax? D OF fry (8.20) 
or of 
07u Ou 
= — + f(x,t 8.21 
aor a A (8.21) 


may be examined. Without going into detailed consideration of these equa- 
tions, we give the final results. 
The principal solution of (8.20) will have the form 





1 7: 


jee et (8.22) 
4x(to — 4) 


and the solution of (8.20) with the condition [u], =o = ¢(x, y) will have the 
form 








U(X, Yo» to) 
l +o ft+o a pee 
= e 4to g(x, y) dx dy 
An lo Z0 J —0 
1 to +œ +o l a r2 
- — rf | e 4-9 f(x,y, 1) dx ay} dt (8.23) 
4r o — © — 0 to ce t 


In exactly the same way the principal solution of (8.21) will be 


1 (x— xo)? 


= — n e 4(f9—¢t) 





v 
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and the solution of (8.21) with the condition [u]; = = ¢(x) will take the form 


+c (x — Xo)? 


l Lo 
u(Xo, to) = or] e 4to (x) dx 
Jn eee -o 


| to 1 +m (x7 Xo)? 
= A Sa il e` 4to-t) f(x, À dx} dr. (8.24) 
V 27% Jo Ji —t -o 


We leave the reader to verify the correctness of these formulae. 





LECTURE 9 


LAPLACE’S EQUATION AND POISSON’S 
EQUATION 


§ 1. The Theorem of the Maximum 


We have seen that a whole series of questions in mathematical physics 
reduces to the solution of this or that equation of elliptical type. We shall 
deal next with the simplest of such equations: Laplace’s equation 


Vĉ?u(x. y, z) = 0 (9.1) 
and Poisson’s equation 


V7u(x »¥,2Z) = —4xo(x, Y> z). (9.2) 


Any function which has continuous second-order derivatives and which 
satisfies Laplace’s equation in a certain domain is called a harmonic function 
in this domain. 

Before going on to the solution of problems related to these equations, 
we shall examine certain general properties of the solutions of these equa- 
tions. 

Lemma 1. If the function o(x, y, Z) is positive at a point (Xo, Yo, Zo) Iying 
within the domain where the equation (9.2) is defined, then the solution of this 
equation cannot attain its minimum value at this point. 

For, if the function u(x, y, z) satisfying equation (9.2) attained a minimum 
at this point, then it would attain a minimum with respect to each variable 
separately at this point. But then all the first-order derivatives of u would 
have to be zero at this point, and the second-order derivative with respect to 
each variable would be non-negative. Consequently the sum of the second- 
order derivatives would have to be non-negative, and this contradicts the 
hypothesis that o(xo, Yo, Zo) is positive. 

Hence the lemma. 

COROLLARY. If o(x, y, Z) is negative at the point (Xo, Yo, Zo), then u(x, y, Z) 
cannot attain its maximum at this point. 

This is proved by changing the signs of 0 and u. 

THEOREM 1. A harmonic function which is given in a certain domain 8, and 
is continuous up to the boundary S cannot take anywhere within SQ, values which 
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are greater than its greatest value on the boundary nor values which are less 
than its least value on the boundary. 
Suppose, if possible, that 


u(Xo, Yo» Zo) > Us + €, 


where ws is the value of u at an arbitrary point on the boundary of the do- 
main. 
The function 
v=ut+ nr’, 
where 
r? = (x — Xo)? + (YY — Yo? + (z — Zo)’, 


and y is some positive constant, 
is such that 
V?v = V7u + 6 = 67 


and is hence a solution of Poisson’s equation (9.2) with positive g. But v, for 
a sufficiently small 7, will take a value at (xo, Yos Zo) which is still greater 
than max vs. 
For, 

(Zo Yos Zo) = U(X, Yo» Zo) 
and by hypothesis 


u(Xo, Yos Zo) > Uy + E€ = Vg + € — Hr. 
Choosing y to be so small that, throughout 8, 


e — yr? > te 
we get 
U(Xo, Yo, Zo) > Vs + He, 


and consequently v will attain its maximum somewhere within the domain. 
This contradicts Lemma 1, so our supposition was false. 

The second part of the theorem is proved by changing u to —u. 

We shall show later that a harmonic function which takes a value inside 
the domain which is equal to its maximum or minimum value on the bound- 
ary is a constant. 

COROLLARY 1. A harmonic function which is equal to zero on the boundary 
of a finite domain is identically zero throughout this domain. 

Hence it follows that two harmonic functions which take equal values 
at points of the boundary of a domain will have equal values everywhere 
within their domain. For their difference is a harmonic function and is equal 
to zero on the boundary and consequently throughout the domain. 
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COROLLARY 2. Ifa sequence of functions u,, which are harmonic in a domain 
Si and continuous up to the boundary, converges uniformly on the boundary S 
of this domain, then it will converge uniformly throughout this closed domain. 

This follows because |u,, — un, | < (N) for ny > N and n, > N for 
every point on the boundary and hence also throughout the domain. 
Consequently, by Cauchy’s test, the sequence u, converges uniformly through- 
out the closed domain. 


§ 2. The Principal Solution. Green’s Formula 


In order to investigate the properties of harmonic functions more deeply, 
we shall prove some more lemmas. 
LEMMA 2. The function 


l 
WIE — Xo)? + (y — Yo)? + (Zz — 20)” 


y2 (>) =0 (9.3) 
r 


except at the point (Xo, Yo, Zo) Where 1/r becomes infinite. 


For, 
(4). 1 4 3 = %0)* 
Ox? \r r? r5 


o: G) - -5 5? 


l 
r 


satisfies Laplace’s equation: 








Oy? \r r r5 


ð? /1 sadeg 3@ = 20)? 
Oz* \r r? r5 


Equation (9.3) follows by addition. 

LemMa 3. If the function u is continuous, and has continuous first-order 
derivatives throughout a domain Ș§, and on its boundary S, and has second-order 
derivatives continuous within §,, then 


If Liy ds} -f| («>-(5) — aa) dS — 4ru(xo, Yo; Zo). 
gr s ôn \r r ôn 


(9.4) 





Here 0/dn denotes, as usual, the derivative along the inward normal to the 
surface S. The surface S of the domain &, satisfies the conditions of § 1 in 
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Lecture 1, i.e., it is piecewise smooth and is intersected by any straight line 
parallel to a coordinate axis either in a finite number of points or in a finite 
number of whole intervals. 

We shall suppose at first that u has continuous second-order derivatives 
throughout $S} and on its boundary S. To prove the lemma, we cut out of 
the domain Ñ, a sphere w with radius € and centre at the point (Xo, Yo; Zo). 
and apply Green’s formula to the remaining domain. Then 


ii a Vu dQ = tim | ff i V7udNr 
Q r 6-0 D-o r 
: l l 
= lim api j V?u — uV? G} dt 
670 Q-a (F r 
-fÍ f>) zd oe} as 
sl On\r r ôn 
j im | [ fu (>) ae ont ds (9.5) 
e0 JJl On\r r ôn 


where ø is the surface of the sphere w. 
It is not difficult to see that on the surface o 


ə /I\_d AEE. OEE. 
ðn \r dr \r r? e2 


and consequently, 


1 l 
= a U(Xo, Yo» Zo) dS — =Í nds, 
e? o e? o 


where 7 tends uniformly to zero in w as £ > 0: 


[n| < A), and 6) +0 if e+; 


nd 
{| U(Xo, Yos Zo) dS = 487u(xo, Yo; Zo); ll nds 


Since du/dn is bounded, |du|/dn| < k, and so 


| 1 Oe as S $ | | E a5 £ ante 
ot On E 5 


a 


< d(e) 4e? . 
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lim ES L u — af ae dS = —4zu(xXo9, Yo» Zo): 
e0 J J, (On \r r On 


Substituting this expression in (9.5), we obtain the required result. 

To get rid of the requirement that the second-order derivatives shall be 
continuous on the boundary of the domain, we replace the domain St, bya 
domain SQ, which, together with its boundary, lies within & . Then by first 
applying (9.4) to the domain §Q, and then letting 1, > K, we obtain the 
required result. 

Formula (9.4) was deduced on the assumption that the point (xo, Yo; Zo) 
belongs to the domain $}. If (xo, Yo, Zo) lies outside the domain, then the 
formula becomes 


[f ie, dQ -ff fa (>) — a ds. (9.6) 
gr 5 On \r r On 


This may easily be established by repeating the whole argument, noting that 
there is now no need to introduce the integral over a domain o. 

The proof can also be extended without difficulty to cover the case when 
the derivatives have a finite number of points of discontinuity within the 
domain but otherwise satisfy the conditions of the theorem. 

The name Green’s formulae is often given to (9.4) and (9.6). The likeness 
will readily be seen between Green’s formula (9.4) and the similar formula 
(8.14) which we obtained as the principal solution of the equation of heat 
conduction. Here then the function 1/r is the principal solution of Laplace’s 
equation. 


and 


§ 3. The Potential due to a Volume, to a Single Layer, and to a Double Layer 


If by some previous consideration we know the values of the u, V?u 
and du/dn which appear in Green’s formula (9.4), 


Ou 
Vii, T= Te EB [- gi 
On S 


then the formula gives us the unknown function u explicitly: 


li 0 [1 
U(Xo, Yo» Zo) -fff £ ax dy dz + «ll Aa ds 
Qt 4r J Js Ou \r 


p a Jp as. (9.7) 





But we cannot specify f, and fa completely arbitrarily. Hence (9.7) does not 
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allow us to construct a solution of equation (9.2) which shall itself have 
arbitrary values on the boundary and also have arbitrary values for its 
normal derivative thereon, as we did for the problem of a vibrating string. 

We give special names to the integrals which appear in (9.7). We call 
the integral fff o ofr dx dy dz the Newtonian potential and the function @ the 
density of this potential. Similarly, we call the integral {fs /,/r dS the po- 
tential of the single layer with density f,, and the integral ffs /,(0/dn) [Q/r)] dS 
the potential of the double layer with density fi. 

The Newtonian potential has a very simple physical interpretation. 
Imagine that mass is distributed through the volume §, with density o. We 
calculate the attraction of this mass on a material particle. By Newton’s 
law, a mass m at the point (x, y, z) attracts a unit mass at (Xo, Yo, Zo) with 
a force F of magnitude m/r? directed towards the point (x, y, z). In other words, 


F = grad, U 


m m 
where U = — = 


ro S (xe = x)? +  — yo)? + (2 — zo)? 


The function U whose gradient is equal to the attractive force is called 
the potential of the gravitational force. Hence we can call m/r the Newtonian 
potential of the mass m at the point (x, y, z). 

By dividing the whole volume 8 into small elements and replacing the 
attraction of the mass o4 Į, in the element 4 by that of an equal mass con- 
centrated at some internal point this element, we obtain an expression for 
the force F acting on a unit mass concentrated at the point (Xo, Yo, Zo), viZ., 


F = Y grado Z 0A 
Fg 


where grado (1/rz) is the value of grado 1/r at some internal point of 4 8}. 
Passing to the limit, we get 


e- [feeen n ff e5 
-Jj efi st 


Suppose e(x, y, z) is a continuous function. Then the quantities F,, Fy, Fz 
will be uniformly convergent integrals and, by the theorem in §2 of Lec- 
ture 7, they are the derivatives with respect to Xo, Yo, Zo respectively of the 


function 
off 
Q r 
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and consequently 
F= grado U. 


Thus Uis the gravitational potential ofa mass distributed with density ọ over 
the volume $}. 

The same interpretation can be given to the potential of a single layer. 
This is the potential due to a gravitating mass distributed over the surface S 
at points outside the surface. If f is the density of this mass, then, by re- 
placing the effect of each surface element AS at the point (xo, Yo» Zo) by 
grado (1/r,) f2 AS where grado (1/r,) denotes the value of grado (1/r) at some 
mean point of the surface element, and by summing overall the elements 4S 
and passing to the limit, we obtain for the total attractive force at the 
point (Xo, Yo, Zo) the expression 


F = gradg U where U = i fe ds 


sF 
as we had to show. 

We have considered g and fọ to be the density of masses gravitating 
according to Newton’s law, but we could equally well have derived the same 
expression as an electric potential due to charges attracting or repelling 
according to Coulomb’s law, or as a magnetic potential. 

We now pass on to explain the geometrical significance of the potential 
due to a double layer, to which end we put the integral into a rather dif- 
ferent form. We consider a surface, which, in general, is not closed. We 
select some point O and construct round it a sphere C of unit radius. 


| co 


Fic. 11. 


We suppose that the surface is two-sided, and we designate one side as 
the inner side, the other as the outer side, and in so doing we define the 
direction of the inward normal at all points of the surface. We suppose that 
the surface § can be divided into a finite number of parts S,, S2, ..., Sk SO 
that each part either meets each radius vector drawn from the point O in a 
single point or else forms part of a conical surface with vertex at the point O. 
For each such piece the sign of the cosine of the angle between the internal 
and a radius vector drawn from O will be constant. The radii vectores drawn 


§3 POTENTIALS OF VOLUME, SINGLE LAYER, DOUBLE LAYER 153 


to all points of the piece S, will intersect the unit sphere C and form on it a 
certain domain C; (see Fig. 11). 

We shall call the area of this domain C; the solid angle which the inner 
surface of the piece S; subtends at the point O and we denote it by ws, We 
shall call this solid angle positive if the radius vector directed from O to a 
point of S, forms an obtuse angle with the inward normal, 7.e., if an observer 
situated at O would actually see the inner surface of S;; and we shall call the 
solid angle negative if the radius vector makes an acute angle with the in- 
ward normal so that an observer at O would actually see the outer surface of 
S;. For pieces of a conical surface with vertex at O, we shall take the solid 
angle to be zero. 

Using polar coordinates with pole at O, the solid angle subtended by 
the piece S; at O may be written as 


z | | sign [cos (r, n)] sin 0 d0 dọ (9.8) 


where the notation sign [cos(r, n)] denotes the sign of the cosine of the angle 
between the radius vector r and the inward normal n. 

For the whole surface S we define the solid angle which it subtends at 
the origin as the sum of the solid angles for the pieces S;, and it will be ex- 
pressed by the integral 


“|| sign [cos (r, n)] sin 0 dé dg. 
5 


We can now formulate a lemma. 


LEMMA 4. 
s ôn \r 


Proof. The solid angle w, depends only on the boundary / of the surface S$ 
and does not change, no matter how the surface S may be deformed, provided 
that the boundary /stays the same and that the surface Sdoes not pass through 
the point O during the deformation. 

The integral (9.9) also does not depend on the position of the surface S 
during such a deformation. For if S, and S, are two surfaces having the 
same boundary, the difference of the integrals 


eg Name) 


is the integral over the closed surface S formed by S, and S2. And since 
by supposition the point O is outside the domain enclosed by S’, we have by 
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Green’s formula (9.6), putting u = 1, 


Lae 


We can now prove (9.9) by showing that ws and the integral in (9.9) 
coincide for any one particular type of surface S bounded by the boundary 
l. We may take in particular the surface consisting of part of the sphere C 
and a part L of the conical surface formed by the radii vectores through the 
origin and points on the boundary l. But for both these pieces (9.9) is evi- 
dently true: for on L, @(1/r)/én = 0 and the solid angle is zero; and on C, 


ð /1 d /1\. 
ae (>) = + a (+) sign [cos (r, n)] 


= —sign [cos (r, n)] asr = 1 onC 
and therefore 


LZ (~) dS = —sign [cos (r, n)] sin 8 dé dọ. 
On \r 


(9.9) could also have been proved by direct calculation. 
From (9.8) and (9.9) we see that for any surface 


— sign [cos (r,n)] sin 9 dð dg = = c dS. 


n r 


We shall sometimes denote the expression ô(1/r)/ôn dS by dw and call it 


an elementary solid angle: 
TELA (+) ds. (9.10) 
On \r 


Using the notation (9.10) we can put the expression for the potential of a 
double layer in the form 
{| fi do. (9.11) 
S 


Hence it follows that if the density f, of the potential of a double layer is 
equal to unity, then this potential expresses the solid angle subtended by the 
surface S at the point (xo, Yo, Zo). 


LECTURE 10 


SOME GENERAL CONSEQUENCES OF 
GREEN’S FORMULA 


§ 1. The Mean-Value Theorem for a Harmonic Function 


When uis a harmonic function, Green’s formula (9.4) takes the form 


1 ð fi 1 ð 
u(xo, Yo» Zo) = wll de (=) = E =| dS (10.1) 


As we have seen, this formula is always valid if the function u has first-order 
derivatives continuous throughout and on the boundary of the domain and 
second-order derivatives continuous within the domain. The right-hand side 
of (10.1) consists of the sum of the potentials of a single layer and of a 
double layer. We shall examine the properties of these potentials in detail 
later, but we now show that each of them is a harmonic function everywhere 
outside the surface S. 

For, if the point (x9, Yo, Zo) does not lie on this surface, then the potentials 
of the single and double layers can be differentiated under the integral sign 
with respect to the variables xo, yo, Zo aS Many times as we please. We have 
already seen that VQ(1/r) = 0, and so 1/r is a harmonic function of these 
variables; consequently the potentials of the single and double layers will also 
be harmonic functions outside S. 

We next show that these potentials will be analytical functions. Near a 
point xf, yg, z*, the function 1 /r can be expanded in a series of powers of 
Xo — Xð, Yo — Ye, Zo — ze which converges uniformly for sufficiently small 
values of the absolute values of these differences. 

For, 


l l 


ro M(x = xo)? + (Y — Yo)? + (2 — zo)? 


{x — xë) — (xo — xo)? + [O — yë) — Oo — yo)!’ 


II 


+ [E - 28) - Eo — 28)? 
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= [(x — x) + (y — yd)? + (z — zo}? 


ab _4@ — xë) (xo — xë) + (y — Vd) (yo — YO) + (z — 25) (Zo — 25) 
(x — x9)? + (y — yo)? + (2 — zg)? 


4 (Xo — xo)? + (Yo — yo)? + (Zo — 20)" ie 
(x — xo)? + (vy — yo)? + (z — 20)? 


On expanding this expression in a series using Newton’s binomial theorem, 
it is easy to see that the series will converge uniformly for values of (xy — xg)? 
+ (Yo — ys)? + (Zo — 23)? which are sufficiently small in comparison with 
the minimum value of (x — xo)? + (y — yo)? + (z — 2G)? as the point 
(x, y, zZ) moves over the surface S. 

By integrating this series term by term, we see that the functions 


all, sc as and w -al{ "3 a (> Jas 
Ie On r 


also admit of similar expansions, and are therefore analytical functions of 
xò, Yo, Zo everywhere except on the surface S. 

Let u be a function which is harmonic inside a sphere and which, together 
with its first-order derivatives, is continuous throughout and on the surface 
of the sphere. We apply Green’s formula (10.1) to a sphere of radius h drawn 
about the point (xo, Yo, Zo); Sis now the surface of this sphere. We get 


l k 1 1 ôu 
u(X9, Yo. Zo) = — — u — — — | ds. 
es 4x W h a£) 


But for any closed surface S, 


If, o jga a diirid si, 
on rer 


where [S is the volume bounded by the surface S,, and the function wis har- 
monic within §2,, and has continuous derivatives up to and on the boundary. 
The first equality follows from (1.2) since du/én = (grad u), and Au 
= div (grad u); and the second equality is obvious. Consequently, 


l hd 1 n 2n 
u dS = — | dé u(R,0, p) sin 6 dø (10.2) 
Asch? 1. 4r j l, f w i 


where R, 0 and @ are spherical coordinates. 

Hence we have: 

THEOREM 1. The value of a harmonic function at the centre of any sphere 
is equal to the arithmetic mean of its values on the surface of this sphere. 





U(X, Yos Zo) = 
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This property of harmonic functions completely characterizes this class 
of functions. In other words, the converse theorem holds: 

THEOREM 2. If a function u(x, y, Z) which is continuous in a domain &, has 
the property that its value at the centre of any sphere lying wholly within & 
is equal to the arithmetic mean of its values on the surface of this sphere, then 
the function has continuous second-order derivativesandV7u = 0, i.e., u(x, y,Z) 
is a harmonic function. 

We postpone the proof of Theorem 2 until a little later, and meanwhile 
point out certain properties of functions which satisfy the conditions of 
Theorem 2. 

Lemma 1. A continuous function u(x, y, z) having the property that its value 
at the centre of any sphere included within the domain of its definition is equal 
to the arithmetic mean of its values on the surface of this sphere cannot have 
either a maximum or a minimum value within this domain unless it simply 
reduces to a constant. 

For if at some point Py within the domain Ñ, the function u attained a 
maximum value, then the arithmetic mean of its values on the surface of any 
sufficiently small sphere ø with its centre at Po could equal u(Po) only if the 
function u were equal to its maximum value everywhere on the surface of ø. 
This would imply that the function was constant within the sphere o. But 
if the function u is constant within any sphere surrounding any point where 
it attains a maximum value, then, as may easily be seen, it must be constant 
everywhere within the domain Į. For we can join the point Po to an arbitrary 
internal point P by some smooth curve / lying wholly within the domain &. 
Then by Weierstrass’s theorem there will be a minimum distance from an 
arbitrary point of the curve / to points of the boundary of the domain, and 
this minimum distance will be positive. Hence there exists a positive number n 
such that a sphere of radius 77 described about any point of the curve / will 
lie entirely within K. And we find on the curve / a finite number of points 
Po, Pi, P2, ..., Pa = P such that each successive point lies within a sphere 
of radius 7 described about its predecessor. Using the demonstrated fact 
that u is constant in any internal sphere circumscribing a point at which u 
attains a maximum, and passing in sequence from one vertex of the polygon 
to the next, we get 

u(P) = u(Po). 


LEMMA 2. Ifa function u(x, y, Z) which satisfies the conditions of Lemma 1 
vanishes on the boundary of some region St, then it will be identically zero 
throughout this domain. 

For, if the function u took values within the domain which were different 
from zero, then it would have a maximum or minimum value within the 
domain and would not be constant, contrary to Lemma 1. 

Lemma 3. If a function u(x, y, z) which satisfies the conditions of Lemma 1 
coincides with a harmonic function ug on any closed surface S, then it will coin- 
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cide with this harmonic function everywhere within the domain bounded by S, 
and so will be itself a harmonic function. 

For, the difference u — up will then also satisfy the conditions of Lemma], 
since u and uo separately do. But this difference is zero on S. Therefore, by 
Lemma 2, u — ug = 0 everywhere within the domain bounded by S. 

We shall prove later that, for any continuous function f(S) which is 
defined on the surface of a sphere, there exists a harmonic function u which 
is continuous within the closed sphere and is equal to f(S) at points of its 
boundary. From this, Theorem 2 will follow immediately. In fact, for any 
internal sphere o in the domain §2, a function wg exists which is harmonic 
within the sphere o and which takes the same values as u on its surface. Then, 
by Lemma 3, u coincides with ug. This implies that u is harmonic in any 
internal sphere, and consequently at any internal point of KR, as Theorem 2 
asserts. 

The formula (10.2) implies the following theorem. 

THEOREM 3. If a sequence of functions {v,} which are harmonic in the 
domain $2, converges uniformly in this domain to a limit function v, then this 
limit function v is also a harmonic function. 

For, if each of the functions v, satisfies 


1 
v»(X0> Yo, Zo) = —— v, dS. 
(Xo; Yo, Zo) Aah? IÍ, 


where S is a sphere of radius 4 = V(x — Xo)? + Q — Yo)? + (Z — 20)’, 
then the limit function will satisfy the same relation. Consequently, v is a 
harmonic function in KQ, as we had to show. Hence it follows, incidentally, 
that if a harmonic function v(x, y, z, 2) depends continuously on the para- 
meter 4 in a finite interval a < A < b, then the integral of v taken over this 
interval will also be a harmonic function in the domain {2. 


§ 2. Behaviour of a Harmonic Function near a Singular Point 


Suppose a function u has a singular point in the domain K, butis har- 
monic in the neighbourhood of this singular point. We shall examine its 
behaviour near the singular point. For simplicity we shall take this point as 
the coordinate origin, and we shall transform the function u into polar co- 
ordinates, so that u = u(R, 0,¢). 

LEMMA 4. If a function u(x, y, Z) satisfies the inequalities 


Ou 
OR 


A 
R"t 1 





bls 4, 
R” 








where A is a constant, and R = Vx? + y? + 27, and if u is a harmonic func- 
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tion everywhere in 8, except at the origin, then u can be represented in S., by 


n-1 om 1 
u(Xo,Yo, Zo) = > jo + u™(Xo; Yo» Zo) 
7 i 7 pa TR p Axo Oyo 026 (=) I ee i 
(10.3) 


where u* is a function which is harmonic everywhere in §., including the origin. 
(if n = 0, the first addend on the right-hand side of (10.3) is absent.) 

The proof follows immediately from Green’s formula (10.1). On sur- 
rounding the origin with a sufficiently small sphere with centre at the origin 
and such that the point (xo, yo, Zo) lies within it, we get 


1 0 fi 1 Ou 
u(Xo, Vo, Zo) = — Fa (ee EE Br, K 
(0. Yo» Zo) IRC On (~) r x) 
J „2 (1\ 1 2u Vas: 
wyi, On \r r On 


Using Maclaurin’s formula, we can express the function 1/r near the 
origin by 


1 1 = 1 ; o” 1 
O S aal on a eae 
r “Re m=1 i+Jfk=m i! j! k! Ox! Oy! Oz \r / |, 


where the derivatives are evaluated at the origin, and Rọ = vV x6 t+ yo + 23 
and |R,| < CR" where C is a constant. Using the fact that 


am l no am 1 
see (+)| - rv 4 (fF): 
Ox! dy! Oz* \r J Io xo OV OZ \ Ro 


n-1 ES) m g o™ 
l ( n xt y! ză n + Ra- (10.4) 
Ro m=1 ilj! k! Oxo Ovo 025 Ro 








Similarly, 0(1/r)/dn can also be expressed asa linear combination of deriva- 
tives of 1/ Ro with respect to xo, Yo, Zo Of up to the (n — 1)th order with co- 
efficients independent of xo, yo, Zo, and a remainder R, satisfying the in- 
equality | R,| < C,R"-!. This follows from the fact that the derivatives of 
l/r with respect to x, y, z differ only in sign from the derivatives with respect 
tO Xos Yos Zo, and for these derivatives the required expression is clearly 
valid. But 


ð 0 ð ð 
— = cos (n, x) — + cos (n, — + cos (n, zZ) —. 
F ( ee (n, y) ay ( Nee 


where cos (n, x), cos (n, y), cos (n, z) do not depend on xo, Yo, Zo, and are 
bounded. 
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Hence we get 
1 ð /1 1 Ou a? 
U(Xo, Yo» Zo) = —— u—({—)-— ——5$dS + 
o» Yor Zo) An R On (~) r ot Ro 
n—1 o” l 
m=1 Ox}, Ayi, Oz6 Rə 





where aṣ are certain numbers. 

We pass to the limit as o contracts into the points x = y = z = 0. The 
limit of the integral taken over o will be zero, by the conditions of the lemma. 
The first integral on the right-hand side is a harmonic function of xo, Yo, Zo 
and is independent of o (it is the sum of the potentials of a single layer and a 
double layer). It follows that the sum 


a” n-1 E om 1 
ae ee a soe ( ) 


Ro m=1 itj+k=m Axi, dy}, Oz‘ Ro 





must also tend to a certain limit D(x, yo, Zo) = P(Po). We shall prove that 
this limit can be expressed in the form 


a n=l o” l 
ED e a a ars ore (=. 
Ro m=1 i¢j+k=m OX Ayo AZo \ Ro 
To do this it is sufficient to prove the following lemma. 
LeMMA 5. Let 91, 25 .--, Pp be certain functions of Xi, X2, ..-, Xn (kisa 


finite number). If a linear combination of these functions having variable co- 
efficients which do not depend on the x1, X3, ..., Xn, 


k 
gm = F yl? PAX. -> Xn) 
i=1 
converges as m > Q, then its limit ¢© is also a linear combination of the same 
functions Q;. 

For, the function ¢“” obviously cannot take independent arbitrary values 
throughout space, since on assigning a value toitat some point P© we obtain 
a certain linear equation which the coefficients y(” must satisfy. The number 
of such linearly independent equations is not greater than k. Hence we can 
find N points PP, ..., PPY (N < k) such that the value of the function “” 
at any point P can be defined completely in terms of its values at these points: 


N 
pg (P) = Y pP) ps(P) (10.5) 


s= 


where y,(P) are linear combinations of the ¢; with numerical coefficients. 
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Conversely, any function satisfying (10.5) is expressible in the form of a 
linear combination of the ¢;. 
Passing now to the limit in (10.5), we see that ey must satisfy the equation 


N 


pP) = F pP) vs(P), 
s=1 
i.e., p is a linear combination of the g,(P), as was to be shown. 
Hence Lemma 5 and with it Lemma 4 are proved. 
THEOREM 4. The representation (10.3) is valid if |u| < AJR". 
We introduce in place of u(R, 0, p) an auxiliary function 


R 


l n 
u(R, 0, p) = eal u(R,, 0, p) R,; dR;: (10.6) 
0 


the integral on the right-hand side converges. It can also be put into the form 


Lf 
WR, 8, 9) =| URE, 0, 9) R'E ARD = | W(RE, 0, 9) & dé 


te) 


1 
| u(Ex, Ey, Ez) En dé. 


(6) 


The integrand of the last integral, as may easily be seen by direct differ- 
entiation, is a harmonic function of the variables x, Yy, z; hence, by 
Theorem 3 of § 1, v is also a harmonic function. 

Differentiation with respect to R gives 


OuR, 0, n+l’ à u(R, 0, 
AEn = l u(R, ; 0, p) Ri dR; + a) (10.7) 
0 


(10.6), (10.7) imply 


a 
OR 








= Rt? 


Consequently the function v satisfies all the conditions of Lemma 4 and can 
be expressed in the form 


ao 4 n~-1 o” ( 1 ) 4 , T i 
oS Miik FT Cid v 5 ; 
Ro m=1 € Ox), oy, Oz Ro Q p) > 


where w is a function which is harmonic near the origin, 
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The function u can be simply calculated from v: 


1 oO k 
u(R, 0, ¢) = pg P +| o(R, 0, )] 


R" ð 
RRO E E E E 
Ox Oy Oz 
on 1\. , 
Since Wijx = ax! Oy! az" R is a homogeneous function of degree 


—(m + 1), we have, by Euler’s theorem on homogeneous functions, 


% OWisk +y ÔYijk roe OW ik 


= -(m+1 ; 
Ox Oy oz ( ) Pure 


and on noting that if wisa harmonic function, then so is x 2 +y a +z av 

Ox oy oz 
(as may easily be verified by direct differentiation), we see that our theorem 
is valid. 

COROLLARY. If in the neighbourhood of the origin the function u(x, y, z) 
is everywhere (except possibly at the origin itself) bounded and harmonic, then 
it can be made harmonic everywhere, including the origin, by a suitable choice 
of the value of u(0, 0, 0). 

The function u coincides in the neighbourhood of the origin with a har- 
monic function w. Consequently it can only fail to be harmonic everywhere 
because u(0, 0, 0) is not equal to w(0, 0, 0). Hence our proposition. 

It is clear that the singularity need not be at the origin but could be at 
any point. 


§ 3. Behaviour of a Harmonic Function at Infinity. Inverse Points 


The function 1/r can be transformed into a certain form which will be 
extremely useful later. We have 


l l 


r Vx + y? £22 — (xxo + Wo +22) + x2 +y? +z? 


1 


RR, a PEA DERMEN Ea 
R? R? RÈ R? 


where 
R? = x? + y? +27, R3 = x + yi + zi. 
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Hence 

E | 1 

eC roe 
R RB R R R R 

We write 


N E E ean, EE eee fol ees 
RO E; R? 1, R? É, R? os R? No> R? Čo. 


We call (£, 7, ¢) the inverse point to (x, y, Z) with respect to the unit sphere. 
It is not difficult to see that 


l 
2— £2 2 2— 
P= tyre Barre, 
3 aN. See ae 
x=—, p=, Z=—. 
p? ps pe 


Thus the relation is reciprocal: if (£, 7, £) is inverse to (x, y, z), then (x, y, z) 
is inverse to (£, n, £). The point inverse to a given point lies on the radius 
vector from the origin to the given point at a distance which is the reciprocal 
of that of the given point. 
Writing 
e = JE &) + 9 M)? +E - bo)? 


P=VE + +C, P=VE +n +i 
we have 





aer ae i (10.8) 


From this formula we get a theorem which is important for its applica- 
tions: 

THEOREM 5. If the function u(R, 0, y) is harmonic in a certain domain Ș, of 
the variables R, 0, p, then the function 


l 


| 
pa —, 0, = P, 0, 
sl P) v( p) 


is also a harmonic function in the corresponding domain §}, of the variables 
P, 6, which is obtained from the domain X, by the substitution P = 1/R. In 


l l 
other words, p ( me 0, r) is a harmonic function of &, ù, ¢. 
\ 
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For, by Green’s formula (10.1) any harmonic function u(x, y, z) can be 
expressed as the sum of the potentials of a single layer and of a double layer 


w(Ros Oo» 90) = | f as (sas + || jas: 
s On\r s r 


where 


Consequently, 


a eee TIES PED Ro dS + yp Bas: (10.9) 
Po s ôn \r s f 


but R,/r=1/Reisa harmonic function of &, 79, o and therefore the integrals 
in (10.9) are also harmonic functions of these variables, as we had to show. 
COROLLARY 1. If a function which is harmonic outside a certain sphere 

satisfies the inequality 
|u| < AR"-?, (10.10) 


then this function can be expressed in the form 


n-l o™ 1 
u = ao + pce a EE EEE 10.11 
° a, s Ax! Ay! Az (=) m ee 


i+j+k=m 


where u* is a harmonic function tending to zero at infinity. 
For, if the inequality (10.10) holds for u, then we shall have |v| < A/P" 


for the function v(P, 0,¢) = 5 u (5 ,0, p): But by Theorem 4 of this lecture 


do n= o™ 1 
v(P, 0, = — + ay — | — }) + v*(P, 0, ¢). (10.12) 
C09) = 24S an oE (>) P, 0,9). (10.12 


m 


ð 1 
The function —————{ — Jis a homogeneous function of degree — (m + 1 
DE O OC ( z) g Breer |) 
in é, 9, ¢. 
o” T; 
C tly, Pr ——___ — h functi f 

onsequently BE on OE" P is a homogeneous function of zero 
degree in &, 7, € and depends only on the ratios of these variables. But &,7,¢ 
are proportional to x, y, z. Hence 


pert 9" LN amet Of 
OE! Oni atk \ P Ox! ðyİ ðz* \ R i 
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T Lane a 
0& Ani ack \ P Ox' ðyİ Ozk \ R 


Substituting (10.13) in (10.12), and using the fact that u = (1/R) v, we get 
(10.11). Hence the proposition. 

Another important corollary follows from (10.11). 

COROLLARY 2. A function u(x, y, Z) which is harmonic and bounded outside 
a sphere will tend to a definite limit at infinity. 


so that 


LECTURE 11 


POISSON’S!EQUATION IN AN UNBOUNDED 
MEDIUM. NEWTONIAN POTENTIAL 


WE SHALL next investigate Poisson’s equation for an unbounded medium. 

LemMa 1. A function which is harmonic throughout space and which tends 
to zero at infinity is identically zero. 

For, applying Theorem 1 of Lecture 9 to an arbitrarily large sphere, we 
see that the value of our harmonic function at any point of space is as small 
as we please. Hence the lemma. 

COROLLARY 1. The solution of Poisson’s equation 


V?v = — 4no(x, y, Z) (11.1) 


in infinite space which tends to zero at infinity is unique. 

For, if v; and v, are two such solutions, then their difference vı — v, is 
a harmonic function which tends to zero at infinity. Hence by Lemma 1, 
this difference is identically zero. 


COROLLARY 2. (Liouvilles Theorem) A harmonic function which is bounded 
throughout space is constant. 

For, by Corollary 2 to Theorem 5 of Lecture 10, this function tends to 
a certain limit c at infinity. The difference u — c isitself a harmonic function 
and tends to zero at infinity. Hence by Lemma 1, this difference is everywhere 
Zero, i.e., u = c everywhere, as we had to show. 

We now pass on to the solution of Poisson’s equation (11.1) in infinite 
space. 

Suppose that the function e(x, y, z) is integrable and that it satisfies the 
inequalities 


IV 


A : 
lo(x, y, z)| < Ree if R21 (11.2) 


lex, y, z| < A if R<1 
where 


R=4x2 +y +2? and a> 0. 


Without loss of generality we can suppose that a < 1, for otherwise the 
replacement of a by a, < a would only weaken the inequality (11.2). 
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The solution of equation (11.1) subject to the conditions (11.2) can easily 
be constructed using Green’s formula (9.4). Let u(xo, Yo, Zo) be a solution 
of (11.1) which tends to zero at infinity. For any volume Į, bounded by a 
surface S we have by Green’s formula, 


u(Xo,Yo> Zo) 


= Em mre ine 2 as— f| Zas 
4x 9 r 4x} Js On\r 4x Jj] sr On 
-| Lax dy dz iles ds — A Oe jg (11.3) 
oF ðn 4x JJsr On 


where r is, as usual, the distance between the points (x, y, zZ) and (xo, Yo; Zo). 
We take as the volume §j a sphere of radius R with centre at the origin and 
let R — oo. Then the first integral on the right-hand side of (11.3) will tend 
to a definite limit, since by virtue of the conditions (11.2) the volume integral 
converges. The sum of the other two integrals is a harmonic function. 
We shall show in a moment that the limit of the first integral gives a solu- 
tion of the problem posed. Then because of the proved uniqueness of 
solution it will follow that the sum of the second and third integrals tends 
to zero. 
We now show that the function 


+a fto +o 0 
Mro Jos 20) = | | | eee yds (11.4) 


where the triple integral is taken over all space, does really satisfy equation 
(11.1) and the stipulated conditions. 

The function (11.4) is called the Newtonian potential, and @(x, y, Z) its 
density as already defined in § 3, Lecture 9. 

We investigate first how u(Xo, Yo, Zo) behaves at infinity. We have 


\u(xo, Yo» Zo)| S af J T- = le dy dz. 


The magnitude of the last integral depends only on Ry = Vx? + y2 + 22, 
and if we put x9 = Ro, Yo = 0, Z = 0, its value is unchanged. For this 
integral obviously does not change when the coordinate axes are rotated, and 
we may choose the axes so that the axis OX goes through the point (xo, Yo, Zo). 
Changing to new variables £, 77, € given by 


x= Roé, F} = Ron, l = Roć, 
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the integral becomes 


7 +o pto eta R? dë dy dt p A +o ptao pto dé dy dc 
oe oe 24 Rs pte P, RS a er P, p2t4 > 


7 20 





where 


PaVP +P’, PaVE-I +P +e. 


Il 


The last integral converges: since (i) when P > œ, the integrand decreases 
like P~3~?; (ii) near P = 0 the singularity of order P~?~‘ is integrable; and 
(iii) near P, = O0 the singularity of order P;* is integrable. Writing 


+a +œ +a dé dy dé sup 
gadania Prp? ' 


A 
\u(xo, Yo» Zo.)| S K > 


we get 





which shows that u — 0 at infinity. 
We next show that u has continuous derivatives, obtained by differentiat- 
ing under the integral sign. For example, 


+a +o +a 
"4 = o 4 2 dx dy dz. 
OXo a We eda Xo \F 


Differentiating under the integral sign is permissible because the integral so 
obtained converges uniformly with respect to x9. For, 


Q L =Z 0 and l ba < 
Xo \r r? xo \F 


and this guarantees the convergence (see Criterion 2 in Lecture 7). Simulta- 
neously we have proved that continuous first-order derivatives of the Newton- 
ian potential exist. In order to prove the existence and continuity of the 
second-order derivatives, certain new restrictions must be laid on the func- 
tion e(x, y, Z); we shall in fact assume that this function has continuous 
derivatives of the first order. This restriction is not really essential, but to 
replace it by a weaker one would make the investigation longer. 

The function @(x, y, z) can always be split into two parts ọ, and ọ, such 
that, in the neighbourhood of the given point (Xo, Yo, Zo) @2 Will be identically 
zero, While ọ, will be identically zero in a certain neighbourhood of infinity, 
i.e., outside a certain domain D; and at the same time, both ọ, and ọ, will 
have continuous first-order derivatives. Then 








l 


r? 














ato 
£2 dxdy dz. 


+ 00 +o +o 0 +o +o 
u(Xo, Yo» Zo) -| | | H dx dy dz +{ | 
-æJ -æJ -o I -» J -9 -x F 
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Since 02 = Oin the neighbourhood of (xo, Yo, Zo), we can exclude this neigh- 
bourhood from the second integral; and then we can differentiate it twice 
with respect to the parameters and obtain uniformly convergent integrals. 
Considering now the first integral, we shall have, for example, 


0 +a ftw pto +a Pæ pto ya 
r | | | ĉi dx dy dz -f | | o, — > dx dy dz. 
Xo J -œJ -æJ -o Ý 0J -0y -o r 


Introducing new variables x = x9 + E, Yo = Yo + , Z = Zo +, we get 


0 +o +o +œ 
Li dx dy dz 
xo J -oJ -oJ -o F 
ý ine 01(X0 + E, Yo +N, Zo + $) dé dy dé 
-o VE + 1? + ©) 
and this last integral can obviously be differentiated with respect to the para- 
meters Xo, Yo, Zo, Since the integrals so obtained will converge uniformly. 

It remains to show that the Newtonian potential satisfies Poisson’s 
equation. 

We take a function y(xo, Yo; Zo) Which is equal to zero everywhere ex- 
cept in a certain sphere C with centre at the point (xo, Yo, Zo) and which has 
continuous derivatives of certain orders. Then using Green’s formula we 
find, noting that outside the sphere C the functions y and dy/dn vanish, 


1 +œ +œ +o v2 y, 
Y(Xo, Yo» Zo) = z | | NVOG IEE) TA 
4n -%0 7oy -o r 


Multiplying throughout by 0(x9, yo, Zo) and integrating with respect to xo, 
Yo: Zo, We get 











+a +a ptn 
| | | PĆ(Xo, Yos Zo) (Xo, Yos Zo) dXo AY odZo 


7o 


+a pto ptx 2 c 
= uek =] VIVO x2) a oyda dz 
4n -aJ -0J -L r 
SS Be 
6 times 


Il 


l to ptn +o 
a | | V(x, y,z) 


+n Pta ta o 
x | | | => dxo dyo dza! dx dy dz 
— m2 —-e —sx r 


l +o +n +n 
-= | | ulx, y, 2) V2w(x, y, z) dx dy dz. (11.5) 
It Z9 


7T% = 90) 
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The last integral can be transformed by using the fact that for a sufficiently 
large domain D 


it uvep dx dy de = | {| yV?u dx dy dz. 
D D 


Comparing this with (11.5) we conclude that 
to pto pto 
f f | w(x, y, zZ) [du + 420] dx dy dz =0, 


and since p(x, y, z) is arbitrary, it follows that 


V7u = —4nze, 
as was to be shown. 


LECTURE 12 


THE SOLUTION OF THE DIRICHLET 
PROBLEM FOR A SPHERE 


IN LECTURE2 we met the Dirichlet problem for Laplace’s equation: this 
was the problem of determining a function harmonic within a domain when 
its values on the boundary are prescribed. The Dirichlet problem can also 
be posed for other equations of elliptic type besides Laplace’s equation; the 
problem then is to find a solution of the given equation within the given 
domain which shall take specified values on the boundary of the domain. 
In this lecture we shall investigate the solution of the Dirichlet problem 
posed for Poisson’s equation V?u = o for the case of a sphere. 

We take a point (xo, Yo, Zo) Within a domain Į, bounded by a surface S. 
We have already seen that the function 1/r, where 


r = V (X = x0)? + (Y= Yo)? + (E — 20)% 


is a solution of Laplace’s equation. 
Applying Green’s formula (9.4) to 1/r and some solution u of Poisson’s 


equation Vu = 0, we get 
| 
py Meng 
4x} Jst On\r r On 


ee {II £ dx dy dz. (12.1) 
4x Q r 


If we were to construct a function g(x, y, Z, Xo, Yo» Zo) harmonic throughout 
and such that [g]s = [I/r]s, then, applying Green’s formula to u and g, we 
should have 


La {gV2u — uV7g} dx dy dz = ay go dx dy dz 
4x 7 Act Q 


l Og Ou 
u —— — g —) dS. 12.2 
4x ae l On à ôn l ee 
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u(Xo, Yo» Zo) = 
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Combining (12.1) and the second equality (12.2) and taking into account the 
value of g on S, we get 


U(Xo, Yo, Zo) = -[ ff ( 
+f] ue ( R ż) ds. (12.3) 
s On \ 4ar 4x 


l g 
Fa ge G x, sZ, Xo, Z ) 
aa an (x,y 0» Yos Zo 


u(Xo, Yos Zo) = a Go d& +{I 96 AS) dS. 
9 s On 


The function G is called Green’s function. Thus, on the assumption that a 
solution of the formulated Dirichlet problem exists, the formula 


u(Xo, Yo» Zo) = -|f Go d& + i DO HS) ds (12.5) 
O S On 


will give this solution in explicit form if Green’s function is known. 
Green’s function takes the value zero on the boundary and it is the sum 
of the function 1/r and of the function g which is harmonic everywhere with- 
in the domain. It is clear that it is determined uniquely. 
We now pass on to the solution of the Dirichlet problem for a sphere. In 
this case Green’s function can be constructed in explicit form. We put 





8g 
— dx dy dz 
4 ) e y 


1 
4ccr kd 





Writing 





we have 


ri = V (x — £5)? + (Y — no) + Z- £0)? 


where £5 = Xo/R2; No = Yo/ R, So = Zo/ Ro, Ro = x% + Yo + 2G, as on 
p. 163. If the point (x, y, z) lies ona sphere of unit radius, then x = $, y = 4, 
z = C. By virtue of (10.8), on the sphere R = 1, we shall have 


Peele 
Rory Ir=1 r 


The function 1/Ror, is obviously a harmonic function of the variables x, y,z 
inside the sphere R < 1. Consequently g = 1/Rory. 
Hence 





I 


G = Ie 
4xr 4x Rory 
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where 


Ro = V x2 + y2 +22, r =V (x — xo)? + (Y — yo)? + (Z — 20)? . 


1 ee ee ee aE 

= Re VJ R?2R2 — xxo + Yyo + ZZo) + | 
(0) 

Hence 


1 [1 l 
G(X, Y, Z, Xos Yo» Zo) = — a. aea aa Ee . 
4n |r JRR? — Xxxo + yVo + ZZo) + 1 


As we see, the function G turns out to be a symmetrical function as regards 
the arguments (x, y, z) and (Xo, Yo, Zo). Consequently it is also a harmonic 
function of the variables (xo, yo, Zo) if r # 0. 

We next verify that the formula (12.5) really does give a solution of the 
Dirichlet problem for the sphere. Our proof will consist of two parts. We 
shall show separately that the first term in (12.5) is a solution of Poisson’s 
equation and vanishes on the boundary S of §, and that the second term is 
a solution of Laplace’s equation and takes the specified values f(S) on S. We 
begin with the proof of the first assertion. 

We shall prove that the function 


E E T T -| | | AT 12.6 
Q 


vanishes on the boundary and satisfies Poisson’s equation. To do this we 
must estimate the magnitude of Green’s function G(x, y, Z, Xo, Yos Zo). We 
shall show that 


(2 Ges: (12.7) 
r 


We first establish that Gis positive. We surround an internal point (xo, yo, Zo) 
by a small sphere o, and we consider the function G in the domain SQ’ in- 
cluded between the spheres o and S. In this domain G is a harmonic func- 
tion. If the sphere ø is sufficiently small, then G will be positive on it, since 
the first term is as large as we please and the second term is bounded. On 
the sphere S the function G is, by definition, zero. Hence G is non-negative 
everywhere on the boundary of §Q’ and is positive on part of this boundary. 
Since it cannot have a minimum value, it must be positive everywhere within 
the domain Si’. 

To prove the second inequality in (12.7), it is sufficient to show that the 
function g is positive. This follows from the fact that it takes positive values 
on the boundary of §, and is harmonic within {. 
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By Criterion 2 of Lecture 7, it follows from the inequalities (12.7) that 
the integral converges uniformly at the point (xo, Yo, Zo); consequently the 
integral is a continuous function. Its value is zero if (xo, Yo, Zo) is a point on 
the boundary. Hence the integral (12.6) tends to zero if the point (xo, Yo, Zo) 
tends towards a point on the boundary. 

Suppose that the point (xo, yo, Zo) lies within the sphere. We write the 
integral (12.6) in the form 


Wiss Yos Zo) = z £ dx dy dz + a go dx dy dz. 
QF 9 


The first term is the Newtonian potential and so the Laplacian operator 
applied to it gives ọ. The second term is a harmonic function, since 


AAi go dx dy dz | => [| oVog dx dy dz = 0. 
4r Q 4x Q 


(We denote the Laplacian operator by V9 here to stress that the derivatives 
are taken with respect to the arguments Xo, Yo, Zo.) Hence formula (12.6) 
gives the required solution of Poisson’s equation. 

Passing on now to the second part of the proof, it is useful to transform 
formula (12.5). Let y be the angle between the radii vectores of the points 
(x, y, Z) and (Xo, Yo, Zo). Then the distance r, as the side of the triangle 
opposite the angle y, can be expressed in the form 


r= VR? + R2 — 2RR, cosy: 
similarly, r; can be expressed in the form 


l R 
n= Jet -2E esy, 


0 0 


and then Green’s function will take the form 


-4f 1 E l | 
4m L/R + Ro — 2RR, cos y V RR? — 2RR cosy + 1 


and 
ORE 
On Ip=1 OR roi 
os, i R — Rg cos y _ RR — Ro cos y 
4r ie + Ro — 2RR, cos y)2 (R2R5 — 2RR» cosy + 1)2 i RE 
i goa ER 2. 
gs (1 — 2Ry cosy + R2)2 ) 
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To investigate the second term on the right-hand side of (12.5), we apply 
this formula (12.5) to the case of Laplace’s equation (o = 0). Then the first 
term will vanish. The solution of the Dirichlet problem, if it exists, may be 
written in the form 

1— R 


1 
U2(Xo,Yo> Zo) = ral Bn eS R 
4a J Js (1 — 2R, cosy + R2)? 


where f(S) are the specified values of u(xo, Yo, Zo) on the unit sphere. (12.8) 
is known as Poisson’s formula. 

We have obtained in explicit form the solution of the Dirichlet problem 
for a sphere of unit radius. The solution for a sphere of arbitrary radius P 
can also easily be obtained from (12.8). We introduce a function 


v(Ro, 9, Po.) = u(Ro/P, Oo, Po) 


1 1 — (Ro/P)? 


BF Fo p o pAn 
A EE E Ro \ j 
P P P 


Replacing P? sin 6 d0 dọ by dS, we finally obtain 


AS) dS (12.8) 


KS) sin 0 d0 dg. 


1 PP — R? 
V(xo» Yo» Zo) => ae ee aT 
S (P? — 2PR, cos y + Ro)” P 


We have to show that the function v(%o, Yo, Zo) takes on the boundary 
the values f(S) and that it is a harmonic function. From the very method.of 
obtaining (12.9), this formula is valid in the particular case when f(S) = 
and when a solution of the Dirichlet problem obviously exists (it is identically 
equal to 1). Thus we have 


(rT 
P(P? — 2PR, cos y + Ro)” 

Let So be some point of the sphere S. We form the difference 
(Xo, Yo» Zo) — (So) 


-5l | Soe es AS) — f(So)] ds. 
S P(P? — 2PR, cosy + Ro)’ 


KS) aS. (12.9) 


We shall prove that this difference tends to zero when the point (xo, Yo; Zo) 
tends to Sọ. This proof is almost the same as that which we have already 
given when examining the equation for heat conduction. 
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We surround the point So by a small sphere of radius 7), choosing 7 to 
be so small that, at all points of the surface which fall within the sphere, by 
virtue of the continuity of f, we have 


|AS) = ASo)| < e, 
where £ is a given positive number. Let o be the part of the surface S which 


is included within the sphere of radius y with centre at Sọ. Then the above 
difference can be written in the form 


V(X9 Yos Zo) — (So) 


| | Be sy fi ds 
5-0 P(P? — 2PRy cosy + R2)? 


all oe LAS) — AS) dS = 1, + Ih. 
° P(P? — 2PR, cosy + Ra)” 


Being continuous, the function f(S) is bounded on S, i.e., |f(S)| < M, 
where M is a certain number. The last integral, which we have denoted 
by I, may be estimated thus: 


"| bl = 





| | pa S 
° P(P? — 2PR, cosy + R22 


l 

4r 

z E tee — dS 
He sa P(P? — 2PRy cos y + RẸ)? 


ey. all, ha SR 5 E 
P(P? — 2PRo cosy + R 23 


The first integral J, may be estimated as follows: 


2 2 
1A < 2M. = | —— P-R ts gg 
ee ppi 2PRy cosy + R23 
z xf (P — Ro) (P + Ro) — ds. 


S-* PI(P — Ry)? + 2PR(1 — cos yi 
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Thus, |Z, | may be made as small as we please by taking the point (xo, Yo, Zo) 
sufficiently close to Sy. For then (1 — cos y) will be greater than a certain 
positive number everywhere outside o, and thisimplies that the denominator 
of the integrand is bounded from below; the numerator can be made as 
small as we please. Hence |,| < ¢/2 and |v(xo9, Yo, Zo) — f(So)| < £, as 
we had to show. 

That the function v(x9, Yo, Zo) is harmonic follows from the fact that, 
for Ro < P, the function G, and therefore also 6G/én, is a harmonic function 
of the variables x9, Yo, Zo- 

We now formulate one more problem, the so-called exterior Dirichlet 
problem for a sphere: it is required to determine a function u which shall 
satisfy the equation V7u = ọ outside the sphere, take specified values on the 
sphere, and tend to zero at infinity. The solution of such a problem is ob- 
viously unique. 

As before, let r denote the distance from the point (x, y, z) to the point 
(Xo, Yo, Zo) lying outside the sphere, and let r; be the distance to the inverse 
point. 

Then, similarly to the previous problem, a function g which is harmonic 
outside the sphere and takes on it the values [1/r]; will have the form 


l 
Ror, l 





If we suppose at first that at infinity the function u decreases like 1/R9, 
where a > 0, so that its first derivatives decrease like 1/R°** and its second 
derivatives decrease like 1/R*+?, then it is not difficult to obtain in the same 
way as before the formula 


0G 
U(Xo, Yos Zo) = -| | Ge dv dy dz + || — uds 
Q s On 


G=- -l 
4ar 47Ror, 


where 


In the above formula the derivative function under the integral sign is 
taken along the external normal to the sphere; this is the internal normal to 
the domain in which the problem is being considered. 

Restricting ourselves again, first of all, to the case when [uv]; = 0, we see 
that the solution of the equation V?u = 0 with homogeneous conditions has 


the form 
u = -{{{ Go dx dy dz. (12.10) 
Wa 
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We shall have, on again carrying out a change of variables, 


l l l 
a ese 
4x LV R? + RÈ — 2RR, cos y 


1 
V RPR — 2RR cosy + } | 
Fol Er E 
~ 
On Is OR Jans (Ro — 2R, cos y + 1)” 


We shall verify that the formula (12.10) gives the solution of the problem 
formulated if @ is identically equal to zero outside a certain bounded domain. 
The analysis of the general case, when, for example, |o| < A/R?**, is left to 
the reader. 

We now go on with the proof. As before, the formula which expresses 
the value of u(xo, Yo, Zo) falls into two parts, the first of which is a solution 
of Poisson’s equation and satisfies the condition of vanishing on the boundary 
of the domain, and the second is a solution of Laplace’s equation and takes 
on the boundary the values specified for u. We shall establish the truth of 
this assertion only for the first part, since the proof for the second part is 
exactly the same as in the previous case. 

But this assertion is evidently true, since, for sufficiently large Rọ, we 


have: 
Ea = a {Bi 
Xo \ On J; Ro 


OG 
Pa 


|c|] < < on 
Ro 


<= 














The first of these inequalities gives at once for u 


Ean max |e Z- dS = ar mlela, 


The proof that u satisfies the equation V?u = ọ is the same as before, as 
is the proof that u vanishes on the boundary. 

From the same inequalities (12.11) immediately follows another import- 
ant consequence. 

If a function u is harmonic outside a sphere of unit radius and tends to zero 
at infinity, then there is a constant M such that 


| ðu 
Oy 


M 


Ou 
Ro 


Ox 


<=. 
Ro 


zM 


|u| < <. (1212 
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For, by the uniqueness theorem, such a function must coincide with the 


function 
ùi -|j 4 oo tals as, 


which, as we have just seen, is a harmonic function which vanishes at in- 
finity and takes on S the same values as u. This implies that 


Ti 
AC 


This proves the proposition. The sphere of radius unity may easily be 
replaced by one of arbitrary radius by means of a transformation of the 
variables. We then obtain the following theorem: 

THEOREM 1. For any function u which is harmonic in the neighbourhood of 
an infinitely distant point and which tends to zero as R > œ, there is a num- 
ber M such that the inequalities (12.12) hold good. 


|u| dS < max [uls M 4x, 
Ro 











a: =) ul dS < max |u b 47; and so on. 
Ro 
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LECTURE 13 


THE DIRICHLET PROBLEM 
AND THE NEUMANN PROBLEM 
FOR A HALF-SPACE 


THE two main types of boundary-value problem for Laplace’s equation 
are the Dirichlet problem and the Neumann problem, and these have already 
been formulated on p. 25. 

We recall that the Dirichlet problem for Laplace’s equation consists in 
determining a function u in the domain Į, with the boundary S to satisfy the 
equation 

V7u = 0 (13.1) 
and the boundary conditions 


[uls = A). (13.2) 


The Neumann problem consists in finding a solution of the equation (13.1) 
to satisfy the boundary conditions 


ðu 
| = fS). (13.3) 


We assume that the functions f,(S) and f,(S) are continuous. 

We now take as Q the domain z > 0; the plane YOY will serve as the 
surface S. We shall prove that in such a domain the solution of the Dirichlet 
problem, bounded everywhere, is unique; and that the solution of the Neumann 
problem is determined to within an additive constant. 

To make the solution of the Neumann problem also unique, it is sufficient 
to impose, for example, the further requirement that u(x, y, z) shall tend to 
zero when the point (x, y, z) tends to infinity, i.e., that |u(x, y, z)| < € if 
x? + y? + z? > R(e). 

Suppose, for example, that the Dirichlet problem had two solutions u, 
and u,. Then their difference v = u, — u, would be a harmonic function 
vanishing for z = 0. We define v for negative values of z so that it is an odd 
function: 


v(x, y, z) = —v(x,y, —2). 
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We shall now prove that this function v will be harmonic throughout space 
including the plane z = 0. 
We construct a sphere o of arbitrary radius with its centre on the plane 
z = 0, and define a function v, harmonic within this sphere and taking on its 
surface the values 
[vi], = lel: (13.4) 


It is easy to see that v, will be zero for z = 0. For, the function 


w(x, y, zZ) = tivi(x, y, z) + v(x, y, —z)] 


will be harmonic and will vanish on the sphere ø; hence w,(x, y, 0) = 0. But 
wi(x, y> 0) = v(x, y: 0). 

The plane z = 0 divides our sphere into two half-spheres. The function v, 
coincides with v on the boundary of each half-sphere; on the surface ø this 
follows from (13.4), and on the part of the plane z = 0 both functions are 
zero. Hence v = v,, and this implies that everywhere within the sphere o the 
function v will be differentiable any number of times and will be harmonic 
within this sphere. Since the position of the centre of the sphere o is arbitrary, 
it follows that v will be harmonic throughout space. 

Since by hypothesis v is bounded throughout space, Liouville’s theorem 
(Lecture 11) implies that it must be identically equal to some constant. And 
this constant can only be zero, since v = 0 when z = 0. 

We next prove the uniqueness of solution of the second problem under 
consideration. 

Let u; and u, be two solutions of the Neumann problem for the half- 
space. Then the function v = u, — u satisfies the conditions: 


(1) Y?v = 0 for z > 0, 
(2) [év/0z].=0 = 0. 
Moreover, the function vis bounded throughout the upper half-space, since u, 


and wz are. 
We define v for negative values of z by means of the formula 


v(x, y, zZ) = U(x, y, =Z). 


We shall prove that the function v so defined will be harmonic everywhere 
including the plane z = 0. 

Consider the derivative 0v/dz = w(x, y, z). This will be a function which 
is harmonic in the upper and in the lower half-spaces and which satisfies 
the conditions: 


w(x, y, Z) = — w(x, y, — z), w(x, y, 0) = 0, 


and consequently, as we have just proved, it will be harmonic throughout 
space. 
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The function 


Z+1 
awyd f Aer? 


= v(x, y, z + 1) — v(x, y, 2) 
A Oz 
will also be harmonic throughout space, as may easily be seen by an imme- 
diate differentiation. 

Hence it follows that the function v(x, y, z) is also harmonic throughout 
space. For, the possibility that v might not be harmonic on the plane z = 0 
is ruled out because 


v(x, y, Z) = v(x, y, z + 1) — w(x, y, 2), (13.5) 


and since the right-hand side of (13.5) is harmonic on this plane, the left-hand 
side must also be. 
Now, by Liouville’s theorem, since v is bounded throught space, we have 


v = constant. 


Hence the solution of Neumann’s problem is unique to within an additive 
constant, as we had to show. 

We now pass on to the explicit solution of the Dirichlet problem and the 
Neumann problem. 

We shall assume that the harmonic functions considered satisfy the con- 
ditions: 
Ou 
Oz 


u 


= R!’ 


SR 
= Rit 








by 


Ws HH s 
R° | Ox 














where R = Vx? + y? + 27, a> 0, and uw is a constant. After we have 
obtained the explicit solutions, the necessity for this assumption will drop 


out. 
We apply Green’s formula (9.4) to the function u, taking for the volume |, 
a half-sphere with centre at the origin: R < A, z = 0. Since V*u = 0, 


1 ð /1 ] Ou 
cos Yos Zo) = — u — | — | — ——]ds, 
u(xo» Yo» Zo) 4r 1E, on (=) r | 


p= V — Xo)? + (y — yo)? + (Z — Zo)’. 


where 


The surface S consists of a part S, of the plane z = 0 and of S,, a hemi- 
spherical surface R = A. Letting A tend to infinity, we find 


ð 
lim fa L sadli dS = 0: 
R+0) Js, ðn \r r On 
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for 
2 
f E E as! man — 
I Js. On \r (A — a — R,)? A? 
and 
| 1 ôu is E _ uA T 
So r On A = z a? = Ro) A’ 


where 
Ro = V x? + ye + z4. 


~ e 


u(Xo, Yos Zo) = lim 
A> An 


1 ð 
= ———— u — 
4r zzo ô 
We consider together with (xo, Yo, Zo) its image-point (x9, Yo, — Zo) in 
rp = V(x — Xo)? + (Y — Yo)? + (Z + 20) . In the 


the plane z = 0, and let r, 
upper half-space 1/r, is a harmonic function, as well as u. Hence 
1 
Mes f- vau — uV? H} ax dy de = 0, 


and consequently 


IM 


Passing to the limit as A tends to infinity, and using the same inequalities as 





1 1 ðu 
— j — — — s; d5. ; 
( ) ; ot S (13.6) 


-rajes 


Fi ry n 


were used in deriving (13.6), we get 
: ant dS = 0. 


A ORL 
DR 


We now note that on the plane z = 0, r; = r and — 
ri 
(the radii vectores r} and r are symmetrical relative to the plane z = 0) 


and hence 
E LA E aS ag: (13.7) 
aD On \r r ðn 
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Adding (13.6) and (13.7), we get 


1 ð /1 
u(X9, Yo: Zo) = — u — | — ] dS 
(o> Jo» 20) = — iz = (=) 


ree Se 5) dS, (13.8) 
= On \r 


and subtracting, 


1 1 Ou 
Mory 2) = == |Í Ly, 


=o F On 


Seal | A(S) as. (13.9) 


z=0 [ 


We shall show next that (13.8) and (13.9) do actually give the solutions 
of the Dirichlet and Neumann problems. 

We shall assume that fi(S) = f(x, y) and (S) = f2(x, y) are continuous 
functions satisfying the inequalities 





M 
Aæ sM, |AG.y| s ar (13.10) 


where ọ = Vx? + y?, a > 0, and M is a constant. Without loss of gener- 
ality we may suppose a < 1. 

We first verify that the integrals on the right-hand side of (13.8) and (13.9) 
satisfy Laplace’s equation. This follows from the fact that, for Zo > 0, we 
may everywhere differentiate with respect to Xo, Yo, Zo under the integral 
sign. Thus, for example, 


ateos- pork [alae 


In exactly the same way we can show that the right-hand side of (13.9) 
satisfies Laplace’s equation. 
We next examine the behaviour of the right-hand side of (13.8) and (13.9) 


when Ry = J x? + yo + 26 > œ. We begin with the integral (13.8). We 
show that this integral is bounded. We have 


i x o AOL y) dx dy = -| | = fil, y) is dy. 
On oh Wwe 


Subject to the conditions (13.10) the integral on the right-hand side clearly 
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+o to > 
suf | — dx dy 
+o 
-uf f , e ) ax ay, 
-o OW NT 


But the last integral is equal to the solid angle which the plane z = 0 sub- 
tend at the point (xo, Yo, Zo) and consequently is equal to 2x. 
Thus we get 


mie. AOLA 


Consequently the integral (13.8) is a bounded function of the variables xo, 
Yo» Zo. 

Considering next the integral (13.9), we first prove the following lemma. 

Lemma. If 0 < 0 <1, then x? — 20x + 1 2 4(x — 1). 

For, 20x < 2x if x = 0, and 20x < 0 if x < 0. Hence 20x < x + |x| 
and x? — 20x +12 x?-—-x+l-lxl. 

But |x| < 4 + 4x? (this follows from the inequality |ab| < (a? + b®)/2), 
and so 


converges. Further, we have 


+O PO 9 
E | 20 fif, y) dx dy 





~ 


—-@ =o 


< 22M. 








2 — 20x +1 2B dt — x +4 = 4G — 1). 


In order to estimate the integral (13.9) at the point x» = 2o, Yo = 0, Zo 
(and, thanks to symmetry, an estimate at this point will give all that is needed), 
we put 


=t, 2 =7, &= 


2 2 x 
At + Zz = R > — 
i i Ro Ro Ro 


Then 








o ] 
Thl, y) dx dy 


1 M 
-oJ -0 V x? — 2x09 + y? + Zo + 06 J (x? +y 


1 1 


T aNG dy. 
— 2041+ 7 Veen 








-%0 
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By the lemma we have 


! 3 


Je UO 1+ Tae O VE- I+ 
2 


and hence 





2 foley) dx J 
i i 
s SS 
-o VE- D+ VE + ae 


The last integral converges absolutely near its three singularities: (a) E = 1, 
3 = 0; (b) £ = 0, 7 = 0; (c) E£ = œ, 2) = œ. Denoting it by N, we have 


PERES MN V2 
| | — f(x, y) dx dy) S < 
-04 -0 F Ro 





Consequently our function u(xo, Yo, Zo) vanishes at infinity, as we had to 
show. 

Finally, in order to be certain that we have obtained solutions of the 
Dirichlet problem and the Neumann problem, we have still to verify that 
the conditions on z = 0 are also satisfied. To do this, it is sufficient to 
establish that 


imf ie 22 fos, y) dx dy = filo, Yo) (= 1,2), 


Zo70 27 


since the boundary values of the solution of the Dirichlet problem and the 
boundary values of the normal derivative of the solution of the Neumann 
problem can both be expressed in this form. 

We surround the point (xo, yo) with a circle c so that within c 


BEIE Aer < —3 
6x 


the remaining part of the. xy-plane outside c we denote by c’. Since the func- 
tions f:(x, y) are bounded, let | A(x, y)| < L. 

We take zy to be so small that the solid angle subtended by the circle c 
at the point (Xo, Yo; Zo) is greater than 2% — (e/3L), and consequently the 
solid angle subtended by the'rest of the plane c’ will be less than e/3 L. (The 
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sum of these two angles must be 27.) Then 


j 


+00 


-%0 


| ce ee ay =[ ei KOCI ay 
ee On \r 


Ff ~ OG 


=| “| fy ae 


5 | | Figen H ES Coe ji 


Now 





EE | Flos ¥0) deo 
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file, vo 24 — 2x + =) = 


<| EE 
~ Sd 6% 3 
<L\| dwo<-; 

le 3 








n C 


ill Lies») — fio Yo) de 


il fx, y) deo 








hence, as was to be shown, 


<e. 


+o fpo z 
| | Ze Ax, y) dx dy — 27 flo, Yo) 
sat 


-0 
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fx, y) dw. 


Sa 
3? 


LECTURE 14 


THE WAVE EQUATION 
AND THE RETARDED POTENTIAL 


§ 1. The Characteristics of the Wave Equation 
We shall consider the wave equation in four variables 


ð? 0? 0? 1 8? 
p ieee E LEA (14.1) 
Ox? Oy? Oz? 2 OF 











a 


and first of all we shall deal with its characteristics. 
The equation of the characteristic surfaces will have the form 


Gal + (2) P (2) oe (2) = (14.2) 
Ox Oy Oz a’ \ Ot 
Gal R (=) fe (5) ELN (14.2) 
Ox Oy Oz a? 


We consider in the four-dimensional space of the variables x, y, z, t the 
surface defined by 


or 


(x — xo)? + (Y — Yo)? + (Z — 20)? — a(t — to)? = 0. (14.3) 


This surface is called the characteristic conoid. \t is easily verified directly 
that the implicit function defined by (14.3) satisfies the equation (14.2’). The 


point (Xo, Yo; Zo, fo) is a singular point of the surface (14.3). At this point 
the surface has no tangent plane, since the ratios 


cos (n, x): cos (n, y): cos (n, z): cos (n, £) 
become indeterminate there. By analogy with three-dimensional surfaces 
this point is called the vertex. 


The characteristic surface for the equation of a vibrating membrane will 
be given by 


(x — xo) + (Y — yo)? — a(t — to}? = 0. 
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This is the equation of a cone with vertex at the point (xo, Yo, fo) in the three- 
dimensional space of x, y, t. 
We can put the equation (14.3) into the form 


where 
raV(xe— x)? +Q—y)? +@— 2). 


Depending on the choice of sign in (14.4) we obtain either the upper or the 
lower half of the conoid. We shall use the lower half, i.e., the part defined 
by the equation 


§ 2. Kirchhoff’s Method of Solution of Cauchy’s Problem 


The idea underlying Kirchhoff’s method of solution of Cauchy’s pro- 
blem for the wave equation is the same as that of the solution of a boundary- 
value problem of the first kind for a hyperbolic equation by the method of 
successive approximations, which we have already discussed in Lecture 5, § 1. 
A characteristic conoid is constructed with vertex at the given point (xo, 
Yo» Zo). As was explained in Lecture 3, the values of the function u and its 
derivatives on this conoid are related by certain partial differential equations 
in three variables which can be derived from (14.2) by virtue of the wave 
equation. We shall see after a detailed examination that this circumstance 
enables the value of the unknown function at the vertex of the conoid to be 
expressed simply in terms of the known data, in the same way as in Lecture 4 
the value of the function du/07 at a certain point was expressed in terms of 
its value at some other point on the same characteristic by means of quadra- 
ture. 

Let us begin the examination of the method. In order to obtain the re- 
quired relation on the characteristic conoid, we start off in the same way as 
in Lecture 3, § 4. We transform equation (14.1) by introducing new independ- 
ent variables 


r 
X% =x WHY, WHZz FY Hl-—b+—. 
a 


We write 


r 
TCE li + tbo — +) = u (Xi, Yi, 215 ty) 
a 


and similarly for other functions. 
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Then 
Ou _ ðu, ðu, Xı — Xo Ou _ u, u _ u, 
ôx Ox, Ot, ra Of Of, ô Of” 
ð?u Z 07u, 3 O7u, Xi — Xo 07u, (Xi — Xo)? 
Ox? Ox} Ox, Ot, ra Or? r? a? 
+ A = (x1 — Xo)? \ ôu, , 
ra rĉa Ot, 


(It is clear that, with our substitution, r, = r and we shall always write r.) 
Equations (14.1) becomes 











O7u, ð? uy; Oru, 2 0 /ôðu 2 Ou, 
+++} + |+ — 
Ox} Oy; Oz; a Or 


a |“ — Xo)? 4 (Yı — Yo)” (Zi — Zo)? PA oa 


r?a? 2 n2 2 a2 


= Fi(x1; Yis 21> ty) 


where 0/ér stands for 





xi — Xo ô Yı — yo O Zi — Zo ô 
r Ox, r Oy, r Oz; 
Since 
x1 — Xo _ cos (x, r), 21 — Jo = cos (y, r), 272o = cos (z, r), 
r r á 


the operator 0/dr denotes the derivative taken in the direction of the radius r 
from the point (xo, Yo, Zo) to the given point (x,, Y1, 21). 
Since 
(x, — Xo)? (Yı — Yo)” fe (Z1 — Zo)? l 
ar’? ar? a?r? 


our equation may be written as 


Fi(X1; Fis Zis ¢1); 


< 
N 
= 
+ 
|> 
PTEN 
FIE 
Maua 
Í 


or 





| 
< 
N 
= 
+ 
[wv 
Jo 
ATEN 
x~ 
D 
= 
Nee” 
| 


1 
= — Fix, Yi 21, f). (14.5) 
j 


§2 KIRCHHOFF’S SOLUTION OF CAUCHY’S PROBLEM 19] 


Equation (14.5) enables certain important particular solutions of the wave 

equation to be constructed immediately. Suppose F, = 0. Then the function 

P(t ; : . : : f : 

u = Pu: , where ® is an arbitrary, twice-differentiable function, gives us 
r 


a solution of the equation (14.5), since a = Loa) and therefore both 
: r 
terms on the left-hand side of (14.5) vanish. Replacing t, by its expression 


in terms of x, y, Z, t, we have 


wat 9t- 0+), 
r a 


In the given case the parameter fg is not essential and we can take the solution 


in the form 
1 
u = — o.: + z), 
r a 


It may easily be verified that 


u = Zaf- + z) 
r a 


will also be a solution of the wave equation, since the latter is unchanged 
when ft is replaced by — t. Putting 


IW 


and adding both particular solutions, we get 


u = ES | 24(: + +) + o: — +). (14.6) 
r a a 


In appearance (14.6) is reminiscent of d’Alembert’s solution of the equa- 
tion for a vibrating string. The solution (14.6) represents spherical waves. The 
first term represents a spherical wave of constant form moving towards the 
point r = 0, its amplitude increasing as it approaches the centre. The second 
term represents a spherical wave of constant form moving away from the 
point r = 0 towards infinity, its amplitude decreasing as it moves away 
like 1/r. 

If, and Ø, are different from zero only over a finite interval in the range 
of variation of their arguments, then at any point in space the function u 
will be zero, i.e., there will be a state of rest, both before the arrival of the 
spherical waves and after their passage. 

As we shall see later, these solutions for the wave equation play the same 
sort of role as the function 1/r played for Laplace’s equation. 


EMP 7a 


192 WAVE EQUATION AND RETARDED POTENTIAL L.14 


We shall integrate both sides of equation (14.5) over a certain domain §t, 
of the space x,, Y1, Z1, the point (xo, yo, Zo) being included in &. S is the 
boundary of §%. For convenience we shall separate the point (Xo, Yo» Zo) 
from this domain by means of a small sphere o of radius ¢ and volume Tt. 
Finally we shall take the limit as e > 0. We get 


lim = Vu, + eee r ous dx, dy, dz, 
£0 ar? Or Ot, 


{jf — Fi. Yi’ 2151 tı) dx, dy; dz. (14.7) 





Before proceeding to the limit with the left-hand side, we transform it some- 
what. By Green’s formula (9.4) we have 


nm | ff Ly uy dx, dy; dz, l 1y? Ui dx, dy; dz, 
670 =r 
1 ð 
= — nu (Xos Yos Zo> t — fo) + an Fae Ore a ds 3 (14.8) 
‘an \r r On 


since f} = f — to when x1 = Xo, Yı =o: 21 = Zo. Further, introducing 
polar coordinates, we have 





dx, dy, dz, = r? sin 6 dé dg dr 
and 


Io 2 ie 7 Ou, dx; dye; 
Q-: ar Or Ot, 
ile al SE) sin 0 A0 dp dr 
_, Or Ot; 
oe 
aa ee re is cos (r, n)} sin 0 dô dy = ate dw 


where w denotes a solid angle [see (9.8)]. Continuing the transformation, we 














have 
oO a 
naif > u, ô as = -2 Or ðu, ds. 
Ot, On git F r ôn Or; 
Sen | or ou, 
The limit of | Fo Jr, -dS is obviously zero if ee is bounded, 
5 n 


since Or/0n is bounded aid the integral is less than —- =f. dS = 476M, 
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Where M is a certain constant. Consequently 


lim I, = e DE O ig (14.9) 


£0 sv ðn Ot, 





The formulae (14.7), (14.8). (14.9) give 


R Z-a has 
F ra on 1 


Bee — Fi(*1, 91, Zis ty) dx, dy, dz,. 
& 


We now put £, = 0; then £ = to — (rja). If further, x; = xo, Y1 = Yo» Z1 = Zos 
then t = to. Therefore 


Uj(Xo, Yo> Zo; 0) = u(Xo, Yo: Zo> to). 


r 
Fixi; Vis Zio 0) = P(xy,zsto = A 
a 


and our formula can be written as 


a a 
4 ra on 1 _|t;=0 
Sl F(x, YZ, lo — +) dx dy dz. (14.10) 
ofr a 


(14.10) is called Kirchhoff’s formula; as we shall soon see, it enables a 
solution of Cauchy’s problem for the wave equation to be found. 

This formula is very similar in form to Green’s formula, which we 
derived earlier. If u, , du,/0n, and Gu,/Ot, are specified on the surface S, then 
the right-hand side of (14.10) will be a known function. The integrals oc- 
curring on the right-hand side of (14.10) are commonly called the retarded 
potentials. We may explain thisnomenclature by taking as an example the last 


integral 
E — -F(x Y,Z, to — z) dx dy dz. (14.11) 
a 


This integral differs from the Newtonian potential only in that the func- 
tion F enters into it not with the argument zo but with the retarded argument 
— (r/a). 

We now pass on to the solution of Cauchy’s problem, i.e., to the solution 
of equation (14.1) subject to the conditions 


0 
[ul=0 = Po(X,¥,Z), Ea = 9,(%,y, 2). (14.12) 


=0 
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As the surface S we take the surface defined by fo — (r/a) = 0; then on it 
t = 0 when f, = 0. 

The domain bounded by S is a sphere of radius atọ about the point 
(Xo, Yo» Zo), and consequently formula (14.10) may be applied to it. For 
t = 0 the conditions (14.12) define all the first-order derivatives of u and so 
of u, also. We shall have: 


ð 
[Z] = Ea = Pilxsy, z), 
Ot t=0 Oty t=0 











ð 
i ee cle (n, x) + Hi cos (n, y) + Pili cos (7, z) 
o ôx Yı Zi 
ðu ð 
= ðu _ l ðu ðr cos (n, x) + ôu _ l Ou or cos (n, y) 
Ox a Ot Ox ð a ôt ð 
ðu 1 Ou Or Ou 1 Ou Or 
+ {(— — — — —)cos(n, z) = — - — — — 
Oz a Ot Oz On a Ot On 


and consequently 


Ou, Oo l ðr 
Ta Sey A X, , Z) P 
| On iF ee 


and finally 


| ð 71 1 Og I Or 
u(Xo+ Yos Zo, to.) = — RE (pete, Weert baa! Spee assis ds 
Or 4n {ee On (5) r ôn ar On os} 


ee Lop EE S dxdydz (14.13) 
4n peat a 


The formula (14.13) gives an explicit expression for the value of the un- 
known function at any point (Xo, Yo, Zo) at an arbitrary moment of time 
to > 0. It also shows that the solution of Cauchy’s problem for the wave 
equation, if it exists, is unique. We shall show later that the function which 
we have obtained does satisfy the wave equation and the initial conditions, 
and we shall also establish that the Cauchy problem was correctly formulated. 

When F = 0, the formula (14.13) can be put into another form known as 
Poisson’s formula, which is often encountered in the literature. 

Let T, {py} denote the arithmetic mean of the values of the function y on 
a sphere of radius ọ drawn about the point (xo, Yo; Zo): 


1 2m Pn ; 
r{y} =| f veno sin 0 d0 dg, 
0 0 


where 0, 0, are the polar coordinates with origin at (Vo, Yo, Zo) and are 
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related to the rectangular Cartesian coordinates by 

x = Xo + ọ sin 0 cos Q 

y = Yo + o sin 0 sin Q 

Z = Zo + ọ cos 0 

0S ¢5:27, O<s<0<sx 
With this notation, (14.13) may be written in the following form (Poisson’s 
formula): 


u(xo, Yo, Zo, to) = toT, ato {p1} zi = [to Tat{Po})- 


Proof. On the surface ọ = atọ, we have 


— = —1, dS = at sin 0 d0 dy 


and consequently 


sl ES a is =| 71(0, 9, p) sin 6 dé dy. 
o=ato ao ôn 4x o=ato 


Further, 
po _ _ Po ð I\_ 1 ð 1 
On o > ðn 


whence, after some reduction, we get 


Lf fee la 
Te) eat On \ o o On 
all Qo sin 0 dé dp toe || Po sin 0 dé dọ, 
IU 0=ato Oto 4x o=ato 


as was to be shown. 
We now note some important consequences of formula (14.13). 


Suppose there are no external disturbing forces, so that F = 0, and 
suppose that the initial disturbance at t = 0 is concentrated in a certain 
bounded domain w. We shall investigate the behaviour of the solution at 
some point (Xo, Yo, Zo) lying outside the domain w. Let 6 be the distance 
from the domain to the point (xo, Yo, Zo). For to < 6/a, the sphere S whose 
equation is r = atọ will lie entirely outside the domain w, and so the result 
of substituting such a value of fo in the right-hand side of (14.13) will be 


zero. At to = 6/a, u will begin to vary and will do so while S intersects the 
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domain w. Then at fg = D/a, where D is the greatest distance of a point of w 
from (xo, Yo» Zo), u will again become zero and will be zero thereafter. The 
further the point (xo, Yo, Zo) is from w, the later the disturbance will arrive 
there and the later the disturbance will pass this point. At any given instant fo, 
we can construct a surface S, separating the points which the disturbance 
has not yet reached from those at which it has already arrived. This surface 
is called the leading wave-front. 

A second surface S, separates the points at which the disturbance is still 
occurring from those points at which oscillation has ceased. This surface is 
called the rear wave-front. 

The existence of the rear wave-front is to be explained by the fact that a 
sound emitted by a source does not die away gradually at a given point in 





space but ceases at once after the sound wave has passed. If this were not so, 
sounds would merge into one another, like the sound of the notes of a piano 
when the damping pedal is raised. 

Figure 12 depicts the leading and rear wave-fronts arising from a disturb- 
ance in the bounded domain w. 

We pass on now to the proof that the Cauchy problem is correctly 
formulated. 

If in formula (14.13) we replace the functions yp and g, by v4 and y* 
such that 


lpo — va | < e, lp. - př| < e, 


Po _ Ovo 
Oz Oz 


ðpo _ 996 
Ox Ox 


bpo _ pë < E 
Oy Oy 


<€ <E, 


? 




















then the new solution u* of the Cauchy problem which is obtained from 
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(14.13) using the new initial conditions will differ but slightly from the 
solution obtained using the old conditions. For, 


aff al ee Psp) | ee a ee o 
| | 4n IRG m On (~) r ( on ôn 


1 Oo 
= =i (gF a | dS 


<S Me 
ar On 





where M is a certain constant depending only on fo. 

Consequently the solution u depends on the function pọ continuously to 
order (1, 0) and on the functions g, continuously to order (0, 0), in the sense 
defined in Lecture 2. 

We next prove that the solution which we have derived does actually 
satisfy the wave equation. It is sufficient to prove this for the case when Qo 
and ọ, are identically zero, since we shall then be able to establish the ex- 
istence of the solution for any two functions pọ and p, which continuously 
have second-order derivatives. For, if we prove that the solution exists for 
the Zero initial conditions, we shall also have proved the existence of a solu- 
tion of the equation 


Vw — — 








subject to the conditions 


where v is an arbitrary function. 
If v satisfies the conditions 


h-o = 9, {=| =9 
t=0 Yo; an an fis 


and such functions obviously exist (e.g., v = Yo + tọ), it will then follow 
that a function u = w + v exists satisfying the Cauchy conditions and the 
wave equation (14.1). If the solution of this last problem does indeed exist, 
then it is expressed by the formula (14.13). 

Putting then pọ = pı = 0 in formula (14.13), we get 


1 l 
u(Xo, Yo» Zo» to) = Tone: — F X, Y, TE ne dx dy dz. 
An rSuto r a 


(14.14) 


We shall prove that the function u(xo, Yo, Zo, to) given by (14.14) does in 
fact satisfy the wave equation. A direct verification of this circumstance 
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would demand an enormous amount of algebraic reduction, and we prefer 
to choose another way. 

We shall prove an important integral identity which, in a certain sense, 
is equivalent to the wave equation for the function u defined by the formula 
(14.14). 

We consider an arbitrary function y(x9, Yo, Zo, to) Which vanishes every- 
where except within a certain sphere c in four-dimensional space with its 
centre at the point (Xo, Yo, Zo, to) and which has everywhere continuous 
derivatives up to some order. This function will satisfy a certain equation 

2 
Vy — Ee Ory 
a* Ot? 





= W (14.15) 


where ¥ is to be calculated by direct differentiation. 
According to our hypothesis, 


ô 
lyl}-r = 0, | =0 
Ot jer 
for sufficiently large T. 


Further, the function y, as the solution of Cauchy’s problem for the 
equation (14.15), is given, for £ < T, by the formula 


W(X0,¥o» Zo» to) = rll ed Goa +1) dx dy dz. 
rSa(T-tp) T a 


(14.16) 


(We have not derived this equation, but it is obtained at once by, firstly, 
a change of variable from ź to T — t* in the equation, and then, having 
transformed the data, by writing down the solution of the equation, and 
finally returning from the variable t* to the variable £.) 

In formula (14.16) we could have left out the limits of integration, since, 
if r 2 a(T — to) the function W(x, y, r, to + (r/a)) obviously vanishes, be- 
cause tọ + (r/a) = T. 

Let F(xo, Yo, Zos to) = O for to < 0. 

We multiply the function Y(xo, Yo, Zo, to) by FlXo; Yo: Zo, fo) and inte- 
grate throughout the space. Then we shall have 


+o +o + 00 +o 
l a T. T W(X0, Yos Zo» to) E(Xo0, Yo, Zo» to) dXo dyo dzo dto 


sl. l T a. F(xo, Yo, Zo» to) 
ze] r 

x — Y{x,y,Z, to + — | dx dy dz} dxo dyo dzo dto. 
Oey SARN SSRN = a 
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The last integral can be written in the form 


l +a peta po +a +œ 1 
e a eee 
7 -0 -0 = oo a 
x F(X9; Yos, Zo, to) dx dy dz dxo dyo dZo dto 


since the integrand is different from zero in a bounded domain ofits inde- 
pendent variables. 

If r/a or to is sufficiently great, then tọ + (r/a) will also be great, since tọ > 0. 
We change the variables, putting fo + (r/a) = t. Then we have 


+o +o +œ +0 
| ee | ae W(X. Yo, Zo, to) F(X0, Yo» Zo» to) dXo dyo dzo dto 


+a eto pæ 1 
ss R 
o9 =œ =% kea] r 
x F( xo» yo, Zo, t — *) dxo dyo dza} dx dy dz dt. 
a 


For, the inner integral is meaningful, since the integrand for fixed x, y, zZ, t is 
different from zero only in a bounded domain. Hence 


+a fto +œ +œ 
| | | | w(x, y, Z, t) F(x, y, z, t) dx dy dz dt 
+œ Pto pHo Pto ; 1 ay 
= V?y — — u(x, y, Z, t) dx dy dz dt (14.17) 
-oJ -0J -0J -0 a Or 


where 





u(x, y, Z, t) 


1 +o +a +o 1 r 
E mal | | TF (x90 Zo, t — 2) dxo dyo dzo. 
T J-%J-%J -%0 I a 


The identity (14.17) is the fundamental integral identity which the function u 
satisfies. 

We shall show that if u has continuous second-order derivatives, then it 
satisfies equation (14.1). 
For, the operator 
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as it is not difficult to see, is self-adjoint (see Lecture 5, § 2). Hence the 
integral 


2 2 
ú E R -y Yu — L 2 dx dy dz dt 
() a OF a Of 
= | Te p Fe p De a F ) ae dy de de 
ol ox dy dz a 


transforms into an integral taken over the surface S bounding the volume 
[see (5.15)]. If we take the volume K, sufficiently large so that on the surface S$ 
the function y and all its first derivatives vanish, then the last integral is 
equal to zero and we get 


2 
|| u | V2y — ES oy dx dy dz dt 
a C a’ Ot? 
2 
= | y Viu = oO ae dy d dr 
Ç a? ðt? 
whence, by (14.17), 


2 
p(x, y, Z, t) Y2u — 1 ou - F) dx dy de dr = 0. 
G a? ðt? 


The last integral vanishes for any function y; hence 


2 
var 
a Ot 




















and we have shown that the function u satisfies the wave equation. 

It remains to show that u = 0 and ĝu/ôto = 0 when fy = 0. 

That u = 0 when źọ = Ois animmediate consequence of formula (14.14). 
To show that ôu/ôto = 0 when to = 0, we change the variables in the integral 
on the right-hand side of (14.14), putting 


X = Xo + ato, Y = Yo + ato. Z = Zo + Aloe. 
Then 
r= Jo — Xo)? + (X — Yo)? + (Z — 2)? = aloe, 
where 
g=VP eye. 
In the new variables 


U(Xo, Yos Zos to) 


2? | 
4 al —F [Xo + ato&, ¥ + aton, Zo + atot, to(1 — ọ)] dé dy dé. 
JT 


0o51? 
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The right-hand member may be differentiated with respect to fg under the 
integral sign, and then, putting tg = 0, we have 


oc s. 
Oto to=0 


For the justification of differentiating under the integral sign, assuming the 
boundedness of the first-order derivatives of F, see § 2 of Lecture 7. 

We have purposely not gone into the question here as to how many 
continuous derivatives it is necessary to have in the initial data in order that 
our formulae shall give a solution of the problem possessing the required 
number of continuous derivatives. As we shall see later, this question has 
no real significance if we make use of the concept of the generalized solution 
of the wave equation, which we shall examine in a subsequent lecture. 

We make one more important observation. 

As we have seen, the solution of the equation for a vibrating string was 
just as smooth as the initial conditions, i.e., it possessed just as many con- 
tinuous derivatives as did the functions entering into the initial conditions. 
The solution of the equation for heat conduction turned out to be smoother 
than the initial conditions. In this respect, the solution of the wave equation 
is distinguished from the other problems considered. It appears to be, in 
general, less smooth than the initial conditions. This is seen from the very 
fact that the function u is expressed in Kirchhoff’s formula in terms of the 
integral of the normal derivative [ðu/ðn], zo. The value of a derivative of 
order k of a function satisfying the wave equation is thus related to the 
initial values of derivatives of order (k + 1) of the functions in the initial 
conditions. 

In this lecture we have analysed the Cauchy problem only for the case 
where the initial data are related to a surface ¢ = 0. But exactly the same 
method enables a solution of the Cauchy problem to be constructed for the 
general case when the initial data are specified on a hypersurfacet = y(x, y, Z), 
and also the solution of a problem similar to the boundary-value problem 
of the first kind for a hyperbolic equation in a plane. The detailed analysis 
of these problems we leave for the reader. 


LECTURE 15 


PROPERTIES OF THE POTENTIALS OF 
SINGLE AND DOUBLE LAYERS 


§ 1. General Remarks 


In order to examine the Dirichlet problem and the Neumann problem 
for domains other than a sphere or a half-space, we shall have to study in 
detail the behaviour of the integrals 


I, -jf ZEO dS and I -ff AOLE 
s ôn \r s r 


which we have already met more than once. As we mentioned earlier, the 
integral J, is called the potential of a single layer, the function f,($) being 
its density. The integral J, is called the potential of a double layer, and /,(S) 
is its density. We shall assume that the functions f,(S) and f,(S) are con- 
tinuous. 

We shall say that a surface Sis smooth in the Lyapunov sense or simply 
that it is a Lyapunov surface if the following conditions are satisfied: 


(a) at each point of the surface S it has a tangent plane; 


(b) about any point Po of the surface a sphere can be described with radius 
h (h independent of Po) so that the section }_ of the surface S which falls 
within the sphere meets lines parallel to the normal nọ at the point Po 
no more than once; 


(c) if P,, P, are two points of the surface, and n,, n, are unit vectors directed 
along the outward normals to the surface S at these points, then the 
vector n, — n, satisfies the inequality 


|a, — n,| < Ar’, 


where 4 and ô are constants, 0 < ô < 1, and r is the distance between 
the points P, and P3; 


(d) the solid angle w, which any part o of the surface S subtends at an 
arbitrary point Po is bounded: 


CA < K. 
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(If straight lines emerging from Po met the surface S more than once, 
then, by taking o to be the set of all those pieces of S subtending positive 
solid angles at Po, we could have œw, > 4x and, in general, w, could be 
indefinitely large. Hence the limitation (d) is essential.) 


We consider first the case when S is a finite, closed, Lyapunov surface. 
Let N, be the domain enclosed within S. 

We shall examine in more detail the nature of the integrals occurring 
in the expressions for the potentials of a single and a double layer; we shall 
investigate their behaviour near a point P of the surface S. For convenience, 
we choose a coordinate system having P as the origin O, the tangent plane 
at P as the plane XOY, and the axis OZ directed along the inward normal. 
Let the local equation of the surface S be 


z = U(x, y); 
AGO). 2 E OD ap a ee 
Ox dy 


§ 2. Properties of the Potential of a Double Layer 
The potential of a double layer is given by 


W(X05 Yos Zo) = {| SS) = =) ds. (15.2) 
s On \r 


The expression @(1/r)/én is clearly a function of two variable points: the 
point (xo, Yo, Zo) Occupying an arbitrary position in space, and the point 
(x, y, Z) situated on the surface S. The derivative is taken in the direction of 
the inward normal to the surface S at the point (x, y, Z). 

We shall prove some simple propositions about this potential. 

LEMMA |. Let g be the angle between the direction of the inward normal at 
an arbitrary point of the surface S and the radius vector from this point to 
the point (xo, Yo, Zo). Then the potential of the double layer can be expressed 
by 
Cos P yo 
r2 





W(Xo, Yos Zo) -ff Si(S) 


Proof. The cosines of the angles formed by the radius vector from (x, y, z) 
to (Xo, Yo, Zo) With the coordinate axes are 


Xo ~*X Yo Ty Zo — zZ 
Toa - a | —— gee 4 at 
r r r 
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Hence 
xo — X ; my —y -zZ 
cos p = *o 7 cos (n, x) + vo)” cos (n,y) + 20 = fos (n, z) 
r r r 
_ Or 
ðn’ 
and 
csp _—_ l Or _ ô /l 
r? r? On ðn \ rj 


Hence the lemma. 

LEMMA 2. The potential of the double layer at Py remains meaningful if 
the point Po coincides with a point Qo of the surface. 

To prove this proposition, we put Xo = Yo = Zo = 0 in (15.3). 

We select on the surface S a section S, containing the origin and such 
that on S, z is a single-valued function of x and y. The remaining part S, 
does not affect the convergence of the integral. Then 


OS 
Ws, i iy eas 
S; r 





-|f JS) (5 cos (n, x) + = cos (n, y) + = cos (n, 2) dS. 
S, F r r 


We shall estimate the magnitude of 


cos Q 





x ) z 
= — cos (n, x) + Z cos (n, y) + — cos (n, 2). 
r2 r? r3 r? 


Wc have 
cos (n, x) = ni, cos (n, y) = nj, cos(n,z)= nk, 


where i,j,k are unit vectors directed along the coordinate axes. Further, 
no = k and therefore 
cos (n, x) = mi = (n — no) i, 


cos (n, y) = nj = (n — no) Jj, 
cos (n, z) = nk = (n — nyo) k + nok = 1 + (n — ny) k, 
whence, using the conditions of Lyapunov smoothness, we have: 
|cos (n, x)| < Ar’, |cos (n, y)| < Ar’, [cos (n, z)| >l -= Ar. (15.4) 


Next we shall estimate the magnitude of z. By the theorem on finite in- 


crements 
Oz 
2(x, y) =x Ea +y a > 
Ox on oy gn 
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where (£, 7/) is a certain point on the interval joining the origin to the point 
(x, y) in the plane XOY. But from text-books on differential geometry we 
know that 


Oz _ _ cos(n,x) Oz _  cos(n,y), 
Ox cos (n, Z) ? Oy cos (n, z) 
hence 
5 ô 
a2) AP |e) AP 
Ox 1— Ar? |dy 1 — Ar? 














For points of the surface which lie within or on the boundary of the sphere 
C, defined by the inequality 











Ar? < ie, 
3 
we have 
eee se 
i 3 
and hence 
ee, < ae kd < iar 
Ox 2 Oy 2 
We shall show that 
|z| < 3Aor? < o = Jx + y? (15.5) 


holds for points of the surface S which fall within the sphere C3. Let OP 
denote the ray which starts at the origin and passes through the point 





P(x, y) in the plane XOY. The plane through the z-axis and the ray OP will 
intersect the sphere C, in a circle and the surface Sin a certain curve (sce 
Fig. 13). Consider the projections on to the ray OP of the points of inter- 
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section of the surface S with the surface of the sphere C3; let Q be that 
particular projection which is closest to the origin. (The set of points con- 
sidered is closed; hence there must be one which is closest to the origin, and 
it is clear that it does not coincide with the origin.) 

If the point (x, y) lies on the interval OQ, then the point (£, 7) also lies 
on the interval OQ, and the point (£, 7, z(& 7)) lies within or on the boundary 
of the sphere C3. Hence at this point the inequalities written above for 
|0z/dx| and |dz/dy| and also (15.5) are valid. 

If the point P(x, y) lies outside the interval OQ but the corresponding 
point of the surface lies within the sphere C3, then the inequality (15.5) 
will be all the more valid: 


|z(P)| < |2(Q)| < OO < OP = o. 


Hence (15.5) is proved. 
For points of the surface lying within the sphere C3, we have 


e Sr 2o. 


The left-hand inequality is obvious, and the right-hand one follows from 


the fact that 
pas +2 + z < 4/29? < 2 





This enables the inequalities (15.4) and (15.5) to be made more precise. We 
have: 


|z| < 34 2°0'*° < 640+? 
|cos (n, x)| < XA? < 2A0’, |cos (n, y)| < 2A0’, (15.5) 
[cos (n, z)| >1— 240? >4 
Substituting these estimates in the expression for (cos ¢)/r? we get 


10A 


2-5 ` 


COS Q 





< 2407? t? + 240° *** + 6Ap 77? < (15.6) 


r2 








€ 


The integral over that part S’ of the surface S which falls within the sphere 
C, can be written in the form 


| | AS) SF ds = | (aa 
S’ o’ 


r cos (n, z) 
where o’ is the projection of S’ on to the plane XOY. By (15.5^ and (15.6) 








cos Q 1 





30.4.M X 
= Pa (3) 


SS) 








r> cos (n, J| 


where M = max /;(S). 
S 
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Hence the first integral on the right-hand side of 


| | f(s) — as = {| f(S) Sf as + | | f(s) ©- as 
Ss sS’ s-S’ 


r r r 











exists; and since the second integral undoubtedly exists, the lemma is 
proved, 

Remark 1. The potential of the double layer is a continuous function of the 
point Po = Qo when Qo(Xo, Yo; Zo) Moves over the surface. 

For the proof we pass from integration over S’ to integration over 0’, and 
notice that the inequality (*), with perhaps a bigger constant factor on its 
right-hand side, will hold not only for a point Qo coinciding with the origin 
but also for all points sufficiently close to the origin, in which case 


0 = Va — Xo)? + (Y — Yo). 


So we can apply the criterion for uniform convergence of the integral (§ 1, 
Lecture 7), and then the truth of this proposition follows from Lemma 2 of 
Lecture 7. 
As we shall show in a moment, w is a discontinuous function; it suffers 
a break of continuity on passing across the surface S. Let wọ denote the 
value of the potential of the double layer when (xo, Yos Zo) in (15.3) is re- 
placed by a point of the surface S; wọ is a function of a point on the surface. 
THEOREM 1. The function w has limit values as the point (Xo, Yo, Zo) tends 
towards the surface S from the inside and from the outside, and these limits 
are different. 
If we is the limit value of w as (Xo, Yo, Zo) tends towards S from outside, and 
w, is the limit value of w as (Xo; Yo, Zo) tends towards S from inside, then 


— anf (S) + Wo 


We 


(15.7) 





2nfi(S) + wo 


Wi 


Proof. We have 


wr) = ff mo -seaza + || neo (—)as 
S On r S On r 


= w,(P) + w2{P), say, (15.8) 


where Po denotes some fixed point of the surface S. 

The first term, w,(P), in (15.8) is a continuous function at the point Po. 
This follows because the integral is uniformly convergent at this point (see 
§ 1, Lecture 7). For, suppose we surround the point Py by a domain o(e) 
so small that 


ACS) — fi(Po)| < e, 
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where Sis a point belonging to the domain o(e). Then for any point P lying 
in a certain neighbourhood A(e) of the point Po, we shall have 


| | | LA(S) - cron (=) asl s ef | = (+) ds 
a ðn \r JJ, ôn \r 
“fie 


where r is the distance between the point P belonging to the neighbourhood 
h(e) of the point Po and the point S of the surface o; 


o, is the part of o which subtends a positive solid angle at P, 
and œ, is the part of o which subtends a negative solid angle at P. 





For a sufficiently smooth surface S and in any case for a Lyapunov surface 
[by virtue of the condition (d)], both the integrals 


T | 


will be bounded. This is sufficient to establish the continuity of w, at the 
point Po. 

The second term in (15.8) can easily be calculated: 

ð {1 
WP) = | | fe (+) dS = f,(Po) | | dw = f,(Po) ` os(P). 
s ðn \r s 
where ws(P) is the solid angle subtended by the surface S at the point P. 

Let w, tend to the limits w., and w,,; as P tends towards the surface S 
from outside and from inside respectively, and let (w2)o be the value of w, 
when a point Po of the surface S is substituted for P. In order to evaluate 
these quantities, we must investigate the behaviour of ws(P) on crossing the 
surface S at the point Po. 

Let the point Po cross the surface S from inside to the outside. While Po 
is inside the domain bounded by the surface S, ws(Po) = 42. As soon as Po 
crosses the surface S and falls outside it, ws(P)) = 0. Consequently the 
function w, suffers a break in continuity on passage across the surface. 

The value of ws(Po) when Po is a point on the surface S has still to be 
determined. To do this, we surround the point Py by a small sphere o of 
radius 7, and consider the curve / in which the sphere o intersects the surface 


f More detailed courses on potential theory, e.g., Gyunter, “Potential Theory and its 
Application to the Principal Problems of Mathematical Physics”, State Technical Pub- 
lishing House, 1953, explain the precise conditions for the surface S in order that the 

ð [1 
integral IT =— =) dS shall be bounded. 
sôn \r 
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S. The curve / divides the surface of the sphere into two parts—o, lying 
inside S and a, lying outside S. The curve also divides the surface S into two 
parts— S, lying outside the sphere o and S, lying inside c. The exterior part 
S, together with c, forms a closed surface to which the point Pp is exterior. 
Consequently the solid angle subtended at Po by the surface S, is equal to 
the solid angle subtended at Po by the part c, of the sphere o. 

In order to find the solid angle subtended by the surface S at Po, it 
is sufficient to determine the solid angle subtended by S, and proceed to 
the limit as the radius 7 of the sphere o tends to zero. From what has been 
said, this is equivalent to finding the limit of the angle subtended at Po by 
the part c, of the sphere o. It is not difficult to prove that this limit is equal to 
22, as follows. 

We cut the sphere o by the tangent plane to S at the point Po. As proved 
earlier, the distance from points of the curve / to the tangent plane does not ex- 
ceed 6Ay!**, Thus the curve / lies wholly within a zone on the sphere o de- 
fined by |z| < 6A7!*°. 

We set up on o a “geographical” system of coordinates by taking the 
normal to S at the point Py as the “polar” axis. In these coordinates, the 
zone within which the curve / evidently lies is bounded by a parallel of 
“south” latitude «o and a parallel of “north” latitude go, where 


pe 6An'*9 
y 


% = sin = sin! 647°. 


The angle «o clearly tends to zero. Consequently o, tends to become a 
hemispherical surface, and hence the solid angle subtended at Po by c, tends 
to 2. Thus w.(P ) = 27 if Po lies on the surface S. 
Hence 
(Ws)e = — 27 + (Ws)o, (Ws); = 2x + (Ws)o- 


And we have for w,: 


Wae = — 2afi(Po) + (W2)o, Wai = 27tfi(Po) + (Wa)o- 


(15.7) follows at once from the formula (15.8) and the continuity of w. 
Since P, is an arbitrary point of the surface S, our theorem is proved. 
Remark 2. From the continuity of w,(P) and the fact that w,(P) is, for a 
fixed Po, a constant function both inside and outside K, it follows that the 
potential of the double layer can be continued from inside &, on to Sand 
also from outside Q, on to S continuously with respect to all the variables. 
In other words, whereas this potential is discontinuous in crossing the double 
layer, it does not change suddenly on crossing either of the single layers which 
together form the double layer; the discontinuity occurs in the double layer 
itself, 
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§ 3. Properties of the Potential of a Single Layer 


We next investigate the potential of a single layer 
} 
v(Po) = | — Fl) dS. (15.9) 
Ss 


If the function f,(S) is continuous, then v(P,) will be continuous every- 
where including the surface S. 

To prove this, we surround the point Po by a sphere of radius 7 as we 
did in obtaining the inequality (15.6), and we denote by S’ that part of the 
surface S which lies within this sphere. We then split the integral (15.9) into 
two parts, one taken over S’ and the other over S — S’. The continuous de- 
pendence of the second integral on the parameter Po is obvious; we prove 
the continuity of the first integral. 

We draw the tangent plane at any point of the surface S’ and take it 
as the plane XOY. Then 


i — h(S) dS = E — f,(S) ————— dx dy. 
cos . z) 


At all points of S’ we have cos (n, z) > 4; hence 








l 1 2M 2M 
TE VE = xo? + O -= 0? 


Therefore, by virtue of the criterion for uniform convergence and Lemma 2 
of § 1, Lecture 7, the function v(Po) must be continuous. 
We notice that the first derivative of the potential of a single layer taken 


along any direction v depends continuously on Po at any point P which does 
not lie on S. For, on differentiating (15.9) formally, we get 


ae 
=| le 2 (z Jo ds. 


The right-hand side of this equality is continuous because the integrand is 
bounded and depends continuously on Pp in the neighbourhood of the 
point P. For the same reason the differentiation under the integral sign is 
valid. 

We now go on to investigate the behaviour of the derivatives of the 
potential of a single layer near the surface S. Let n* denote the direction of 
the inward normal to S at any chosen point Qo of the surface. The derivative 
in this direction at a point Po not lying on the surface will be 


GAP) _ ff _9 (1 ‘ 
on* I, ðn* (; J6) cai 03 
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ð 5 1 ôr 1 
ct es tae ee COS Vay 


on* r? ôn* r? 


But 





where wo is the angle between the radius vector r drawn from P to Po and 
the direction of the normal n* at the point Qo. For, if we introduce a co- 
ordinate system with origin at Q, and the z-axis parallel to n*, we have 





Or eee 
dn* 0Z9 r n 
Hence we can write 
— Ma = i fa(S) E as. (15.10) 


We shall prove two propositions. 
LEMMA 3. The integral 


| FS) Ee as 
s r? 


occurring on the right-hand side of (15.10) remains meaningful also when the 
point Po coincides with the point Qy on the surface and is then a continuous 
function of the point Qo over this surface. 

For, by virtue of (15.5’), we have for any point P of the surface situated 
sufficiently close to Po = Q,(0, 0, 0) 


COS Yo 














This inequality is similar to (15.6) and it enables Lemma 3 to be proved in 
exactly the same way as Remark 1 to Lemma 2 was proved in the preceding 
section. 

We shall denote the integral discussed in Lemma 3, when calculated for 
a point Po = Qo lying on the surface S, by dv/0ng: 


Ov Q l 
Ono f, ðn* (J oe 


We shall also denote by ôv(P,)/ôn, and dv(Po)/én, the limiting values of the 
normal derivatives as the point P approaches the point P, along the normal 
from inside S and from outside S respectively. 
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THEOREM 2. If fa is continuous, then 








Ov Ov 
= 2nf2(Po) + 
On, Ono 
(15.11) 
Ov 


aus Ri. 
ôn; — 2xf2(Po) + AN ` 


To prove this we compare ĝv/0zo with the potential w of a double layer 
having the density —f2(S). We form the difference 


Oe aw -ff A O as (15.12) 
Ss 


025 r? 





We shall show that this difference is a continuous function of zo at the point 
(0, 0, 0). For, 


cos — cos XX Y= 
MPO = e cos (n, x) = 7 cos (n, y) 
r 


r r 


a AO cos (n, z) — 1). 
r? 


Let the point (xo, Yo; Zo) move along the normal to the surface, i.e., put 
Xo = Yo = 0; then 


cos P — COS Yo _ _ X COS (n, x) _ ycos (n, y) 
r2 r? r? 
Z = Zo 





[cos (n, z) — 1). 
Using the inequalities (15.5’) we have 
|x cos (n, x)| < Aye**’, |y cos (n, y)| < 419+, |1 — cos (n, 2)| S A10, 


where A, is a constant. Noting further that 


A ere Vx? + yY? + — 2), 
we get 
COS p — COS Wo Ae? A,0° 3A, 


2-5 ° 
Q 














We surround the point Po = Qo by a sphere o of small radius and denote 
by S the part of the surface that falls within ø. We divide the integral (15.12) 
into the two parts, the integrals taken over S’ and S — S’. In the first of these 
integrals we switch over to integration over the domain o’ in the xy-plane 
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into which S’ projects. Then by virtue of the inequality which we established 
above, and by the criterion for uniform convergence in § 1, Lecture 7, the 
integral over o’ converges uniformly with respect to the parameter Zo and 
is a continuous function of Zo at the point xo = Yo = Zo = 0. Hence it 
follows that the integral (15.12) is also a continuous function of Zo at this 
point. Consequently 


| Ov | | Ov | | ðv | 
-w = —w = -w ; 
02 zo=+0 Zo zo=—0 029 z9=0 


Using Theorem 1 of this lecture, we obtain at once the formulae (15.11). 
Remark 3. The inequality satisfied by (cos — cos po)/r? does not depend on 
the particular point of the surface considered. Consequently the derivative 
6v/0Z_ will tend to its limit value uniformly over the whole surface S. 

THEOREM 3. If the function f,(S) is bounded, then dv/dng is continuous. 

For in the proof of Lemma 3 and also of the Remark after Lemma 2, 
we have in fact used only the boundedness of the function f,(S). 

THEOREM 3. Suppose that the density of a single layer satisfies the con- 
dition 











| AP.) — fx(P2)| < Kr}! (15.13) 


where K and 6, > 0 are certain constants, P, and P, are any two points on 
the surface, and r, is the distance between P, and P,. Let Qo be some fixed 
point of the surface; we draw the tangent plane and normal at this point. 

Then under these conditions, at all points of the normal (with the possible 
exception of the point Qo itself) the potential will have a first-order derivative 
in any direction parallel to the tangent plane. This derivative will vary con- 
tinuously along the normal everywhere except perhaps at the point Qo where 
it may have a removable discontinuity. 

As before, we take Qù as the origin, the tangent plane at Qo as the plane 
XOY, and we take the x-axis in the direction in which the derivative under 
consideration is calculated. 

We shall evaluate this derivative dv/dxg at a certain point P,(0, 0, Zo), 
Zo Æ 0, lying on the normal. The derivative may be written in the form of 


the integral 
Ov x 
= — f,(S) dS 
oe | | SA) 


and it is continuous at the point Po. 

To prove the theorem it is sufficient to show that this integral depending 
on the parameter Zọ converges uniformly at Zọ = 0 if its value at z = Zo 
(when it might not exist) is chosen in a suitable manner. 

We construct round the z-axis a cylinder of radius and height / such that 
at points on the piece S* of the surface S which lies within this cylinder the 
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normal to S makes an angle with the z-axis not exceeding 2/4. If we also 
choose h to be so small that the cylinder falls within the sphere C, (see 
p. 205), we shall have |z} < ọ. 


Let r* = Vx? + y? + z?. We consider the integral 


| is F0) ~ 


This integral is clearly zero for all values of Zo except z) = 0 for which it 
does not converge; for it can be rewritten in the form 





cos (n, z) dS. 


x 
f(Q) jl n dx dy, 
x2 +y2 h2 Je + y? + ze)? 


where the integrand is an odd function of x. 
For Zo = 0 we can define the integral to be also equal to zero. 
Our problem obviously reduces to showing that the integral 


[J 220s 
S* r 


IÍ. (40 - J2(Qo) cos ( n, 2) ds (15.14) 


r 


or 


converges uniformly at za = 0. This is not difficult. For, we have 


SS) - Ago cos (n, z) = S2(S) as) 4 fx(Qo) [1 — cos (n, z)] 


r? r r? 





+ £100) cos n 2 (5 = a ) 
r 


r*3 


We estimate in turn each of the terms on the right-hand side. We have 


r=Vx? +y?+(z—- 2)? Zo: fe DEORE E ENE 


























FAS) ~ flQ0)| KÈ Ki 
r? — <p me 
From (15.4) we get 
fa(Qo) [1 — cos (n, z K 
e ae < |f2(Qo)| A £- <=. 
r r Q 
Further, 
a D E j 1 1 l 
P #3 = í r3r* + pop ®2 + rr*3 (7 
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The difference of the vectors r and r* is an interval of length z. Therefore, 
by (15.5), 














|r - | =|z|s Kos; 
Hence 
1 1 1+6 1 1 1 1 
Tinn ac < eee 
r? r*3 S Kae rr” + r2r*2 + rr*?3 S Ka o” ; 








Returning to the integral (15.14), we see that it may be written in the form 


{| ay (AO - Ae dx dy. (15.15) 


* 
x2+y2<h2 COS (n, z) r? pra 


The integrand does not exceed 


~ K, + Kı + Ky K; 
(BAKE) 


= 





independently of Zo (and also of the direction of x). Consequently, by Cri- 
terion 2 of Lecture 7, the integral converges uniformly relative to Zo at the 
point Zọ = 0, and it is therefore a continuous function for Zọ = 0. Hence 
the theorem. 

We next examine the gradient of the function v at a point Po # Qo lying 
on the normal. It can be expressed as the sum of two vectors, one directed 
along the normal and the other parallel to the tangent plane at the point Qo: 


Ov(Po) 
n 


grad v(Po) = A 


k + (grad v), 





where k& is a unit vector in the direction of the inward normal. 
Remark 4. It follows from the proof of Theorem 4 that the vector (grad v), 
tends to a definite limit 


; 1 
lim [f (eraa =) f(S) ds 
P97 Qo S r T 


when Po tends to Qo along the normal either from inside or from outside &, 
and it does so uniformly relative to the point Qo on the surface. 

THEOREM 5. Under the conditions of Theorem 4, the vector grad v has 
continuous limit values (grad v); and (grad v)e on the surface S to which it 
tends uniformly when the point P tends to Qo from inside and from outside the 
domain Ș, respectively. 

We consider, for definiteness, the case when the point P tends to Qo 
from inside the domain §,. 

When a point Po moves along the normal to a point Qo on the surface S, 
it actually follows from Theorems 3 and 4 that the vector grad v tends to 


EMP 8 
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a certain limit value, which we denote by (grad v);. And this convergence 
is uniform in relation to the point Q. Hence, by virtue of the fact that a 
Lyapunov surface has a continuously varying tangent plane and because of 
the condition (b), p. 202, it follows that the vector function (grad v); is a 
continuous function of the point Qo. 

We now show that when the point P tends towards the point Qo along 
any path from inside K, the limit of grad v will exist and will be equal to 
(grad v);, and also that the convergence to this limit will be uniform. 

For, the value of grad v at a certain point Po lying within a sphere of 
radius » with centre at Qo will be little different from the value of (grad v); 
at the point Q, on the surface S which is closest to Py (Po obviously lies on 
the normal to Sat the point Q,). But the value of (grad v); at Q, is, in its turn, 
little different from the value of (grad v); at Qo, because of the continuity of 
the function (grad v); on the surface S. 

The theorem is proved for the case when the point P moves towards the 
point Qo from outside the domain K, in exactly the same way. 

COROLLARY. The function v has continuous derivatives of the first order up 
to the boundary everywhere within, and also everywhere outside, the domain 
Sb. 

It is sufficient to notice that the first-order partial derivative in any di- 
rection is equal to the projection of the vector grad v in that direction. 

THEOREM 6. If the density 1(Q) of the potential of a single layer is a contin- 
uous function of the point Q of the surface, then the value of ôv/ôn as a 
function of position on the surface satisfies the condition (15.13) of Theorem 4. 

To prove this, we consider the difference 


Q2 r 
A(Q,, Q2) = Ee ii = [o (> 3 — =) ds, 


where r, and r, are the vectors joining Q to Q, and Q3, 





and nis the unit vector along the inward normal at the point Q. 


We surround the point Q, by a sphere C, of radius 7) =[r(Q,,Q.)]*. We 
suppose that the points Q,, Q, are so close together that 7 is less than the 
radius A of the Lyapunov sphere (see (b), p. 202). 

Let o be the part of the surface S falling within the sphere C,. We split 
the integral A into the two terms 4(Q,,Q,) = J, + Js_,, where 


kaf KO -Has Is- = [f (Q) (25 - =) ds. 
S-o ry ro 


Let Q’ be a variable point on S, and r’ the vector joining Q and Q’. The vector 
r’/r’> is a continuously differentiable vector in the domain S — o. The deriv- 
atives of its components do not exceed 4/r’*. Hence we can apply the formula 
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for finite increments to obtain the result 


< = (Q1, Or). 


PE pate 











re r 
Thus for the integral Js;_, we get 


Is-0! S Cır(Qı, Pa) | 


3 
Zr D? 11 


ds 
= Cr(Q1, Q2) 4 al >|: 
h2rizr(Q1,Q2)* FI 


where C, C, and A are constants, and his the radius of the Lyapunov sphere. 
But within the Lyapunov sphere dS/r? < C,0~? do dọ (see p. 206). There- 


ds 


fore 
h L 
|Zs-ol S Car(Q,, Q2) fe] + al S Cyr(Q1, Q2)’. 
4r(Q1, Q2) 
Further, 
TAE- ciff wa ds} + {| mra) asht. 
4 r $ r 
O Sri Sri, Q2) 1 OSr2S2r(Qi, Q2) 2 











By using the earlier inequalities (p. 206) we get 


|Z] < K| 


Hence the theorem. 


[2r(Q1, Q21? bate è 
-1+ 
Q "do S K2r(Q1, Q2). 


(6) 


§ 4. Regular Normal Derivative 


We shall have to apply Green’s formula later on to harmonic functions 
represented in the form of potentials of a single or double layer. In order to 
be able to do this we have to impose further restrictions on the type of 
surface S. 

We first of all make an important remark. We obtained Green’s formula 
(5.16) on the assumptions that the functions u and v have continuous first- 
order derivatives right up to the boundary and that V?uand V7vare integrable 
within the domain. 

Let us assume that our surface S is such that the functions by means of 
which it is expressed in parametric form 


x= x4, u), y= yA mw), z= 2A, u) (15.16) 


have continuous derivatives up to the second order inclusive with respect to 
the parameters. 


218 PROPERTIES OF POTENTIALS L.15 


At each point of this surface we construct the normal n and mark off 
an interval of constant length ¢ along the normal. The locus of the ends 
of these intervals is given by the equations 


xy =x + Ccos(n,x), yı = y + Ecos (n, y), zı = z+ ¢ cos (n, Z), 


and describes a certain surface S, which can be called a surface “parallel” 
to S. 

It is easily shown that the surface S, has a continuously varying tangent 
plane. To do this, we consider the parametric equations (15.16) for the 
surface S. The components of the normal vector 


nA, u), nA, u), RAs y) 


can continuously be differentiated once with respect to 2 andy. Substituting 
these expressions in the equations for x;, Yı, Z;, we obtain a parametric re- 
presentation for S, which will clearly have continuous first-order deriv- 
atives with respect to A and yw; and this implies that the surface S, will have 
a continuously varying tangent plane. 

Now let us suppose that the functions u and v are such that 4u and Av 
are continuous within the domain §.. Suppose that u and v have continuous 
normal derivatives on any surface S, “parallel”? to S and lying within it. 

Suppose further that the normal derivatives [éu/én];, and [¢v/On]s, defined 
on the surface S, tend uniformly to continuous limit functions ,(S) and 
p(S) as S, tends to S. We shall call these functions the normal derivatives 
of u and v on the surface S and denote them by [ĉu/ðn]s and [év/én];. We 
shall say in this case that the functions u and v possess regular normal deriv- 
atives. 

THEOREM 7. If u and v are two functions harmonic in a domain Q, and 
possess regular normal derivatives, then they satisfy Green’s formula 


„2e OU ees 
Š On on 


To prove this, it is sufficient to apply Green’s formula to a surface S, 
“‘parallel’’ to the given surface S, and then to take the limit as S, tends to S. 

From Theorem 2, Lemma 3 and Remark 3 of this lecture it follows that, 
if the density /,(S) is continuous, then the potential of a single layer has re- 
gular normal derivatives. 


§ 5. Normal Derivative of the Potential of a Double Layer 


The condition for the existence of a regular normal derivative of the 
potential of a double layer is given by the following theorem. 
Lyapunov’s Theorem. The necessary and sufficient conditions that the solution 
of Laplace’s equation V?u = 0 in the domain Q, bounded by the surface S, which 
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satisfies the condition [u]s = f(S), (the solution of the Dirichlet problem), 
should have a regular normal derivative are that the potential W of the double 
layer, expressed by using the function f(S), 


1 ð /1 
Ele (ee 


should have a regular normal derivative both from outside and from inside and 
that the values of these regular normal derivatives should coincide. 
To prove this theorem, we consider the function 


u— W if Po is inside &, 


w(Po) = 
ca l —W if Po is outside 2, 


w(P,) will be harmonic both inside and outside the domain §,. Further, 
it will be continuous throughout space except on the surface S, where it has 
a removable discontinuity. This follows from Remark | of this lecture and 
the fact that the jump of the function w(P,) on crossing the surface S is, 
as may readily be seen, equal to [u(Po)]s — f(S) = 0. 

If the function u(P,) has a regular normal derivative du/én, then the 
function w(Po) will coincide with the potential of a single layer 


E eis: 
4x JJsr On 


For in this case, by Green’s formulae (9.4) and (9.6) we have 


dS — i du j u(Po) if Po is inside 8, 
wa r r n 0 if Pois outside 2, 


whence 


ead 


u(Po) + l cs dS if Pois inside 8, 


4x J Js r On 
-l Tu dS if Po is outside SQ. 
4x s ’ On 


Thus the potential, W, of the double layer is expressible as the sum of two 
functions having a regular normal derivative from both sides of the surface 
S, and consequently it too has a regular normal derivative from both sides 
of S. The jump of this derivative, by Theorem 2 of this lecture, is zero. 
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Consequently, the limit values of the normal derivative outside and inside 
the surface coincide. 

We have proved that the conditions of the theorem are necessary. We 
now show that they are sufficient. 

We note first of all that if a continuous, regular normal derivative of the 
function W exists, then the function w may be regarded outside § as the 
solution of the Neumann problem with the specified continuous values of 
the external normal derivative 


E a edi 
On |s On A 


But, as will be proved in Lecture 19 independently of the present proposition, 
the solution of such a problem is presentable as the potential V* of a single 
layer with a continuous densityf »(S). This potential will coincide every- 
where with the function w(P,), since their difference V*(P)) — w(Po) is a 
function which is harmonic in §2,, continuous throughout space, and identic- 
ally zero outside {. This implies the existence of a normal derivative ĝw/ôno 
regular from inside §). But inside Q, we have 


Ou _ OW $ ðw 
On On ôn ` 


Hence, since w and W have regular normal derivatives, u must also have a 
regular normal derivative, as was to be shown. 


§ 6. Behaviour of the Potentials at Infinity 


The last important property of the potentials of a single and a double 
layer which we shall analyse now is their behaviour at infinity. We prove 
that if the surface S is bounded, the potential of a single layer will decrease 
at least as rapidly as 1/ Rọ, and the potentialof a double layer will decrease at 


least as rapidly as 1/R?, when Ro = Jx? + y + ző tends to infinity. 
For, when R, is sufficiently great, we clearly have 


rav (% — Xo)? + (y — yo)? + & — 20)? 


= Je + ye + Za) n 2(xXo + Wo + ZZo) + (x? + y? $ z?) 


(x y — (x? 2 4 7? 
aaa | i- (xxo + Yo + ZZo) (x? + y + ) 


(xo + yo + Zo) 


I 


— 2 
Sit ee 


t See page 261. 
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[>| = f ~ p(s) 45) < mall OLK 
sr R s 


0 
cos 4 
Z A(S) ds] < =| [f:(S)| ds, 
s r? Ro S 
as was to be proved. 


Hence 








|w| = 








LECTURE 16 


REDUCTION OF THE DIRICHLET PROBLEM 
AND THE NEUMANN PROBLEM TO 
INTEGRAL EQUATIONS 


§ 1. Formulation of the Problems and the Uniqueness of their Solutions 


Let S be a closed and sufficiently smooth surface. Let Q, be the volume 
enclosed by S, and §2,, the infinite domain external to S which is also bounded 
by S. 

We consider four problems: 


1. The Internal Dirichlet Problem. 
To find a function u harmonic in §, and satisfying the condition 
[uls = fi(S). 
2. The External Dirichlet Problem. 


To find a function u harmonic in N- and satisfying the conditions 


(a) [uls = fi(S) 
(b) lim u = 0. 
R> œ 


3. The Internal Neumann Problem. 


To find a function u harmonic in §,, and satisfying the condition 


Ou 
Eat = f,(S). 


4. The External Neumann Problem. 


To find a function u harmonic in § and satisfying the conditions 


Ou 
(a) eat SAO) 
(b) lim u = 0. 
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Before showing how actually to find the solutions of these problems we 
investigate some of their properties. 

THEOREM 1. The solution of the Dirichlet problem, internal or external, 
is unique. 

The proof is quite simple. It follows from the principle of the maximum. 
The difference of two distinct solutions, if they existed, would in the case of 
the internal problem be a harmonic function equal to zero on S; in the case 
of the external problem, the difference of the two solutions would be har- 
monic, and zero on Sand at infinity. Consequently the difference of solutions 
cannot take within the domain either positive or negative values, since 
otherwise it would attain its positive maximum or its negative minimum, and 
this is impossible. Hence in both cases the difference of the two solutions is 
always zero. 

THEOREM 2. A solution of the external Neumann problem which has con- 
tinuous first-order derivatives right up to the boundary is unique: and a solution 
of the external problem is determined to within an arbitrary additive constant. 

As regards the surface S, it is sufficient to assume that it satisfies the 
Lyapunov conditions. We deal with the internal problem first. Using Green’s 
formula, which is applicable under the conditions we have here adopted, we 


can transform an integral Tf 0 as as follows: 
S n 


jjis 
MOOO 
~-fff br B+l+ Bjove 


If now v is a harmonic function and if ĝv/ôn vanishes on the boundary, then 


(if (Ypres 


and this implies 


Hence it follows that v is a constant. 

Now let u, uz be two solutions of the internal Neumann problem. Then 
their difference v is a harmonic function whose normal derivative vanishes 
on the boundary of the domain. As we have just proved, such a function is 
a constant. Hence the theorem in the case of the internal problem. 


EMP 8a 
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The internal Neumann problem is not always soluble. A necessary and 
sufficient condition for its solubility is that 


[| 2 ds = 0. 


The necessity of this condition follows in an obvious way from Green’s form- 
ula (5.16) on putting v = 1. We shall prove its sufficiency in Lecture 19. 

For the external Neumann problem we take a sphere & of radius A, where 
A is a sufficiently large number, and let KQ, be the volume enclosed between 
Sand S. By the foregoing, 


ie 
ORORO 


If v is a harmonic function which tends to zero at infinity and which is such 
that [ĝv/ðn]s = 0, then the left-hand side of the above equation is as small 
as we please by choice of A. For, by Theorem 1, Lecture 12, on X we have 











|o] < M. Ov < M 
A On 2 
and 
2 
eas II, as = ay —. 
on 
Hence 


ME EE 


for any e > 0, and this is possible only if 


Hence v is a constant. But this constant can only be zero, for otherwise v 
would not tend to zero at infinity. The difference of two solutions of the 
external Neumann problem is therefore zero, and hence the solution of this 
problem is unique. 

Remark. The assertion in Theorem 2 remains true if the limitation on the 
first derivative of the function v is weakened while that on the surface S is 
made more rigorous, namely, by supposing that the surface satisfies the 


§2 THE INTEGRAL EQUATIONS 225 


conditions of § 4, Lecture 15, and that the solution has a regular normal 
derivative. For, in proving Theorem 2 we used only Green’s formula and 
this remains applicable under the conditions stipulated in this remark. It 
would also be possible to prove the uniqueness of the solution of the external 
Neumann problem under even weaker conditions. 


§ 2. The Integral Equations for the Formulated Problems 


The properties of potentials which we established in the last lecture enable 
us to solve the Dirichlet and Neumann problems for any domains which 
are bounded by sufficiently smooth surfaces by reducing the problems to the 
form of integral equations. 

For, suppose we wish to find, for example, the solution of the internal 
Dirichlet problem. We assume that the required function u is the potential 
of a double layer with an as yet unknown density u(S): 


spe tp er ON he 
s r? 


As we already know, the potential of a double layer is a harmonic function. 
We shall impose on w the condition that its limit value from within the 
domain shall be equal to /,(S): 

wi = fi(S). 


From equation (14.7) we have 


i S 
wi = 2au(S) + Wo = 27u(S) + | fea dS; 
s r 
where r is the distance between the points S and S, of our surface. Thus we 
have for w(S) the equation 


uS) = AS) _ alll BST OSD (16.1) 
2a 2x ) Js r? 


If, for brevity, we denote (1/27) f,(S) by F,(S) and [(1/27) cos y}/r* by K(S, S,) 
(this last expression being obviously a function of the two points S, S, on 
the surface), then we arrive at the equation 


mS) = F,(S) - | | K(S, S1) w(S,) dS. (16.2) 


Integral equations of this form for the unknown function u(S) are known 
as Fredholm integral equations of the second kind. We shall shortly begin to 
study such equations. 

Inexactly the same way, the Dirichlet problem for an external domain 
bounded by the surface S, i.e., for an infinite domain bounded by S, can be 
reduced to a Fredholm equation of the second kind. For, again seeking a 
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solution in the form of the potential of a double layer with the condition 
we = f,(S), we similarly obtain for the unknown density u(S) 


We = —27u(S) + Wo, 


whence 
JCS) 1 UCS) cos p 
Ho a2 E ee ds 
HS) a ajj r 
Denoting — AS) by ®,(S) we obtain 


mS) = OS) + | | K(S, S1) w(S,) dS. (16.3) 


This is an equation of the same type as (16.2). 

The internal and external Neumann problems can also be reduced to the 
solution of integral equations. 

We shall seek a solution of the internal Neumann problem in the form of 
the potential of a single layer 


ea (Si) dS 
s r 


As in the preceding case, we have 


0 
2 = -2m(8) + 2 = fS), 
On, Ono 
whence 
ws) = BO) 5 zll HS Deos Yo: digi, (16.4) 
2r An S r? 


The angle yo is obtained from the angle ọ by replacing the point S by S,. 
Hence, putting 


S 
2r 
we get for »(S) the equation 


a(S) = FS) + | | K(S;, S) (S,) dS. (16.5) 


Finally, if we seek a solution of the external Neumann problem in the 
form of the potential v of a single layer, we get 


Ov 


no 


COS Yo 
r? 








= 2nv(S) + jl (S) dS, = f,(S) 
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or 


ws) = 2O _ 1 ff 2S) cos yo dS, 
27r In x r2 
Putting 


lS) oa DS), 
27 


we get for »(S) the equation 
WS) = (S) -fÍ K(S,, S) (S1) dS;. (16.6) 
S 


If we succeed in finding functions u and v to satisfy the equations (16.2), 
(16.3), (16.5), or (16.6), then the corresponding problems of mathematical 
physics will be solved. The theory of such integral equations will be studied 
in Lectures 18 and 19. 


LECTURE 17 


LAPLACE’S EQUATION AND POISSON’S 
EQUATION IN A PLANE 


§ 1. The Principal Solution 


We have already discussed Laplace’s equation and Poisson’s equation 
in space in sufficient detail. But it frequently happens in practice that the 
function u does not depend at all on one of the variables, say z, and then 


= 0. 





In this case these equations become equations in two independent variables. 
The problems which we previously posed for space can now be posed in the 
plane XOY for the equation 


O7u O7u 
V7u = + = (x, V), 
ax? t Oy? elx, y) 








where o(x, y) may sometimes be identically zero. 

We shall consider certain properties of such two-dimensional problems 
which distinguish them from the three-dimensional case. 

Exactly the same as in space, it is easy to prove that a function which 
is harmonic in a certain domain D of the plane XOY attains its maximum and 
minimum values on the boundary of this domain. Hence it follows, by the 
former arguments, that the solution of the Dirichlet problem for any bounded 
domain is unique. However, as we shall see later, the Dirichlet problem for 
an unbounded domain, as it was previously formulated, no longer has any 
meaning. To pose the problem of finding a harmonic function which shall be 
equal to zero at infinity is meaningless for the two-dimensional case. The 
fact is that a solution which will vanish at infinity does not, in general, exist, 
and any question about the uniqueness of such a solution is pointless. 

We have here two other lemmas similar to those proved in Lecture 9. 

Lemma 1. The function log, l/r = —log r, where r = V(x — Xo)? +(y—y)’: 


is a harmonic function of the variables x and y. 
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§ 1 
For, 
— ®t ogr = -4 + os 
2 a ty SB 
BEE = -3 + TeL, 
whence, by addition, 
V? log. 2 = 0. 


r 


LEMMA 2. If a function u is continuous and has continuous second-order 
derivatives within a domain D, boundary s$, containing the point (xo, Yo), then 


1 
u(Xo, Yo) = — zll loge (+) Vu dx dy 
27 D r 


a) (ios z) 
a on (2) 24 (17.1) 


ðn r n 


E l 
2m |s 
0/ðn here denotes the derivative along the inward normal to the boundary 


curve s. 
If the point (Xo, Yo) lies outside the domain D, then 


E [| log. (+) V?u dx dy 
JJD r 
0 ð 
a fu as (iog. *) — log, (--) ot ds =0. (17.2) 
2x js r rj On 
The proof of this lemma is exactly analogous to that of Lemma 3 in 
Lecture 9, and we shall not go through it. 
It can also be proved, as before, that if the function u has a singularity 
at the origin, is harmonic in the neighbourhood of the origin, and satisfies the 


inequality 
a where R= ,/x? + y?, 


Wes 
R” 
then u can be expressed in the form 
z o™ 1 
u = ay ——— | log. — | + u*, 17.3 
2 uzl ez) ea) 


m=0 i+j=m 
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where u* is a function which is harmonic throughout the domain including the 
origin. 

The following theorems are valid. 

THEOREM 1. Jf u(R, 0) is a harmonic function, then so is v( R, 9) = u(1/R, 0) 
(R and 0 here are polar coordinates in the plane.) 

THEOREM 2. If u(R, 9) is harmonic for large values of R and satisfies the 
condition 

|u| S AR", 


then it can be expressed in the form 


u=} >} ay R” =F (10g) + u*, 


m=1 i+j=m Ox! Oy! 


where u* is bounded (and harmonic). 


§ 2. The Basic Problems 


The problem of finding a solution over the whole plane for Poisson’s 
equation in two independent variables 


V7u = o(x, y) 


which will vanish at infinity is, in general, insoluble, and we shall not deal it. 
We may remark that the integral 


+a +o 1 
| | o log. — dx dy, 
Sol. = ae r 


extending over the whole plane (if ọ is different from zero only in a finite 
domain, then the domain of the integral will effectively be finite) is never- 
theless a particular solution of Poisson’s equation, but it will in general in- 
crease without limit at infinity. This integral is known as the logarithmic 
potential of a distributed mass. 

The Dirichlet problem for a half-plane, with certain limitations on the 
boundary function, has a solution among the class of functions which vanish 
at infinity. Let the function /,(x) satisfy the inequality 


A| < =. where a > 0. 


The solution of the equation 
V7u = 0 
subject to the condition 


[w},-0 = AQ), 
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and vanishing at infinity, will have the form 





1 fT ð jl 1 (*® cos 
u(xo, Yo) = ——| —(log. — | f(x) dx = — T f(x) dx 
2% J- On r 6 is a 


= | ACN debe AT 
T =o 


where ¢ is the angle between the radius vector drawn from the point (x, 0) 
to the point (xo, Yo) and the direction of the inward normal to the boundary 
of the domain at the point (x, 0). 

The reader will easily be able to derive the proof for himself. 

The Neumann problem for the half-plane not only has no solutions 
which vanish at infinity; it has not even any bounded solutions. If we write 
the solution of this problem formally as an integral which we may regard as the 
potential of a single layer in the planet [compare (13.9)] 


Pape 1 
= om log, — h(x) dx, 
EAA ee r 


then this integral will increase without bound as the point (xo, Yo) moves 
away to infinity. We shall not deal with this problem. 

The Dirichlet problem for a circle is solved by a method similar to that 
used in solving the same problem for a sphere. If (x,, y1) is the point inverse 
to (Xo, Yo) with respect to a unit circle round the origin, i.e., if 


Xo Yo 


Pe SS OD SS? 
2 2 2 
Xo + Yo 


Xo + yo 


then for a point on this circle, as before, r = Rory, 


r=v (x — Xo)? + (y — Yo)’; r=V@—-mP +Q—y)?> 


and Ro is the radius vector of the point (xo, Yo). 
Let (xo, Yo) be an internal point of the circle R < 1. Applying Green’s 
formula to the solution of the equation V7u = ọ we get 


] l 
U(Xo, Yo) = — xl g log. F dx dy 
RS1 
ð 
+ a. pe log, £ — 2 log, 2 ds. (17.4) 
2% J rai On r On r 


Since (x,, yı) lies outside the circle, the function log, 1/Rogr, is a harmonic 


+ We deal with this, the so-called logarithmic potential, in § 3 of this lecture. 
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function everywhere inside it, and by virtue of the remark made about the 
formula (17.2) we obtain 


l 1 
—-— o log. dx dy 
2m i Ror, 
l 


pa fu- (iog l ) Na E las = 0. (17.5) 


29 | cy 











Subtracting (17.5) from (17.4) and writing 





1 l l 1 
G(x, > X05 ) = — log, — — log. —, 
(a Paora 27 Š Ror; 27 j r 
gives 
1 f ð 
u(Xo, Yo) = {| eG, Y, Xo, Yo) dx dy — ee | “as. (17.6) 
R<1 2% Jr=, On 


Green’s function G is a symmetrical function of the points (x, y) and 
(Xo, Yo); Consequently it is a harmonic function of (xo, yo). Clearly, it is 
identically zero for all x, y if (xo, Yo) lies on the boundary. 

If the problem of finding a solution of Poisson’s equation satisfying 
the condition 


[uls = fils). (17.7) 


is soluble, then the solution will have the form (17.6). In the particular case 
when [u], = 0, the solution is given by the formula 


u(Xo, Yo) = | | oG dx dy. (17.8) 
Resi 


It is easily verified that the function u given by (17.8) does in fact solve the 
problem. For, 


{| 0G dx dy = —>— || Slots any 
R<1 2% J Irs r 


1 f 1 
+ all e loge dx dy. 
2 R<1 Ror, 


It can be shown that the first term is a logarithmic potential of a distributed 
mass, satisfying the equation V?v = 0, and thesecond isa harmonic function. 
Conscquently, (17.8) gives a solution of Poisson’s equation, and it is im- 
mediately obvious that this solution satisfies the condition [uv], = 0. 

We transform formula (17.6) by substituting in it an explicit expression 
for G. In polar coordinates, replacing x, y by R and 0, and xo, Yo by Ro and 
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Oo, we get for the coordinates of the point x,, yı the expression 1/Ro, 0o- 
Also 





1 1 
log. — = r loge [R? + R — 2RR,» cos (0 — 0o)], 
1 l P 
loge = — — log, [R?Ro — 2RR, cos (0 — 4) + 1). 
Ror 2 


Green’s function may then be written in the form 
G = — {loge [R? + R — 2RR, cos (6 — 0o)] 
IT 
— log, [RR — 2RRo cos (0 — 0o) + 1} 


oG auti — R + Ro cos (0 — 0o) 
kzi R? + RÈ — 2RR, cos (0 — 4) 


27 
_ — RR + Ro cos (0 — 4) 
R? RZ aN 2RRo cos (0 reS 0o) + 1 R=1 


l R - 1 
2x R? — 2Ry cos (0 — 0%) +1— 


The solution of the Dirichlet problem for the circle then becomes 


1 — Ro 


1 +n 
dietach e 
(Ros o) 2x a — 2R, cos (0 — 0o) + z 


a result known as Poisson’s formula. It can be verified that this formula does 
really give the solution of the problem in the same way as was used for the 
three-dimensional case. 

The external Dirichlet problem for a circle is solved in a similar way. 
This is the problem of finding a function u which is harmonic outside the 
circle R = 1, satisfies the condition [u]; = f(s) on the boundary, and which 
is bounded at infinity. This last condition makes the two-dimensional external 
Dirichlet problem essentially different from the three-dimensional one. We 
shall not stop to go into this problem. The formula giving its solution will 
have the form 


R-1 


1 FR 
u(Ro, 0o) = — c f O) dé. 
Roi Mp) 2x E R3 — 2R, cos (0 — Oo) + r” ) 


From Poisson’s formula for harmonic functions inside and outside a 
circle, all the results which were obtained in the three-dimensional case 
follow, with hardly any change in the method of proof. 
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§ 3. The Logarithmic Potential 


The concept of potentials can also be carried over to functions of two 
variables. 
An integral of the form 


v= f loge (~) u(s) ds 
E r 


is called the logarithmic potential of a single layer. It is a harmonic function 
outside and within the domain D bounded by the curve s. The function is 
continuous on crossing s, but its normal derivative suffers a break in con- 
tinuity. If we form the integral 


ð 1 
E (toz. >) Ls) ds 


where the derivative is taken for varying xo and yo, then it turns out to be 
meaningful if the point (xo, yo) lies on the boundary. If we denote its value 


by [dv/0n]o, we get 
do 
ðn |e 


a 


The quantity [6v/0n]) can be expressed in the form 


meo dy 
S r 


where yo is the angle between the radius vector from the point (x, y) to the 
point (Xo, Yo) and the normal at the latter point. The function (cos yo)/r is a 
bounded function provided only that the curve s is sufficiently smooth. 

In general, the logarithmic potential of a single layer is not bounded at 
infinity. 

An integral of the form 


w =Í 2 (ioe. =) uls) ds -Í Hs) cos ¢ ds 
s On r s r 


where ¢ is the angle between the radius vector from the point (x, y) to the 
point (Xo, Yo) and the normal at (x, y), is called the logarithmic potential of a 
double layer. Itis a harmonic function both inside and outside the domain D 
bounded by the curve s. On s the function suffers a break in continuity. If 
(Xo, Yo) lies on the boundary curve, which we assume to be sufficiently smooth, 


It Il 
4 

X = 

T + 

+ ma 
a 212 
aa l j 
= v O 
L—_ 
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then (cos ¢)/ris a bounded function and the integral wis meaningful. Denoting 
its value in this case by wọ, we shall have 


We = — nu + Wo, 
Wi = nu + Wo, 


The logarithmic potential of a double layer vanishes at infinity. 

And as with the three-dimensional case, the Dirichlet and Neumann 
problems can also be formulated in the plane. There are, however, certain 
special features in the external problems. In the external Dirichlet problem, 
instead of requiring that the function u shall vanish at infinity, we have to 
impose the condition that it shall be bounded in the neighbourhood of an 
infinitely distant point. The Dirichlet problem then has a determinate and 
unique solution. 

In the external Neumann problem we have, as before, to seek a solution 
which vanishes at infinity, but, in contrast to the earlier case, this problem 
will, in general, have no solution. The necessary and sufficient condition 
for a solution to exist is that 


| iver =0 


where f(s) is the value of the normal derivative on the boundary. 

In this respect the internal and external two-dimensional problems are 
more similar to one another than they are to the three-dimensional analogues. 

The reader would find it beneficial to prove the foregoing assertions for 
himself. 

The Dirichlet and Neumann problems can, as before, be reduced to 
integral equations. We leave this reduction too for the reader to carry out. 

For the integration of the two-dimensional Laplace equation there is an- 
other extremely powerful method, based on an application of the theory of 
complex variables. Here we shall only indicate the essence of this method, 
without going into details. 

We consider any analytic function w(z) = u + iv of the complex variable 
z = x + iy. Taking x and y as the independent variables and applying the 
Laplace operator to w, we get 


= Ow O?2w 


i= Ax? ie w'(z) + ?w(z) = 0. 
Y 





It follows that the function w(z) is a harmonic function of the variables x 
and y; consequently its real and imaginary parts, u(x, y) and v(x, y), will 
also be harmonic within the domain in which w is analytic. 


236 LAPLACE’S AND POISSON’S EQUATIONS IN A PLANE L.17 


We now introduce a new independent complex variable € = € + in and 
put z = (¢), where y is any analytic function. Then 


x = xE,n), y = y£, 1), 


and the analytic function w(z) will go over into an analytic function of the 
variable C: 


w*(2) = w(y(2)). 


Hence the functions 


u*(E, n) = u(x(é, n), yE, 9), 
v*(E, n) = vo(x(é, n), yE, n) 


(17.9) 


will again be harmonic functions of the variables £ and 7. 

In the theory of functions of a complex variable it is shown that the 
formulae (17.9) define a conformal mapping of the x, y plane on to the 
é, 7 plane, and that any conformal mapping can be obtained in this way. It 
follows from this argument that a harmonic function of the variables x, y 
within a certain domain remains harmonic when this domain undergoes a 
conformal transformation. 

For any simply connected domain Q, of the x, y plane we can obtain a 
solution of the Dirichlet problem in the following way. We find a conformal 
mapping 

x = x(&, n), y = y$, n) 


which carries the domain §Q over into a circle. It is proved in the theory of 
functions of a complex variable that such a mapping always exists. The 
function u*(&, 77) must be harmonic within the circle and take specified values 
on its circumferences; it can be constructed by using Poisson’s formula. Then 
going back to the variables x,y, we obtain the required solution of our 
problem. 


LECTURE 18 


THE THEORY OF INTEGRAL EQUATIONS 


§ 1. General Remarks 


We have already seen in earlier lectures that the solution of certain prob- 
lems of mathematical physics can be made to depend on the solution of 
equations of the form 


oP) = | K(P, P,) o(P,) dP, + f(P), (18.1) 


where D is a certain domain over which the points P and P, vary. The func- 
tion K(P, P;) of two variable points of this domain is called the kernel, and 
g(P) is the unknown function. 

Suppose that the domain D lies in n-dimensional space, and let the co- 
ordinates of the point P and P, be (x1, X2, .-.,X,) and (xi, x3, ...,x/) 
respectively; then the kernel K(P, Pı) is a function of the 2n variables 
(Xis X25 -03 Xps Xf, X2, ..-, XI), and the functions ¢(P) and f(P) are func- 
tions of n variables, p(x,, X2; <--> Xn)>f(%1, X25 -<> Xn); and these variables 
may vary only in such a way that the points P(x,, X2, ---, Xn), Pi(X{, X5, ...; 
x/) do not go outside the domain D. 

If, in particular, the domain D is one-dimensional and connected, then 
the position of the point Pis defined by a single coordinate x, and the integral 
equation takes the form 


b 
g(x) = | K(x, x’) p(x’) dx’ + f(x). 
a 

We are about to begin a systematic investigation of equations of the 
form (18.1), which are generally known as Fredholm integral equations of the 
second kind. 

We shall assume the functions K and f to be real. We shall introduce 
other restrictions such as boundedness, continuity, and so on, as the need 
arises. 

Later we shall encounter equations which can have not one, but many 
solutions. But in all such cases we shall not regard functions as being differ- 
ent if they are equivalent, i.e., if they take different values only on a set of 
measure zero. 
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For Fredholm integral equations, as for all linear equations, the following 


theorem holds: 
THEOREM 1. The general solution of the equation (18.1) has the form 


pP) = po(P) + p*(P) 
where po(P) is some particular solution of the equation (18.1) 
and *(P) is the general solution of the equation 


oP) = | K(P, P,) (P) dP.. (18.2) 


We shall call (18.2) the homogeneous equation corresponding to equation 
(18.1). 

It is clear from this that if the corresponding homogeneous equation has 
no solution other than the trivial one y*(P) = 0, then the equation (18.1) 
cannot have more than one solution. 


§ 2. The Method of Successive Approximations 


We shall examine first, in §§2,3 and 4, a few special cases; this will 
enable us to pass on to a more general treatment of the problem. 

Instead of equation (18.1) we shall consider a more general equation of 
the form 


oP) = 4 l K(P, P,) (P:) dP, + f(P). (18.3) 


D 


the so-called equation with a parameter. 

Let us suppose that the domain D of variation of the point P is bounded; 
we shall denote the volume of this domain by the same letter D. Let us further 
suppose that the kernel K(P, P,) is a summable function of the pair of 
variable points P, P, in the space of 2n variables, and that 


| |K(P, P,)| dP, < M 


where the constant M does not depend on the position of the point P. 

In the applications of the theory with which we shall be concerned, the 
function K(P, P,) will have only a finite number of manifolds of a smaller 
number of variables (/.e., of points, curves, surfaces, etc.) on which it suffers 
a break in continuity. If we exclude these manifolds together with a volume, 
as small as we please, surrounding them, then the function K(P, P4) will be 
continuous in the remaining part of the domain. 

We shall assume that /(P) is a bounded, measurable function: 


sup |f(P)| =L < œ. 
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This condition will be fulfilled if, for example, fis bounded in D and is 
bounded everywhere except, perhaps, on a finite number of manifolds of 
lesser dimensionality. 
We shall also regard the function (P) as being bounded and measurable. 
If the value of A is small, the idea naturally occurs of seeking a solution 
of the equation (18.3) in the form of a power series in 2 


pP) = po(P) + > itp,(P). (18.4) 


Substituting this expression in (18.3), we get 


PoP) + È, ZPLP) = 4 È KP, Po | gofPd + Š ZoPo | aP, +1), 


D 


from which we get by comparing coefficients of powers of A on the two 
sides, 


po(P) = fP), | 


pi(P) = | K(P, Pı) po(P1) dP: 


D 


(18.5) 


we | K(P, P1) pı- 1(P1) dP, 


The relations (18.5) allow all the functions g,(P) to be calculated step by 
step. For, all the integrals on the right-hand sides are meaningful, since the 
integrands are the products of bounded functions by summable functions. 
Estimating the right-hand sides of these equations in turn, we get 


lpo(P)| SL, |p| < | |K(P, P,)|L dP, < LM, 
D 


and, in general, 
|p.(P)] < LM". 


Hence by the Lebesgue-Fubini theorem (Lecture 6), the functions y,(P) are 


measurable. 
For brevity, we denote the function 


y(P) =| K(P, P) f(P,) dP, 
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by the symbol Af. And as we have seen, | Af| < M sup |f|. We shall call 4 
an operator on the function f, and we shall consider powers of the operator A: 


A(Af) =A, A(A*f) = APf, ..., ACA YP) = AMY. 
Clearly, 
A™t"f = A™(A"f). 


In this notation, (18.5) takes the form 
PP) = A'f. (18.6) 


Also, as we have seen 
|A"f| < M* sup |/]. (18.7) 


This operator A has an important property: 
THEOREM 2. Jf a sequence of bounded, measurable functions fy tends uni- 
formly to a limit function fo: 


fo = om Jro 
then 
Afo = lim Af, 
k> œ 


and the sequence Af, also converges uniformly. 
For, 


|Af; — Afo| = |Ak — fo)| S M sup |f — fol- 


COROLLARY. If the series 


co 


a uP) = u(P) 
=1 
converges uniformly, then 


Au(P) = Au,(P). 
k=1 


In our new notation, (18.3) takes the form 


g — Ap =f, 
or, writing Ey = gy, where E is the identical or unit operator, we have 
(E — AA) gp =f. 


If we substitute in (18.4) the expression for g, from (18.6), we get, and so 
far merely formally, the equation 


QAP) =f + Af + RAS A oe HMA Hoey (18.8) 


The absolute value of the terms in the series on the right-hand side will, by 
(18.7) and if |AAZ| < 1, be less than the terms of the convergent, positive 
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numerical series 


AKKM* su su — 
È atm sw |s| = sap Alr 
Consequently, for a fixed / satisfying the condition |A| < 1/M, the series in 
(18.8) converges uniformly, and (18.8) does indeed define a certain measur- 
able function ¢(P). Also, 


< 5 |4F M* su su Se 
le] < > lat Me sup |f| = supll- ara 
We now verify that the function g(P) which we have obtained does satisfy 
equation (18.3). Substituting the expression for ¢ from (18.8) in the left-hand 
side of (18.3), we get 


(E — 24) | f+ È aay |. 


If we show that this expression is identically equal to f, our assertion will be 
proved. The series in the square brackets converges uniformly. By Theorem 2 
we have 


(E — 2A) [s+ - may | =f4+y. AIP — LAS — 5 r+ gti pm f, 
(18.9) 


Thus we have proved that the function ¢(P) given by (18.8) is a solution of 
the integral equation (18.3). 

The uniqueness of the bounded solution subject to the condition |A| M < 1 
is easily proved. For, assuming that the integral equation (18.3) is satisfied 
by ¢, we apply to both sides the operator 


E + J, #4, 
k=1 
which is taken to have the meaning that 


(z + 2 pæ)s=ss 
k=1 


4 A‘ AK, 


= 1 


We then obtain 
(z +> sa) [(E — 4A) ç] = (z +> mat) y. 
k=1 k=1 
Removing the brackets on the left-hand side, we find 


(z+ X Pe) E- 1A) 9 = 9 +S pdp — tay 5 AN Att! @ =g. 
k=1 k=1 k=1 
(18.10) 
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Hence 


p = (z + = aa) Í. 


Consequently the solution must be expressed by formula (18.8) and is 
unique. 
If we introduce the notation 


B = E — 24, 
then the operator 


% 
E+ D AK AX 
k=1 
will naturally be denoted by B~!. The equations (18.9), (18.10) then take the 


form 
BBUf=f (18.11) 


BBf=f (18.12) 
where fis any measurable bounded function. These formulae serve to justify 


our notation. 


§ 3. Volterra Equations 


In certain particular cases it may happen that the series (18.8) converges 
over the whole plane of the complex variable 7. We examine a case of this 
sort. 

Let the domain D of a single variable be the ray x > 0, 


let g(x) = al K(x, y) p(y) dy + f(x). 


0 


and suppose that the kernel K(x, y) has the property that 
K(x,y)=0 if y>x, 
and that it is bounded, 
|K(x, »)| S M. 


Then the equation will take the form 


p(x) = a| K(x, y) py) dy + f(x). 


0 


Equations of this type are known as Volterra Equations. 
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Assuming as before that the function f is bounded (less than the con- 
stant L) and is measurable, we can estimate the magnitude of A*f. We have: 



































i à Mx 
|4f| = | K(x, y) f(y) dy s| LM dy = L 7 
0 [0] 
z x 2.2 
arl- f xen ane] s fe AB ay = 1 
0 o l 1.2 
2 x 2.52 3.3 
|a| = | KDA dalash we“ dy = 1 MO 
0 o 1.2 1.2.3 
M*x* 
k < 
AEL T 


Consequently, any term of the series (18.8) 
J+ Af + PAFS A o t FAS 
does not exceed in absolute magnitude the corresponding term of the series 
AMx A? M?x? AKM*Ex* 


+ L———— + + + L, 
2! k! 


L+L 





which converges over the whole /-plane. It follows that the series (18.8) for 
any fixed x converges uniformly in any finite circle of the A-plane and is a 
completely analytic function of 4. For a fixed A it converges uniformly on 
any finite interval of values of x, and this implies, as before, that it is the 
unique solution of the integral equation considered. 


§ 4. Equations with Degenerate Kernel 


We consider one more particular class of integral equations, for which 
the theory is easily constructed. The results obtained turn out to be valid also 
in more general cases. We shall examine the integral equation (18.3) when its 
kernel has the special form 


N 
K(P, P;) =L pi(P) y (P1). (18.13) 


A kernel of this form, (18.13), is said to be degenerate. 

Let us say that the system of functions g,(P), ¢2(P), ..., pn(P) is linearly 
independent if there are no constants «,, #2, ...,%, which are not simultan- 
eously zero such that the linear combination 


aıpı(P) + a292(P) + ++ + aypy(P) 
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is equivalent to zero (see p. 237 for the meaning of “equivalent’’). We can 
regard the system of functions ~,(P), 92(P), ..., ¢n(P) and also the system 
w(P), p2(P), ...,Pnx(P) as being linearly independent in the domain D, for 
otherwise one or more of these functions could be expressed as a linear 
combination of the remainder and we should be led to a kernel of the sanie 
form but with a smaller number of terms. 

Unless some special proviso is made, we shall in future regard the func- 
tions G1, -PN Y15-++s Yn as being bounded and having only isolated dis- 
continuities on a finite number of smooth surfaces. 

The equation (18.3) for a degenerate kernel takes the form 


(P) = ay, wi?) | y(P1) p(P1) dP; + AP) (18.14) 


and consequently the difference (P) — f(P) must be a linear combination of 

the functions 9,(P), ] = 1,2, ..., N, with constant coefficients. Putting 
N 

@(P) — f(P) = à} a.,(P) and substituting this expression in (18.14), we 
k=1 


get 


2 pP) = Ayo) | | X aneo} y (P) dP, 


F Za PP) AP) dP. 


Since the functions ,(P) are linearly independent, the coefficients of the 
same functions must be the same on both sides of this equation, and so we 
obtain the system of equations 


N 
a, Ay aM py =f l= b; Zis eee N, (18.15) 
k=1 
where 
My -f ~(P1) y (P) dP; (18.16) 
D 
ae | SP.) vlP,) dP. (18.17) 
D 


The system (18.15) is equipollent with the integral equation (18.14). We 
denote the matrix of the system (18.15) by M(A): 


l— mi? =Ma? mya 
— Må 1 — Ma œ — Mayh 


M(a) = 


— my,4 — My24 ©- l — myyd 
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The solubility of our system depends on the determinant det M = |M(A)| 
of this matrix. Clearly there are two cases: 


I. det M # 0, 
II. det M = 0. 


In case I we have the following theorem: 

THEOREM 3. The system (18.15) for values of A for which det M #0 
is uniquely soluble for any fı, and the equation (18.14) is soluble for any 
function f. 

In particular, the equation 


oP) = 2 | K(P, P:) (P1) dP, (18.18) 
D 

which we called the homogeneous equation corresponding to (18.3), will in 

this case have only a trivial solution. 

The first assertion of this theorem is proved in the algebra text-books; 
and the second assertion follows immediately from the first. 

In case II, for values of A for which det M = 0, the system (18.15) is 
not soluble for all f,, and consequently the equation (18.3) is not soluble for 
all functions f. 

In this case the system of homogeneous equations 


N 
ay — AY mye, = 0 l= l, 2,...,N (18.19) 
k=1 


has N — q linearly independent solutions, where q is the rank of the matrix 
M(A). Let these solutions be aS, aS, ...,0, s = 1,2, ..., N— q. The 
equation (18.18) will obviously also have exactly N — q linearly independent 
solutions. 

As is well-known, when their determinant is zero, a system of inhomo- 
geneous equations may have no solution. We recall some of the necessary 
and sufficient conditions for the solubility of the system (18.15). 

By virtue of the condition det M = 0 the left-hand members of (18.15) 
are not independent; a linear combination of them can be formed which 
will vanish identically. For, if we multiply the equations of (18.15) by f, and 


add, we get 
N N N N N N 
» xpi — A > Make, = > OB, — A 2 MXP 
i=1 t=1 k=1 k=1 k=1 l=1 


oe Ps = 15, mab => Sib 


The f, can be chosen so that 


N 
Be = AS maß = 0, k= 1,2, 20,N. (18.20) 
i=1 
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The determinant of the system of equations (18.20) is equal to det M = 0. It 
is proved in the theory of algebraic equations that the number of linearly 
independent solutions of (18.20) is again equal to N — q. Let these solutions 
be pP, BP, ..., BR, S = 1,2, ..., (Vg) 

A necessary condition for the equations (18.15) to be soluble is that 


N 
La M=0, s=1,2,..,(N- 4), (18.21) 
=1 


and it is proved in the theory of algebraic equations that this condition is 
also sufficient. 

Just as the system of equations (18.15) corresponds to the equation (18.3), 
and the system (18.19) to the equation (18.18), so a correspondence can be 
established between the system (18.20) and the equation 


w(P,) = aÍ K(P, P,) y(P) dP (18.22) 


D 


which we shall call the homogeneous equation allied to the equation (18.18). 
Substituting the expression for the kernel K(P, P,) and repeating exactly the 
previous argument, we can show that the solution of the equation (18.22) 
must have the form 


pO(P,) = D Br vi(P,). (18.23) 


where the f® are numbers satisfying (18.20). Hence the following theorem. 

THEOREM 4. The homogeneous equation (18.18) and the equation (18.22) 
allied with it have the same number of linearly independent solutions. This 
numberr = N — q, where q is the rank of the matrix M(A), and N is the number 
of terms in the degenerate kernel (18.13). 

We emphasize that the homogeneous equations (18.18) and (18.22) have 
a non-trivial solution only for those values of A for which the determinant 
of the matrix M(/) vanishes. These values of 4 are called eigenvalues or 
characteristic values for the equation. The number of linearly independent 
solutions r = N — q corresponding to a given characteristic value is called 
its rank. 

If we substitute the expression for f, in the equation (18.21) we get 


| AP)Y. By(P) dP = 0 (18.24) 
or 


| f(P) p(P) dP = 0, s= 1,2, ..., (N — q). (18.25) 


It is clear that (18.21) and (18.25) are equipollent. 
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We shall say that two functions are orthogonal if the integral of their pro- 
duct over the domain D is equal to zero. 

We have thus proved the following theorem: 

THEOREM 5. The necessary and sufficient condition for the equations (18.14) 
to be soluble in case I, i.e., when det M = 0, is that its free member f should be 
orthogonal to all solutions of the allied homogeneous equation. 

It is clear that in this case the general solution of the equation (18.14) 
takes the form 


N-a 
pP) = GP) + È CP), (18.26) 


where g°(P) is some particular solution, 


and g(P),s =1,2,...,(N—4q), are particular solutions of the homo- 
geneous equation (18.18). 


The conditions (18.25) are independent of one another, for we can show 
that if a, is a set of (N — q) arbitrary numbers, then a function f(P) can be 
found such that 


| SP) p(P) dP =a, s=1,2,...,(N — q). (18.25’) 


We first prove that for any given set of numbers f, a function f(P) can be 
found for which the equations (18.17) are satisfied. 
We shall seek the function f(P) in the form 


N 


KP) = > vipP). 


i=1 


We multiply this equation by y, and integrate over the domain D. We obtain 
a system of equations for the y;: 


N 
fi ae yı | pP) v(P) dP, 1=1,2,...,.N, 
=1 


which are soluble since their determinant is the Gram determinant for the 


t Translator’s note. For N functions Y1, Y2, .-., Yy, the determinant with fo yp d 
as the element of its ith row and jth column is known as the Gramian or Gram determinant. 
This determinant is zero if and only if the functions y, are linearly independent in 2, 
provided suitable restrictions are imposed on the functions y,: 


e.g., if Q is a bounded, closed set, that 

(a) each y; be continuous, and 

(b) each y; be measurable, and |y,| be summable. 
See p. 243 for the meaning of ‘linearly dependent’. 


EMP 9 
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system of linearly independent functions y; and is therefore positive. Thus 
the solubility of the system (18.25’) will be proved if we show that the system 


N 
S fi. BP =a, s=1,2,....(N-9) (18.21’) 
t=1 


is soluble. The latter system is soluble, since, due to the linear independence 
of the system of numbers f°, BS, ...,8@ (s = 1,2, ..., N— q), the 
rank of the matrix || || of the system of equations (18.21’) is equal to 
(N — q), i.e., to the number of equations, and consequently the rank of the 
principal matrix of the system is equal to the rank of the augmented matrix. 

Remark. Theorem 3 follows essentially from Theorems 4 and 5. For, if the 
number of linearly independent solutions of the associated equation and of 
the corresponding homogeneous equation is zero (the number of solutions of 
these two equations is always the same), then the conditions for orthogonal- 
ity drop out, and the inhomogeneous equation will be uniquely soluble. 

Up to now, in considering equations with degenerate kernels, we have 
assumed that the functions g,(P) and y (P) do not contain the parameter /. 
Let us now suppose that the functions y,(P) and y,(P) do depend on the 
complex parameter / and that they are analytic over the domain of variation 
of this parameter. Then the determinant of M will also be an analytic func- 
tion of Zin this domain $2. Then inside 9, the secoud case, i.e.det M = 0, 
can occur only at isolated points, since det M, as an analytic function, can 
have only isolated zeros. This result can be expressed as a theorem, 

THEOREM 6. If inan equation with a degenerate kernel the functions of which 
the kernel is composed are analytic functions of the parameter 2 in a certain 
domain of the 4-plane, and if the equation is soluble uniquely with any right- 
hand side (even if only for one 2), then the second case (det M = 0) can 
occur only at isolated points of domain S.. 

As we shall see, Theorems 3, 4, 5 and 6 hold good not only for equa- 
tions with degenerate kernels but also for more general equations. In the 
more general case they are known respectively as Fredholm’s first, second, 
third and fourth theorems. 


§ 5. A Kernel of Special Type. Fredholm’s Theorems 





Having discussed the solution of integral equations withinacircle|A|<1/M 
and also the solution of equations with degenerate kernels, we now pass on 
to the analysis of a more general case. Suppose that the kernel of equation 
(18.3) has the form 


K(P, P,) = © uP) E(P,) + Ki(P, Pi) (18.27) 
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where 

| |K,(P, P )| dP; < M (18.28) 
and i 


| |K (P, P,)|dP < M. (18.29) 
D 
Then equation (18.3) takes the form 


D 


(P) — 1 | KP, P,) (P,) dP, 


= 4Y xP) | £(P,) o(P,) dP, + AP) (18.30) 


We shall consider equation (18.27) for values of A satisfying the condition 
|A| < 1/M (M now has a meaning different from that in § 2). We again 
introduce a symbolic notation 


oP) — 3 | KE POPEL (E — 14,9 = Bin 


D 


X(P) + > A Aïy = Bry. 
k=1 


We also use the corresponding notation for the associated equation 
MPI) ~ 2] KP, P) y(P) dP = (E — 147W = Btv. 
It is easily verified that, if we put 
BY-12(P,) = &(P,) +) BAPEP,). 


then, similar to (18.11) and (18.12), 
BY BY-*E(Py) = &(P,), Br Bi y(Pi) = y(P)). 


We shall also use the formulae 


| [B,9(P)] y(P) dP = | PCP) [BE y(P)] dP (18.31) 


D 


| [Br4y(P)|e(P) dP = | 1P) [BEEP] dP. (18.32) 


D 
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These are easily proved. We have 


| y(P)LA,@(P)] dP = | ZOR | K(P, P,) (P;) ap dP 
-Í v(P.)| | K(P, P,) v(P) aP} dP, 


-Í p(P1) [AT Y(P,)] dP;. 
D 
Hence we immediately obtain 


| pE {IE = tilp) dP = | p(P) {LE — 2AF\p} dP. 


D 


The formula (18.32) is proved in the same way. 
Using this notation (18.30) may be written in the form 


Beas xP) | E(P,) (PD dP, + f(P). (18.33) 


We introduce a new unknown function by putting B,¢(P) = 7(P), whence 
g(P) = Bi! y(P). Substituting this expression in the equation (18.30) and 
using (18.32), we get 


XCP) Ay nl) | £(P,) (Br 'y(P)] dP, + AP) 


Za] [Bt-15(P,)] (Pi) dP, + f(P). (18.34) 


Thus the equation (18.30) has gone over into an equation with degenerate 
kernel (18.34) for the new unknown function y(P) and having the same free 
term, and the solution g(P) of equation (18.30) has gone over into the solu- 
tion y(P) of equation (18.34). Conversely, if 7(P) is a solution of (18.34), 
then the function ¢(P) = B;' x(P) will be a solution of equation (18.30). 
To prove this, it is sufficient to substitute for y(P) in (18.34) its expression 
x(P) = Bip(P). 

We shall show that Theorems 3, 4, 5, 6, which, by what has already been 
proved, hold good for the new integral equation as regards y(P), will also 
hold for the original equation (18.30) if |A| < 1/M. 

We set up the associated homogeneous equation for (18.34): 


y(P,) — 1. BE-*E (Py) | LCP) y(P) dP =0 (18.35) 
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and denote its left-hand side by w(P,). The function w{P,) vanishes if and 
only if 
Bi o(P,) = 0. (18.36) 


This implies that the equation (18.35) has just the same solutions as the 
equation (18.36) has. But 


BY o(P;) 


BY y(P,) — 25 BEBE E(P,) | yi P) (P) dP 


Bry(P1) — Dy Xı(P) y(P) dP, 


and consequently (18.36) is the associated homogeneous equation for (18.30). 
Thus the associated homogeneous equation for (18.34) and the associated 
homogeneous equation for (18.30) are equipollent. 

Using the theory which we have developed we can establish all the Fred- 
holm theorems for the original equation. 
Fredholm’s Second Theorem. The number q of linearly independent solutions 
of the homogeneous equation corresponding to equation (18.30) is the same as 
the number of linearly independent solutions of the equation (18.36) associated 
with it. 

tis sufficient to show that the number of linearly independent solutions 

is the same for the homogeneous equation corresponding to (18.34) and for 
(18.36), which are equivalent to the equations under consideration. But the 
number of such solutions for the homogeneous equation corresponding to 
(18.34) and for (18.35) is the same by virtue of Theorem 4, which we have 
proved for an equation with a degenerate kernel. Hence the theorem. 
Fredholm’s Third Theorem. The necessary and sufficient condition for the equa- 
tion (18.30) to be soluble is that its free member should be orthogonal to all 
solutions of the associated homogeneous equation (18.36): 


| SP) yp(P)dP =0, i= 1,2, ...,q. (18.37) 
D 


We remark that the solutions y,(P) of the equation (18.36) are solutions 
of equation (18.35), and the free members of (18.30) and (18.34) are the same. 
Hence, by Theorem 5 which has been established for an equation with a 
degenerate kernel, the conditions (18.37) are necessary and sufficient con- 
ditions for the solubility of (18.34). But equation (18.30) is soluble if (18.34) 
is soluble, and vice versa. Hence the conditions (18.37) are also necessary 
and sufficient conditions for the solubility of (18.30). Hence the theorem. 
Fredholm’s First Theorem. If the equation (18.30) is soluble for any function 
JSC) on its right-hand side, then the solution is unique, and this implies that the 
corresponding homogeneous equation has only a trivial solution. Conversely, 
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if the homogeneous equation has only a trivial solution, then the equation is 
uniquely soluble for any function f(P). 

As mentioned earlier, this theoremisa corollary of Fredholm’s second and 
third theorems. 

Our previous Theorem 6 can now be formulated extremely simply in the 
present case: 

Fredholm’s Fourth Theorem. The characteristic values of 4 have no limit- 
points inside the circle |A| < 1/M. 

The proof follows from the fact that å = 0 will not be a characteristic 
value for (18.30), since for this value of A there will be no other solutions than 
y(P) = f(P). By Theorem 6 for equations with degenerate kernels, the 
characteristic values for equation (18.34), and hence also for equation (18.30), 
cannot have limit-points inside the circle |A| < 1/M, where the functions 
which compose the kernel are regular. Hence the theorem. 

We have proved Fredholm’s four theorems for integral equations whose 
kernel can be expressed in the form (18.27). The kernels encountered in 
applications of the theory can often be approximated to by a sum of the form 


È m(P) (Ps) 


with any degree of accuracy, in the sense that the number M, the upper bound 
of the integrals 


| |K,(P, P,)| dP, and | |Ki(P, P,)| dP 
D D 


can be as small as we please. 

For kernels of this type all the Fredholm theorems are valid in a circle 
of arbitrarily large radius, and the unique limit-point for the characteristic 
values of A can be taken to be at infinity. 

We shall prove that this will be so if, for example, the following conditions 
are fulfilled (as is often the case in applications of the theory): 


(1) The domain D is a certain n-dimensional manifold in a certain k-dimen- 
sional cube §2,: 


(or a continuous l-1 mapping between D and such a manifold can be 
set up); 


(2) the kernel K(P, P,) isa function which is continuous in a 21-dimensional 
manifold and which can be continuously continued in the 2k-dimensional 
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cube S02: 


© 
IA 


x sl, i=1,2,...,k 


© 
IA 
IA 
ll 
m 
a 


Yi 


where x; denotes the coordinates of the point P in the cube 2, and y; the 
coordinates of the point P, in the same cube. 

It is clear that both these conditions will be satisfied if, for example, the 
domain D is a surface in three-dimensional space and the function K(P, P;) 
is continuous for variation of P and P, over this surface. 

We now pass on to the proof of our assertion. 

By a well-known theorem due to Weierstrass on the approximation of 
continuous functions by means of polynomials, it is always possible to 
represent a function K(P, P;,) which is continuous in the closed 2k-dimen- 
sional cube by means of polynomials in 2k variables to any specified degree of 


approximation. But polynomialsin x;, i = 1,2, ..., kand y;, i = 1,2, ...,k, 
can always be put into the form of a sum of products of functions which 
depend only on x,,X2,...,X, by functions which depend only on y1 , Y2, .--Vx; 


as was to be proved. 

It is clear from the very method of constructing the solution of the Fred- 
holm equation in our case that this solution will be an analytic function of 
the parameter 2 over the whole plane, with the exception of the singular 
points, which are the characteristic values of 2 and which are isolated points. 


§ 6. Generalization of the Results 


In order to obtain the results set forth in §5 of this lecture, it is not 
necessary to require that the kernel K,(P, P,) shall satisfy both the conditions 
(18.28) and (18.29). It is sufficient if just one of them, say the first, is satisfied. 
We shall suppose that (18.28) is satisfied, but we make no stipulation about 
the integral 


| |Ki(P, P,)| dP. 
D 
We put 
MP1) = Aty = | K(P, P,) y(P) dP. 
D 


We shall prove the following fundamental property of the operator A*: 
if the function y(P) is summable, then the function y(P;) is also summable 
and 


| [Pd] dP, < “| |p(P)| dP. (18.38) 
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To prove this we consider the function of 2n variables K,(P, P,) y(P). 
This function is measurable, since it is the product of two measurable func- 
tions. Moreover, it is summable as a function of 2n variables. For, the in- 
equality 


bæld | KAP, polars} dP < mÍ Iy(P)| aP 


clearly holds. The repeated integral on the left-hand side evidently exists. 
Hence, by the Remark made after the Lebesgue-Fubini theorem (Lecture 6, 
§ 8, p. 123), the double integral 


{{ |y(P) K(P, Pi) dP dP, 
DD 
exists, and consequently so does the double integral 
{| y(P) K,(P, Pı) dP dP, 
DD 


and moreover the order of integration may be changed. This implies that both 
sides of the inequality 


| i K,(P, P,) y(P) apt dP, < | [f xP, PD yP] aP) dP, 


are meaningful and the inequality is valid. But 


| [f |Ki(P, Pi) var} dP, = | irl | K.P, Polar} dP, 


~ 
D 








which, together with (18.28) immediately gives (18.38). 

THEOREM 6. If the sequence y, converges in the mean to a finction wo, i.e., 
if the integral fp \Yo —y,| dP converges to zero, then the sequence A* yp con- 
verges in the mean to A* wo. 

For, 


| |A* Wo = A*y,| dP =| |A* (yo -= wx)| dP S M | [wo 7 val dP, 
5 D 


D 
from which our assertion follows. 


œo 
In particular, if the series v = } u, is convergent in the mean, then 
00 k=1 
A*v = ) A*u, and the series on the right converges in the mean. 
k=1 
Consider the integral equation 


Bry = (E — 2A*ř)y =x (18.39) 
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associated with equation (18.3). Just as we found a solution of (18.3), we can 
obtain a solution of this equation in the form of a series 


y = BY ty = y + AA*% + WARY + = + ARAB Foo. (18.40) 
x X 


We shall prove that the formula (18.40) really does give the solution of 
(18.39) within the circle |A| < 1/M. 

We show first that the series on the right-hand side of (18.40) converges. 
Applying the inequality (18.38) successively gives 


| tdlar sm] xar, f jalt?x ar s me | izl dP as 
D D D D 


| Jarier < m f Iz|aP, .... 
D D 








Hence 
m+p m+p m+ 
| 2 raty as] l l zl} aP = =L ef |A**y| dP 
p |k=m D k=m 








m+p 
< (> jak we) | |z| dP. 
k=m D 


In the circle |A| < 1/M we have 


oH AKA*k y| dP < Ara i“ |z| dP. 
D k=m — |A| M D 








For a sufficiently large m the right-hand side of this inequality can be made 
less than any previously specified number. Consequently, by the theorem on 
convergence in the mean (Lecture 6, Theorem 23), the series (18.40) con- 
verges in the mean, and its sum, denoted by B*~'y, is a summable function 
of the variable point P,. 

We next prove the identities 


B* B*'E = £, (18.41) 
Bt Bty = y. (18.42) 
We have 
Bt! Bry = (y — AA*p) + AA*(p — AA*y) + VPA**(p — AAP) $e 
+ AA* (wy — AAP yp) +- = y. 


Further, using Theorem 6 and the convergence in the mean of the series, 
we get 
E+ AA*E + MABE toe + MABE + 


EMP 9a 
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we find 
(E — 2A*) (£ + AA*E + MABE + et AKAPRKE + vee) = E, 


whence 
B*B* E = £, 


The last identity expresses the fact that the function B*~'y is a solution of 
equation (18.39). The identity (18.42) shows that B*~* y is the unique solution, 
for from (18.39), on applying to both sides the operator B*~1, we get 
y= Bey. 

The remaining considerations for equations whose kernel satisfies only 
the one condition (18.28) are the same as those adduced in § 5. 


§ 7. Equations with Unbounded Kernels of a Special Form 


We consider a kernel K(P, P,) where the points P, P, belong to a bounded 
domain D, and let r be the distance between the points P and P,. We suppose 
that the kernel K(P, P,) is continuous everywhere over the aggregate of 
points P, P, for which r # 0, and that when r > 0 the kernel may tend to 
infinity but will satisfy the inequality 


|K(P, P;)| < + 


over the whole domain D, where 0 < a < n, n being the dimensionality of 
the space. 

We shall prove that for a kernel of this type all our conditions are satisfied 
and that in this case the kernel K(P, P,) can be put into the form (18.27), 
the constant M in the inequalities (18.28) and (18.29) being as small as we 


please. 


We consider the function 





A 


K*(P, P,) = min xe. P), 7 


where ô is a given positive number. 
We shall estimate the integral 


| |K(P, P,) — K*(P, P,)| dP,- 
D 


The difference K(P, P,) — K*(P, P;) can be different from zero only in the 
domain r < ô, for at all other points K(P, P;) < A/6* and this implies that 
K*(P, P,) = K(P, P,). The function K(P, P;) — K*(P, Pi) is everywhere 
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non-negative and for r < ô it satisfies the inequality 





l 1 
0 < K(P, Pi) - Kee, P) S 4(— - x) 
r 
Hence we get 


| KP, P) — KCB, Po) aP, = | [K(P, Pı) — K*(P, P,)] dP, 


sal ee ee 
rsa 2 


for any given e, provided only that ô is sufficiently small. 

The function K*(P, P,), being the minimum of two continuous functions, 
is continuous for r Æ 0. In the neighbourhood of the surface r = 0 it is a 
constant, A/6*, and consequently it is also continuous there. Thus, from 
§ 5, this function can be put into the form 


N 
K*(P, Pi) = 2 pı(P) y (Pı) + K2(P, Pi), 
i=1 
where 


f |K.(P, P| dP, < = 
D 2 
Consequently, 


K(P, P,) = Y oP) y(P1) + KAP, Pi) + [K(P, P,) — K*(P, P,)). 


i=1 
Putting 
Ki(P, P.) = K,(P, P,) T [K(P, P,) g K*(P, P,)); 


we shall have 


| |Ki(P, P:)| dP, | |Ko(P, P,)| dP, +{ |K(P, P:) — K*(P, P,)|dP, 
D D D 


IA 
n]a 


E 
— =E. 
2 

Thus for kernels of the type considered, Fredholm’s theorems are valid over 
the whole plane of the complex parametcr A, just as they were for continuous 
kernels: and this is what we had to show. 

Remark. It follows from the inequalities that have been established that the 
operators of the form considered in this section carry any bounded, sum- 
mable function over into some continuous function. 


LECTURE 19 


APPLICATION OF THE THEORY 
OF FREDHOLM EQUATIONS 
TO THE SOLUTION OF THE DIRICHLET 
AND NEUMANN PROBLEMS 


§ 1. Derivation of the Properties of Integral Equations 


The theory which we have developed for Fredholm equations enables us 
to proceed to animmediate solution of the Dirichlet and Neumann problems, 
which we earlier reduced to the problem of finding solutions of certain 
integral equations. We begin with a few auxiliary propositions. 

We shall always suppose in future that any surface S is either smooth in 
the Lyapunov sense or satisfies the conditions of § 4 of Lecture 15. 

LEMMA 1. Let the surface S satisfy the conditions of § 4 of Lecture 15, 
let x(S) be a continuous function, and let the potential 


-f x(S) dS (19.1) 


F 


of the single layer have an external normal derivative [0v/ôn]e which is identi- 
cally zero on S. 

Then the density v(S) is identically zero. 

Proof. The potential of the single layer is a harmonic function outside the 
surface S and tends to zero at infinity like 1/r. Its normal derivative from 
outside Sis zero on S. In accordance with the definition in § 4 of Lecture 15 
and by Remark 3 in §3 of that lecture, this normal derivative will, under 
the conditions of this lemma, be regular. 

By virtue of the Remark appended to the theorem on uniqueness of solu- 
tion of the Neumann problem (Lecture 16, § 1, Theorem 2), the potential 
under consideration coincides outside the domain bounded by S with the 
trivial solution of the Neumann problem, i.e., it is identically zero. 

The potential of a single layer is a function which is continuous through- 
out space. Consequently its limit value from within the domain is also zero. 
We now apply the uniqueness theorem for the internal Dirichlet problem. 
The potential under consideration is a harmonic function inside S. Its limit 
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value on the surface is zero. Consequently it is identically zero. Hence the 
limit valuc of its normal derivative from inside S is also zero. 
Using the fact that 


Ov Ov 
S| — [$] = 4nv(S) (19.2) 


and noting that the normal derivative has zero as its limit value both from 
inside and from outside S, we see that the density »(S) is zero, as was to be 
proved. 

If the limit value of [dv/0n], on Sis zero, then by the theorem on the uni- 
queness of solution of the Neumann problem, the function v is a constant 
inside S. 

LEMMA 2. If x(S) satisfies the same conditions as in Lemma 1, and if 


Ea = 0 andif v =0. 
On |i 


then the density is identically zero. 

The proof is almost the same as for Lemma 1. The potential v is a con- 
tinuous function, and this implies ve = 0. From the uniqueness of solution 
of the external Dirichlet problem it follows that v is identically zero outside 
Stoo. But then formula (19.2) gives x(S) = 0, as was to be shown. 
Remark. In proving Lemma 1 and 2 we have used the Remark appended to 
the uniqueness theorem (Lecture 16, §1, Theorem 2). It would also be 
possible to weaken the conditions regarding S and treat it as a Lyapunov 
surface; we should then use Theorem 6 of Lecture 15, the identity f} = 0, 
equation (16.4), the Corollary to Theorem 5 of Lecture 15 and Theorem 2 
of Lecture 16. 

Lemmas | and 2 enable us to proceed immediately to the investigation 
of the Fredholm equations for the Dirichlet and Neumann problems, which 
we derived in Lecture 16. We obtained the equations: 


for the internal Dirichlet problem: 
MSO + || KS, 8) M9) AS = So); (19.3) 
for the external Neumann problem: 
v(So) + i K(S, So) »(S) dS = y(So); (19.4) 
s 
for the external Dirichlet problem: 


H(So) — | | K(So, S) a(S) dS = (S0); (19.5) 
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for the internal Neumann problem: 





(So) — {| K(S, So) ¥(S) dS = (S). (19.6) 
S 
The kernel K(So, S) has the form 
K(So, S) = l ‘ cos (n, 1) (19.7) 
27 r? 
By (15.6) we have 
KE EA 
r 


Consequently the kernel K(So, S) is one of the bounded kernels of the 
special type considered in Lecture 18, since here we have, using the notation 
of the previous lecture (see § 7, Lecture 18), 


n=2, @e=2-d<n". 


Thus for these equations all the Fredholm theorems are valid. 

The results obtained in Lecture 18 were for integral equations in which 
the domain of integration D was a plane. Nevertheless the results there 
obtained are applicable in the present case, because a Lyapunov surface may 
be divided into a finite number of pieces and we can then pass from integra- 
tion over any piece of the surface to integration over that plane domain into 
which this piece projects, on a tangent plane to the piece at some point Q. 
In this process, by the third inequality of (15.5’), we can suppose that the 
function under the integral sign is multiplied by a quantity 


ee ee A 


cos (Ng, n) 


where ng is the inward normal at the point Q, 
and n isthe direction of the normal at the current point of integration. 


§ 2. Investigation of the Equations 


THEOREM |. Equations (19.3) and (19.4) always have unique solutions. 
Proof. Suppose that the integral equation 


(So) + | K(S, So) »(S) dS = 0 (19.8) 
è S 
has a bounded solution »(S). By the property of the integral operator with 
kernel K(S, So) mentioned at the end of §7, Lecture 18, the second term 
in (19.8) is continuous, and consequently the first term is also continuous. 
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The potential of a single layer 


»=f US) as 


r 


with a continuous density »(S) has a regular normal derivative, as we saw 
in § 4 of Lecture 15. The limit values of the normal derivative of this potential 
are expressed (as we saw in Theorem 2 of Lecture 15) by a density of the form 


27 [s + {| K(S, So) x(S) as! 


and by equation (19.8) this is zero. By Lemma 1 from the previous section, 
v(S) = 0, and so the homogeneous equation corresponding to (19.4) does 
not have a non-trivial solution. 

By the first Fredholm theorem it then follows that the associated homo- 
geneous equation, obtained by putting œ = 0 in (19.3), also has no non- 
trivial solution. Further, by the same Fredholm theorem, it follows that 
each of the equations (19.3) and (19.4) will have a determinate, unique, and 
bounded solution when any bounded functions stand on their right-hand 
side. Hence we can obtain the solutions of these equations and thus the solu- 
tions of the internal Dirichlet problem and the external Neumann problem. 
(See p. 220.) ? 

Passing on to the solution of the external Dirichlet problem and the interna 
Neumann problem, we prove the following theorem. 

THEOREM 2. Each of the equations 


(So) | | K(So, S) (S) dS = 0 
j (19.9) 
ie | | K(S, So) x(S) dS = 0 


has one and only one principal function. 

We first note that the two equations (19.9) are associated, and consequent- 
ly they have the same number of linearly independent solutions. 

For the first of the equations (19.9) we can take unity as such a principal 
solution. For, the potential of a double layer 


o 1 
v= |) (5) mas 


with u = 1 gives the size of the solid angle subtended by the surface S, and 
consequently its value from the outside is zero. 

But the left-hand side of the first of the equations (19.9) is precisely the 
limit value of the potential of a double layer from the outside, and therefore 
u = 1 must make the left-hand side vanish. Consequently the number of 
principal functions for each of the equations (19.9) is not less than one. 
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We now show that neither of the equations (19.9) can have two linearly 
independent solutions. 

Repeating exactly the same argument as was used to prove the continuity 
of the function »(.S) in Theorem 1, and using Theorem 6 of Lecture 15, we 
can show that all solutions of the second of the equations (19.9) satisfy the 
condition (15.13). 

If there were two principal functions »,(S) and »,(S), then both the 


potentials 
v = ji PS) 5 and v, -[f 75) as 
. S r S r 


would be harmonic functions within the domain bounded by S and would 
have within this domain first-order derivatives continuous right up to the 
boundary. Moreover, the limit values[6v,/0n,],and [6v,/0n), for bothfunctions 
would be zero; and by the theorem on uniqueness of solution of the Neumann 
problem both these functions could only be constants. Replacing»;,i = 1,2 by 
a, vı where g;, i = 1, 2, are constant multipliers, we can make both potentials 
v, and v, equal to unity within the domain. Let us suppose that thts has been 
done. Then the potential 


i= | | 4 ty,(S) — ¥4(8)] ds 
sr 


with the density »,(S) — v (S) would be equal to zero inside S. The limit 
value v; would then also be zero. And by Lemma 2, the density »,(S) — v2(S) 
must also be zero, and this proves our theorem. 

We have proved the existence of an eigenfunction vo(S) for the second 
equation of (19.9). We may suppose that the value of the potential 


v = [| “Pas 
o Ore . 


within the domain §, bounded by the surface S is equal to unity. The func- 
tion v9(S) gives the corresponding distribution of electric charge on the sur- 
face of a conductor filling the domain Q, bounded by the surface S. The 
problem of finding the potential of a charged conductor is known as Robin’s 
problem, and the potential vo is called Robins potential. 

The internal Neumann problem consisted in finding a harmonic function 
such that 


a] = A(S). (19.10) 
ðn |; 


THEOREM 3. The necessary and sufficient condition that the internal Neu- 
mann problem should have a solution is that the right-hand side of (19.10), 
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i.e., the function f,(S), should satisfy the equation 
{| f.(S) dS = 0. (19.11) 
S 


That the condition is necessary follows from the fact that, if we apply 
Green’s formula (5.16) to u and 1 (both these functions are harmonic), then 


we get 3 
0 -|f Gras = || p(s) as 
s On s 


Its sufficiency follows because unity is the unique solution of the first 
of the equations (19.9) which is associated with (19.6). Hence, if the free 
member y(S) of the equation (19.6) is orthogonal to unity, then by Fred- 
holm’s theorem this equation is soluble. But y(S) differs from f,(S) only by 
a factor; consequently the condition (19.11) is necessary and sufficient for 
the solution of the equation (19.6), and, with it, for the solution of the inter- 
nal Neumann problem. 

We now pass on to the solution of the external Dirichlet problem. 

As we have seen, the integral equation (19.5) may have no solution, be- 
cause the corresponding homogeneous equation has a trivial solution, This 
might have been expected from the very beginning. The required harmonic 
function u which satisfies the condition 


lule = KS) (19.12) 


is unique, as we have seen. It will tend to zero at infinity, generally speaking, 
like A/r (see Theorem 1, Lecture 12), for example, and like the harmonic 
function 1/r which is equal to unity on the unit sphere. 

But we are trying to represent the function in the form of the potential 
ofa double layer, and this decreases like A/r?. Evidently such a representation 
may not be possible. So we now try to find a solution of the external Dirichlet 
problem in the form 


a 
u = — + u 
ro 
where a is an indeterminate constant, 
ro is the distance of the point (x, y, z) from the origin (chosen inside S), 
and wu, is the potential of a double layer 


Of 1 
+ [Coos 


The value of u, on the surface S will be 


luJs = KS) - | . 


Fo 
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The equation (19.5) therefore becomes 





PIE | | K(So, S) MCS) dS = (5p) + $ Bae (19.13) 


m | Fo 


We require that the free member of this equation shall be orthogonal to 
vo(S), the eigenfunction of the second of the equations (19.9). We get: 


{| P(So) Yo(So) dSo + mall ZoSo) dSo = 0. 
s 27 s To 


The integral in the second term is equal to unity by hypothesis, and we get 
en 2x [| (So) Vo(So) ASo- 
S 


Having determined the constant a in this way, we get from (19.13) a soluble 
equation. By solving it, we get at the same time the solution of the external 
Dirichlet problem. 


LECTURE 20 


GREEN’S FUNCTION 


1. The Differential Operator with One Independent Variable 


In many of the problems of mathematical physics which we have 
encountered, the unknown function was determined not merely by the re- 
quirement that it should satisfy a certain differential equation but, in addition, 
by the conditions on the boundaries of the domain in which the unknown 
function was defined. 

Most of such problems were concerned with the solution of equations of 
elliptical type. But there are also boundary-value problems for equations of 
other types; and it is useful to be able to find a solution of such an equation 
which will satisfy prescribed conditions on the boundary of the domain. In 
order to investigate in detail the most important properties of these boundary- 
value problems, we set ourselves the task of presenting these solutions in 
explicit form. 

We begin with a very simple case. We shall seek a solution of an ordinary 
differential equation of the second order 


Ly = p) y” + qx) y + r(x) y = f(x) (20.1) 


in the interval 0 < x < 1, the solution satisfying certain conditions on the 
boundaries x = Oand x = 1. 

We assume that the function p(x) is continuous, has second-order deriv- 
atives, and does not vanish, in the interval 0 < x < 1. Subsequently, in cer- 
tain cases, we shall remove the last condition on p(x). We assume that 
the function q(x) is continuous and has first-order derivatives, and that the 
function r(x) is continuous, in the same interval. 

Although, formally, this problem belongs to the theory of ordinary 
differential equations, we shall nevertheless examine it in detail. But we 
must first make one or two important preliminary observations. 

We set up the operator M adjoint with the operator L (see § 2, Lecture 5). 
This adjoint operator will have the form such that 


Mz = [p(x) z)” — [q(x) zl + r(x) z. (20.2) 
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The operators M and L are connected by the relation 


d dy d(pz) 
zLy — yMz = — — — y — + qyz}. 
PE dx (x Z dx á dx á 
Green’s formula in the interval [0, 1] for these two operators will have 
the form 


{PoYoZo — PoYoZo + (qo — po) YoZo} — {P1Y1Zı — Payizit (qı — pi) yazı} 


1 
+{ (zLy — yMz) dx = 0 (20.3) 


(0) 


where the suffixes 0 and | indicate that the values of the functions are to be 
taken for x = 0 and for x = 1 respectively; for example, 


Po = PO), yo = y0), zi = z(1). 


If the functions y and z are chosen so that the expressions in the curly 
brackets vanish, then (20.3) simplifies to 


1 
| (zLy — yMz) dx = 0. (20.4) 
0 


It may happen that the formula (20.4) holds good for any pair of functions y 
and z belonging to two families of functions {y} and {z}. We say that two 
such families are adjoint families. 

We shall examine some examples of adjoint families of functions for the 
operator L of (20.1). 

We consider families of functions y satisfying on the boundaries one of 
the two linear conditions: 


(I) Yo = 0, 
, (20.5) 
(11) Po¥o + Poyo = 0 
at the end x = 0, and similarly 
(I) Yı = 0, 
(20.6) 
(1) Piyvi + Piy = 0 


at the end x = 1, where fo and f, are given numbers. 
The first curly bracket in (20.3) may be written in the form 


—yo[PoZo + (Po — 4o + Bo) Zol + ZolPo¥o + Bool, 
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and the second similarly. Thus (20.3) becomes 


—yol(pz)’ + (Bo — 4) Zhe=0 + Zolpy’ + Boylx=o +] (zLy — yMz) dx 
0 


+ yil(pz)’ + (By — 9) zlx=ı — Zilpy’ + Biylx-1 = 0. (20.7) 


A number of simple results may be deduced from this expression. 

If the family {y} satisfies the first condition at the end x = 0, then in 
order that only the term outside the integral with x = 0 should vanish, we 
may take as the family {z} any family of functions which satisfy the condition 


(Ia) Zo = 0. 


If the family {y} satisfies the second condition at the end x = 0, then it is 
sufficient to impose on the family {z} the condition 


(IIa) PoZo + (Po — Go + Bo) Zo = 0. 


If the family {y} satisfies both conditions at x = 0, i.e., if yo = yo = 0, 
then no condition need be imposed on the family {z} at x = 0. Conversely, 
if no restrictions are put on the family {y}, then the functions {z} must 
satisfy the conditions Zọ = Zo = 0. 

The end x = 1 can be examined in exactly the same way, and the condi- 
tions which we have analysed will take the form: 


(D y, = 9, 

(11) Piyi + Payı = 0, 

(Ja) zi =O, 

(Ha) Pizi + (pi — 41 + Bi) 21 = 0. 


Theconditions(Ia) or(Ila)imposed at bothends of theintervalare sufficient 
to ensure that the family {z} shall be adjoint to the family {y} if the latter 
satisfy the conditions (I) or (II). These conditions will also be necessary if we 
take as the family {y} the set of all functions which satisfy the conditions (I) 
or (IÍ) at both ends of the interval and which have continuous derivatives up 
to the second order inclusive. We shall in what follows define the families {y} 
and {z} in precisely this way. 

The conditions (20.5) may for brevity be written in the form of the single 
condition 

[I%opy’ + Boy)x=0 = 0 (20.5’) 


and the conditions (20.6) as 
[@:py’ + Biya. = 9, (20.6’) 
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where %9,%,,/ 9,8, are certain numbers; and without loss of generality 
we may suppose that a, and «, are only equal either to 0 or 1. 
The adjoint conditions (Ia) and (IIa) at the end x = 0 take the form 


Bo PoZ0 + (%oPo — Xoqo + Po) Zo = 0 (20.57) 


and at the end x = 1 they become 
1 P1Zy + (% Pi — &ıqı + By) 2, = 0. (20.6) 


We might also consider conditions of a more general type to be imposed 
on the family {y}. These would connect the values of y and y’ at both ends 
of the interval. We shall not, however, bother to enumerate and classify such 
conditions, but merely indicate how they may be obtained. 

The bilinear form 


D(Yo, Yö Yı Y1; Zos Zo» 212 Z1) = PoYo2Z0 — PoYoZo + (Go — Po) YoZo 
— Pry i214 + P1971 — (qı — Pi) YıZ1> 


consisting of two sets of four variables, vanishes for arbitrary values of the 
variables of the one set if and only if all the variables of the other set are zero. 
If there are linear relations between the four variables of one set, say, 
Yo. Yo: Y1, Yı, then on expressing some of the variables in terms of the re- 
mainder, we can transform the given form into another form which is linear 
relative to y but which depends on a smaller number of variables. The condi- 
tion for the annihilation of this new form is that the coefficients of these 
remaining variables shall vanish. Thus, the sum of the number of conditions 
which are imposed on {y} and {z} is equal to four. 
Consider, for example, the equation 


Ly = y” + k'y =0. 
Here, p = 1,q = 0,r = k’. Let the conditions imposed on the family {y} be: 
Yo = Yi; Youn: 
In our theory ® will have the form 
D = yo(Zo — 21) + Yo Zo — 21) = 0. 
Consequently, the adjoint conditions will be: 


£ 
Zo = 21; Zo = Zi. 


§ 2. Adjoint Operators and Adjoint Families 


The concept ofadjoint families or of adjoint conditions relates not merely 
to ordinary differential equations of the second order. It can easily be carried 
over to the case when Lis a linear differential operator with partial derivatives 
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of any order. We have defined above the concept of the operator M adjoint 
to a given differential operator L. The integral formula (20.4), which we 
have already shown to be true for two adjoint operators, in our illustrative 
example, will form the basis of the general definition of adjoint operators. 
DEFINITION. The operator M is the adjoint of L, and the two families of 
functions {u} and {v}, defined in a domain §., are adjoint relative to L and M 

in this domain, if 
fo vLud = fo u Mv d& (20.8) 


Jor any functions u and v from the respective families. 
The conditions, by means of which the two families which are adjoint 
relative to the operators L and M are defined, are called the adjoint conditions. 
DEFINITION. An operator L is said to be self-adjoint if it coincides with its 
own adjoint, i.e., i 
Mu = Lu. 


Similarly, for any self-adjoint operator, a family of functions which coin- 
cide with their own adjoints is said to be self-adjoint . 

We shall examine a few more very simple examples. 

EXAMPLE 1. 


Ly = poy + piy®T? +> + Pay. 
We choose the family of functions {y} in the interval 0 S x < 1 so that 
Yo = Yo = e == ye» = 0. (20.9) 


It is easily seen that the adjoint operator will be 


n n=1 
Mz = (-1) d (poz) + (-1)"7! d (p12) + 
dx” dx”-: 





ape PZ. 


Noting that 











7 m d"y =| rs hme _ dọ d”-?y 


d'y 
+ (-1)" y — = 
dx” CD" y dx” dx dx"? dx dx”? 
d2 m-3 
pEr a ee 
dx? dx”? 
the indefinite integral 
f (zLy — xMz) dx 


can easily be obtained in closed form. Without working it out in full, we 
see that it will be expressed as a bilinear form in the derivatives 


-1 -1 
PI aa JTO Ee ae 


the coefficients being functions of the variable x. 
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By the conditions (20.9) this bilinear form will vanish for x = 0. To 
make it vanish also at x = 1, it is sufficient to put 


z =z = HZ Ma, (20.10) 
(These conditions are also necessary if no restriction is laid on the values of 


the function y and its derivatives at x = 1.) 
Under these conditions 


1 
f (zLy — yMz) dx = 0. 
0 


Thus the conditions (20.10) are adjoint with (20.9). 
EXAMPLE 2. We consider the operator 


Lu = V*u (20.11) 


and investigate a family of functions {u} which satisfy the condition 
E fg: ps =, (20.12) 


in a domain KQ, of the two variables x, y which is bounded by the curve, s, 
where 0u/0n is the derivative along the inward normal at a point of the bound- 
ary s, and du/ds is the derivative along the tangent taken in the positive sense 
of description of the curve s. Green’s formula gives: 


[f (uV? — vV2) dX -f G = was 
Q S On On 


Integrating by parts the term 


| pv oe ds, 
s ós 


and noting that the integrated terms drop out because of the periodicity 
of the functions f, u, v on the boundary, we obtain 


| (uV2v — vV7u) d8 
82 


Ou Ou Ov O(Bv) 
= v| — + «u + p-— th — — ds. 
IRI E P A E Ae ðs } 
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It is natural to say that the expression 


ou (28), 2 
É («- 3)» — 8 al 


is adjoint to (20.12) relative to the operator V°. 
The families adjoint relative to the operator V? will be: 
the family {u} satisfying the condition 


and the family {v} satisfying the condition 


du fs OP v — Ov = 
se + (2 3 f al m 


For two such families we have: 


j v Vu dQ aj] u V?v dX. 
& & 


EXAMPLE 3. If {u} is a family of functions not restricted by any conditions, 
then the adjoint family in the domain Q, relative to the Laplace operator 
will satisfy the two conditions 


This follows from the fact that the condition for adjointness, i.e., 
{| (uV72c — vV7u) dX =0 
i 


will be satisfied for an arbitrary choice of the function u only if the stated 
conditions are satisfied. 

These examples should have made the concepts of adjoint families and 
adjoint operators sufficiently clear. We pass on now to a more detailed ex- 
amination of the problem. 


§ 3. The Fundamental Lemma on the Integrals of Adjoint Equations 


We consider the following problem: 
To find the solution of the equation (20.1) satisfying the conditions, either 


[%opy’ + BoyYlx=0 = 4&0, 
(20.13) 
[æi py + Bivlenr = 4, 
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Or 
[xopy" + Bovlx=0 = 0, 


(20. 13’) 
[x py + Biyl=1 =0. 


Problems of a similar type are encountered, for example, if we have to find 
the equilibrium form for a string of variable density and variable tension, at 
the ends of which certain relations between the displacement and the com- 
ponent of the tension along the y-axis are to be satisfied. The variable tension 
could arise from the string being inclined to the horizontal, so that the weight 
of each element would affect the tension above this element. 

LEMMA 1. Let 


Ly = py’ + qy’ + ry and Mz = (pz)” — (qzy + rz 


be two adjoint operators, and suppose that the coefficients p(x), q(x), r(x) are 
continuous in the interval O < x < 1 and that p(x) has continuous derivatives 
of the first and second order and that q(x) has a continuous first-order deriv- 
ative in the same interval. Suppose, further, that p(x) doesnot vanish anywhere 
in this interval. 

Then, if y(x) satisfies the equation 


Ly = 0 (20.14) 
and the condition 
[% py’ i Boylz=0 = 0, (20.15) 
then the function 
zi(x) = Yale) exp | 4 ax (20.16) 
P c P 


is a solution of the adjoint equation 


Mz =0 (20.17) 
satisfying the condition 


[(opz)’ + (Bo — x04) Z)x-0 = 0 (20.18) 


adjoint to the condition (20.15). 
[Compare (20.5’) and (20.5’’)]. 
The lemma may be proved by a straightforward method. We have 


(pz: = yi exp | f ax +y, £ exp | # ax, 
ce P P c P 


x 


l “wt i 
Mz, = U(pasl’ ~ 4z + rzi = — [pyi + ai + leap | CE REE 
P p 


al C 
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Thus the function (20.16) does indeed satisfy equation (20.17). We next 
verify that condition (20.18) is satisfied: 


[opz + (Bo — %09) Z1)x=0 


0 
X 
a & + Hoy a T (2 = a)y ep Í 4 ay 
q pP p x=0 c pP 


1 ° q 
= E (%opyi + fay) | apf — dx = 0. 
o 


x= c 


Hence the lemma. 
Similarly, if y. is the solution of the equation (20.14), satisfying the 
condition 


[x py + PiYzlx=; = 0. (20.19) 
then 


Z = n ie + ax (20.20) 


will be the solution of equation (20.17) satisfying the condition 


((%, pz)’ + (i — %14) z)x=1 = 9, (20.21) 


which is adjoint to (20.19). 

If y, and y, are linearly independent, then the formulae (20.16) and 
(20.20) can be given a rather different form. Using the familiar fact that 
the Wronskian, y;y2 — y2)1, satisfies the equation 


Coin = yi») =en| -| 2 ax (20.22) 
c P 
we shall have, by a suitable choice of the arbitrary constant factor, 
z= ee eer 3. = ae (20.23) 
Plyiy2 ~ ¥2¥1) Plyiy2 — y271] 


Remark. Lemma 1 is evidently the dual of this result, and it may be form- 
ulated thus: 

If z; and z, are solutions of the equation Mz = 0 satisfying the conditions 
(20.18) and (20.21) respectively, 


then 
y= eel exp | Log dx = Cpz, exp ( =| fax) 
P c P c P 
ya = Bex | A ax = cpr op ( =È" Sax) 
P c P c P 
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where C is a certain constant, are solutions of the equation Ly = 0 satis- 
fying the conditions (20.15) and (20.19) respectively. 
It follows from (20.23) that 


j.e., 
Ea E E 
Zi Z2 Yı Y2 
or 
ZiZ2 2524 = Vide — 21 toe A 
£122 Viy2 PY122 PY221 
from which we get: 
Z z 
yrs es e y = a (20.23’) 
P(Z1Z2 — 2224) P(2122 — 2223) 


It may also be noted that 
Yı Z2 = 21 y2> 
y à t d 1 
Yı Z2 — Y2 Zi 5 Zi Y2 — yi7 5 —, 
P 
these results may be immediately verified. 

COROLLARY. If the equation (20.14) has a non-trivial solution, satisfying 
the conditions (20.15) and (20.19), then the equation (20.17) has a non- 
trivial solution satisfying the conditions (20.18) and (20.21): and conversely. In 
this case both equations have the same number of linearly independent solutions. 

It is important in our further discussion that we should distinguish the 
two cases when: 


1. Equation (20.14) has no non-trivial solution satisfying the conditions 
(20.15) and (20.19). 


2. Equation (20.14) has such a solution. 


We shall prove later that in the first case equation (20.1) always has a de- 
finite unique solution satisfying the conditions (20.13). In the second case 
this will not be so. 

We shall call the problem of finding a solution of (20.14) subject to the 
conditions (20.15) and (20.19) the homogeneous problem. 

Let y, be a solution of the homogeneous problem. It is not difficult to 
see that such a solution can be determined only to within a constant factor. 
For, if y, and y, are two linearly independent solutions of equation (20.14), 
then their Wronskian is not zero; consequently, the ratios yi/yı and y3/y2 
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are not equal. Hence neither y, nor any linear combination Ciy, + C,y 5 
with C, # 0 will satisfy the boundary conditions. 
By the Corollary to Lemma 1, 


Ži =i ep] 4 ax 
P c P 


is the unique soiution of the adjoint problem. 

We now prove for the second case under consideration a theorem which 
is formulated under the supposition that «ọ = x, = 1. 

THEOREM 1. A necessary condition for the equation (20.1) to have a sol- 
ution satisfying the conditions (20.13) is that 


[@oZ1)x=0 + [œ z, dx — [a,z;],-1 = 0. (20.24) 


Let the function y,(x) be a non-trivial solution of the homogeneous 
problem, /.e., it satisfies equation (20.14) and the conditions (20.15) and 
(20.19); then the function z,(x) defined by (20.16) will satisfy the adjoint 
equation and the adjoint boundary conditions (20.18) and (20.21). 

Applying formula (20.7) to the function y(x), which is the solution of 
(20.1) and satisfies the conditions (20.13), and to z,(x), we obtain immedi- 
ately (20.24). 

We leave the reader to formulate and prove the similar theorems for the 
cases when &o, or «,, or both «o and «,, are zero. 


§ 4. The Influence Function 


We now examine in more detail the first of the cases mentioned on p. 274. 
Let Xo be an arbitrary point of the interval 0 < x < 1, and let the func- 
tion z, satisfy 


0 if |x — xo| > € 


E if |x — x.|S €; 
E 


1 1 Xote 
y Mz, dx = — y dx. 
ie) 2e Xo—e 


Using the integral mean-value theorem, and in the resulting equality passing 
to the limit as € > 0, we get 


then 


1 
lim | yMz, dx = y(Xo). 


£70 o 
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If z, and y belong to adjoint families, i.e., if they satisfy the conditions 
(20.15), (20.19), (20.18), and (20.21), then the formula (20.7) gives 


1 1 L 
y(xo) = lim | yMz, dx = lim | ZLy dx = tim | z,f(x) dx. 


£70 JQ £90 Jo E-0 Jo 


For the sake of definiteness we shall in future suppose that the numbers «o 
and a, occurring in the conditions (20.13) are both equal to 1 (we shall 
leave the reader to analyse the three remaining possible cases:%) = 0,a, = 1; 
&o = 1,0, = 0; xo =a, = 0). 

Then for the same z, and for an arbitrary function y, we get from (20.7): 


1 


E>0 


Y(Xo) = lim Eo (py! + Boy)x=0 + | z, Ly dx — z,(1) (py’ + Pae: |; 


(20.25) 


If it now happens that as £ > 0, the function z, converges uniformly to a 
limit function 
Zee Xo) = lim Z, 
270 
which depends, of course, on the parameter xo, then it will be possible to 
pass to the limit in the formulae for (x9). The solution of the equation (20.1) 
satisfying the conditions (20.13) will be expressible as 


mt 


Y(%o) = 240(0, Xo) ao + Z40(X; Xo) f(x) dx — Z4+0(1. Xo) a1. (20.26) 


7 O 


We may remark that the equation involving z, with which we began this 
section may be considered as the equation for the equilibrium of a string 
which satisfies end-conditions (fixing conditions) adjoint to the conditions 
(20.13’) and which is acted on by a transverse force of magnitude 1 distrib- 
uted over an interval of the string of length 2e with its mid-point at the point 
Xo. In this case we can interpret z,(x, Xo) as being the deviation of the string 
at the point x under the influence of a unit force acting in the e-neighbour- 
hod of the point x9. The function z, (x, Xo) is thus equal to the deviation 
(or influence) produced by unit force concentrated at the point Xo. It will 
become clear later that if x is regarded as the parameter and Xp as the argu- 
ment, the function 2, 9(x, Xo) can still be regarded as an influence function 
for a string with a different density and tension, whose deviation y(Xo) 
under the action of a force f(x) satis fizs equation (20.1). This enables the 
formula (20.26) to be interpretcd phvs cally: the integral in it denotes the 
total influence at the point x) duc to the distributed force f(x). 

Without calculating z,, we shall at once make clear what properties the 
function Z}o(x¥, Xo) must have. 
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Property 1. Knowing the properties of z,, we shall naturally expect that the 
function Z,9(x, Xo) regarded as a function of x will satisfy the equation 
Mz = 0 everywhere except at the point x, and will also satisfy boundary 
conditions adjoint to (20.13’). 

We explain one more property of Z}o. By integrating Mz, over the inter- 
val (xo — ô, Xo + ô), where ô > £, we get 


XQ td 
Mz, dx = 1. 
xo~- ô 
On the other hand, 
xo +6 x=x0+ô Xotd 
Mz, dx = [py p - | Kaz ~ rz] dx, 
xo— ô a Xo- ő 


whence 


x=xo +ô sore 
1 = [y] - | [(92,)' — rz) dx. 
x=xo- ô xo—ô 
Assuming that z, and z; are uniformly bounded, and passing to the limit as 
€ > 0, we get: 
x=xo+0 


[wz + o)’ =1. 


But the function p(x) and its derivative are continuous, and therefore, 
regarding z,9 as continuous, we get: 


[(rz+0)] = p(xo) [zso}. 


x=xoọ—0 x=x9-0 


x=Xg-0 


Hence follows: 
Property 2. : e ] 





The heuristic considerations which we have adopted make the following 
a natural supposition: 
If it is possible to construct a function G(x, x.) having Properties 1 and 2 
which the function z,, must have, then an equation similar to (20.25) must 
hold for the function G(x, x.) and any function y(x): 


$6) = CO eho +f GG ey iy 


o 


— GCL, xo) [py’ + Piylx=1ı (20.25) 


and consequently, if the problem under consideration has a solution, then 
this solution may be written in the form 


Yy(xo) = GO, x0)ao + f G(x, Xo) f(x) dx — G(1, xo)a,. (20.26) 


(0) 
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§ 5. Definition and Construction of Green’s Function 


We pass on to the strict definition and the construction of Green’s 
function G(x, xo) and to the proof of the formulae (20.25’) and (20.26’). In 
defining and constructing the function G(x, x9) we shall have in view the 
general case for the boundary conditions; the formulae (20.25’) and (20.26’) 
themselves are valid only for the particular case when % = a, = 1. 

DEFINITION. A function G(x, x9) will be called Green’s function for the 
operator Ly and the boundary conditions (20.13) if it satisfies the following 
conditions: 


1. Asa function of the variable x, for any xo, it satisfies the conditions (20.18) 
and (20.21) adjoint with the conditions (20.13’) for the operator Ly, i.e., 


[(@opG), + (Bo — xog) Glx=0 


[xi pC) + (Bi — x14) G).=, 


2. The function G(x, xo) and its derivatives up to the second order are con- 
tinuous in the intervals 0 < x < Xo, Xo < x < 1, and G satisfies an 
equation adjoint to Ly = 0, i.e., 


_ Pl z] dg) z] 
dx? dx 


0 


0. 


Mz + r(x)z= 0. 


3. At the point x = xo the function G(x, xo) as a function of x is itself con- 
tinuous, but its first derivative has a discontinuity, the jump being 
I 


GX + 0, xo) — Gi(X%o — 9, Xo) = . 
P(Xo) 





(20.27) 


The actual construction of Green’s function as we defined it is not dif- 
ficult. It must clearly have the form 


G(x, Xo) = a(xo) 21041), OSX SX 
G(x, Xo) = b(Xo) z2(x), Vo <S X < l. 


A function G satisfying these two equations will have the first two properties 
stipulated in the definition, for any values of a and b. And we can now choose 
a and b to satisfy the third requirement, i.e., to. satisfy the equations 


a(xo) Z1(X0) — b(xo) z2(¥0) = 0, 


AXo) Zi(xo) — b(xo) z2(x0) = — f 


P(Xo) l 
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Hence we obtain 


a(X») = —Z3(Xo) 
P(Xo) [22(%0) 21(%0) — 22(Xo) 21(%o)] 
(xo) —Z1(Xo) 


~ Do) [za%o) zio) — Z5(%o) Z1(%0)] 


The Wronskian which appears in the denominator of these fractions is not 
zero since Z,(x) and z,(x) are linearly independent solutions. 
Comparing these expressions with (20.23’), we see that 


a(xo) = Y2(Xo), b(xo) = 1X0), 


where y,(x) and y}(x) are solutions of the equation Ly = 0 which satisfy the 
conditions (20.15) and (20.19). 

We have thus proved that Green’s function exists and have obtained for 
it the explicit from 


(xo) z1(x), OS x SX, 
Cees : (20.28) 
yi(%o) zx), Ao See 1 


From (20.28) we have the following: 

THEOREM. Green’s function G(x, Xo) with xo taken as the argument is the 
Green’s function for the operator Mz and the conditions (20.18) and (20.21). 
In other words, when the problem is replaced by the adjoint problem, the 
arguments of Green’s function merely change places. 

Other properties of Green’s function can be derived from (20.28). 

Property 1. Green’s function G(x, x9) is a continuous function relative to 
the aggregate of variables in the square 0 < x < 1, OS x) S$ 1 in the 
plane xOxp. 
Property 2. The first derivatives of Green’s function are continuous inside, 
and on the sides containing the right angle, both triangles into which the 
diagonal x = x, divides the square 0 < x < 1, 0 < xo < 1. Further, the 
first derivatives can be continued without discontinuity on to this diagonal 
x = Xo. Hence, in particular, 


(a) G.,(Xo + 0, xo) and G,,(Xo — 0, Xo) 
are continuous functions of xo; 
(b) G,.,.(Xo — 0, x,) = G,,(Xo; Xo + 0), 


G,,(Xo + 0, Xo) = Gzo(X0> Xo — 0). 


EMP 10 
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Property 3. The derivative G}, on the diagonal x = Xp satisfies the condition 


] 
P(Xo) 


The first two properties are obvious. To prove the third, we recall that 
the function G(x, xo) as a function of x, is Green’s function for the operator 
Moz, and the coefficient of z”(xo) in the expression for this operator is 
P(Xo). Hence the equation to be proved holds by definition of Green’s func- 
tion [see (20.27)]. 

We now prove that the equation (20.25’) is satisfied by any function 
y(x) which has continuous derivatives up to the second order inclusive. We 
write down the equation (20.7), substituting for z(x) the function G(x, xo), 
separately for the intervals 0S x S xo — 0 and xo +0S x1. The 
formula is valid on each of these intervals, since G(x, Xo) has continuous 
second-order derivatives within each interval and has continuous first-order 
derivatives everywhere including the ends. Taking into account the first two 
points of the definition of Green’s function, we have for the two intervals 
respectively the formulae: 


Gx (Xo, Xo Er 0) m Gx(Xo > Xo — 0) = 





x 


G(O, Xo) [py + Boylx=0 + | Ge: Xo) Ly dx + (Xo) p(Xo) G(X — 0, Xo) 


+ ¥(Xo) P’(%0) GX%o, x0) — (x0) q(x0) GX Xo) 


— G(Xo. Xo) P(Xo) ¥'(%o) = 0 
and 


— Xo) P(Xo) Gi(Xo + 0, xo) — (Xo) P’(Xo) G(Xo, Xo) 


+ G(X, Xo) P(X0) ¥’(X0) + Y(X0) 4(x0) G(x; Xo) 


1 
+| G(x, xo) Ly dx — GC, xo) [PY + Pali = 0. 
(8) 

Adding both equations and taking (20.27) into account we obtain the required 
equation (20.25%. 

Since equation (20.25’) holds good, it immediately follows that, if the 
solution exists, then it is given by the formula (20.26) and, consequently, it is 
unique. We shall prove that the solution exists. Since the problem can 
always be reduced to the problem with homogeneous boundary conditions 
(20.13’), it is sufficient to show that the function 


y(%) = i; Gx, x0) fle) dx (20.29) 


satisfies equation (20.1) and the conditions (20.13’). 


86 GENERALIZED GREEN’S FUNCTION 281 


We differentiate the expression with respect to x9. We have: 


eo | E E Orie f CARO A 


(0 Xo 





ene | O ae | Ore 
o Ox OXo 


10) Xo 


+ G(Xo, Xo) f(%o) — G(Xo, Xo) f(Xo); 








ie Ree | Š ve fi) de + | ze A (20.30) 


Further, using Property 2, (a) and (b), we can write 


y) = f OG Nigy | = fx) dx + fa) | ue | 

















o 3x o OX 
0G 
7 ie) Es i= 
2 f S 0x) dx + f(%e) —. (20.31) 
o OXo P(Xo) 


Using these expressions, we find: 


1 
Plo) Eo) + glo) Co) + xo) Iro) = flor) + | LoG(x, xo) fe) dx. 
o 
But G(x, xo) as a function of its second argument xọ satisfies the equation 
LoG = 0; whence 


P(X0) y” (xo) + (x0) Y’(Xo) + r(xo) y(xo) = f(x). 


That the conditions (20.13) are satisfied follows from the first point of 
the definition of Green’s function. 

We have examined the problem in the first of the cases distinguished on 
p. 274. We have established that in this case there is always a definite sol- 
ution of equation (20.1) satisfying the conditions (20.13) or (20.13’) and it 
may be expressed in the form (20.26’), where G(x, xo) is Green’s function as 
we have defined it. 


§ 6. The Generalized Green’s Function for a Linear Second-Order Equation 


We shall now analyse in more detail the second case. 
Green’s function in this case does not exist, for z(x) is the only function — 
apart from its possible multiplication by a constant factor —which satisfies 
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the first two requirements in the definition of Green’s function and the 
continuity condition, but it does not satisfy the condition (20.27). 

LEMMA 2. If yo(x) and zo(x) are solutions of the equations Ly = O and 
Mz = O satisfying the homogeneous conditions (20.15), (20.19) and (20.18) 
(20.21) respectively, 


then | Y(X) Zo(x) dx # 0. (20.32) 


0 


This follows from the fact that 


[2909 Zo(x) dx = a Yo [e (f 4 ex) | dx, 
0 oP cP 


and since the integrand is constant in sign, the integral cannot vanish. 
LEMMA 3. The equation 
Mz = Zo 


cannot have a solution satisfying the homogeneous conditions (20.18) and 
(20.21), and the equation 


Ly = yo 


cannot have a solution satisfying the homogeneous conditions (20.15) and 
(20.19). 

For, otherwise, by applying formula (20.7) and substituting in it for y 
the solution yo, we should obtain 


1 1 
| yoMz dx -| ZoVo dx = 0, 


0 o 


and this would contradict Lemma 2. The second part is proved in the same 
way. 

DEFINITION. The generalized Green’s function for the operator Ly and the 
boundary conditions (20.13) is a function G (x, Xo) satisfying the following 
conditions: 


1. As a function of the variable x, for any xo, the function G,(x, xo) satis- 
fies the conditions adjoint to (20.13⁄) 


[æo p)G) + (Bo — %09)Gilx=0 = 0, 
[æ p(x)G,) + (Bi — 214)Gilx=0 = 0. 


2. In the intervals 0 S x < Xo, Xo < x < 1 the function G,(x, x9) and its 
second-order derivatives are continuous, and G, satisfies the equation 


Mz = a(xo) Zo(x); (20.34) 


(20.33) 


we define the function a(xo) later. 
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3. At the point x = xo the function G,(x, xo) itself as a function of x is 
continuous, but its derivative is discontinuous, with 


OG + 9, xo) _ OGi%o — 9%) © _ 1 an35) 
ax Ox P(X) 


4. | l G(x, xo) Yo(x) dx = 0. (20.36) 


(0) 


The condition (20.35) enables the multiplier a(xo) to be determined. 
We pass on to the construction of the function G, in explicit form. Let 
y and y™ be two particular solutions of the equation 


Ly = yo (20.37) 
which satisfy the conditions: 


[ye <0 = [yO ]k=0 = V, 


yP] = [y] =0 


and similarly let z™ and z be two particular solutions of the equation 


Mz = Zo (20.38) 
which satisfy the conditions: 


Beg = 2 Teo = 0, 
Cad eee = FEA = 0. 


It is clear that the difference y? — yO = y, is a particular solution of 
equation (20.14) and is linearly independent of yọ. For, ifit were possible that 
y? — yO = ayo, then both functions y™ and y? would have to satisfy 
the conditions (20.15) and (20.19) at the ends, and this is impossible by 
Lemma 3. 
The specification of yọ determines the functions y, y, and yı. We put 
Yo Yı 


z r t ? 21 1 1 x 
DÈ(YoYı — ViVo) P(VoV1 — YiYo) 


It may be immediately verified that the functions y“ and y® can be ex- 
pressed in terms of yọ and y, in the form 


Zo 


y(Xo) = yolo) | 906) Z4(x) dx — no | “yo(x) Zo(x) dx, 


y(Xo) = Yo(Xo) fr zı(x) dx — Z Y Zo(x) dx. 


For, it is clear firstly that y (0) = y? (1) = 0. 
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Further, 
y0) = [yo(0)]? 2100) — ¥1©) yo(0) 20(0) = 0, 
yd) = [yo(DI? zD — y0) yo(l) Zo(1) = 0. 
Moreover, . 
yO? = seo | ya) 24(0) dx — vico | pz dx, 


yD = y(xo) [rw z) dx — yi co | * yolx) Zo(x) dx 
0 0 


+ [yo(%o) 210%) — yi(Xo) Zo(Xo)] Vo(%o), 
from which 
Ly? = yo(x), 
as was to be shown. 
The formula for y‘? is proved in the same way. 
If we now form the difference 


YX) = PPO) yo) 
1 


1 

ech | yo(x) 2,2) dx + ys(%0) | yolx) zo(x) dx, 
0 2 O 

we see that 


f o Bj dy 0s 


| Hues 


aL 


i Vo(x) Z2P(x) dx = | ¥o(x) (x) dx = C. 


(0) 0 


We shall prove that the function 


IIA 


G = ie ox) F yO(Xo) Zo(x) — Cyo(Xo) Zo(x), x Nos 
= 

Yo(x) 2(x) + y (xo) Zo(x) — Cyo(Xo) Zox), x 2 Xo 
satisfies all the four conditions enumerated above. 


(1) The conditions (20.33) are obviously satisfied since zo(x) satisfies them 
and so do z” at x = 0 and z® at x = 1. 


(2) The equation (20.34) is satisfied by virtue of (20.38). It is clear that 


MG, = Yo(Xo) Zo(X). 
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(3) The continuity of G, is obvious. For the jump of its derivative we have 
Gix(Xo + 0, Xo) E Gix(Xo = 0, Xo) 
= Yo(Xo) [2"(x9) — ZOH x6)] + [y (x0) — ¥O(%0)]Z0(%0) 


1 


= Yo(xo) 21(%0) — yı(x0) 26(X0) = : 
P(Xo) 





Finally, 


(4) | G(x, X0) yo(x) dx 
= —Cyo(%o) + yalo f soco z®(x) dx 
iao | Ee (x) — 22(x)] yolx) dx 


+ [p x) — pP(x)] [aw Yo(x) dx + oaa | Yo(x) Zo(x) dx 


= — Cy (Xo) + Cy (Xo) + y(Xo) = yo) = 0. 


It is clear that the generalized Green’s function G,(x, xo) as a function of 
the variable x, will serve also as the generalized Green’s function for the 
adjoint operator Mz and the boundary conditions (20.18) and (20.21). By 
means of it the solution of equation (20.1) which satisfies the conditions 
(20.13’) can be expressed in the form 


y(Xo) = [ G(x, Xo) f(x) dx + Cyyo(%o). (20.39) 


(0) 


provided only that f(x) satisfies the condition 
1 
| f(x) zox) dx = 0. (20.40) 
(0) 


It follows from the proof, incidentally, that the condition (20.40) is not only 
necessary but is sufficient for the solubility of equation (20.1) subject to the 
conditions (20.13). We shall not give the proof of all these assertions, since 
it is exactly the same as the one we gave for Green’s function itself. 

For an equation of the second order under the conditions investigated, 
the homogeneous problem can have only one non-trivial solution. For 
equations of higher order, cases can occur where the corresponding homo- 
geneous problem has several linearly independent solutions, y,(x),i = 1,..., 7. 
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The generalized Green’s function must then satisfy the equation 


MG = D vivre) z(x), 


and instead of the single condition (20.36) we shall have several similar 
conditions. We shall not analyse these cases in detail, but pass on now to 
consider a few examples. 


§ 7. Examples 


EXAMPLE 1. We seek a solution of the equation 


Ly = y” = f(x) (20.41) 
subject to the conditions 


D]x=0 = 4, (rai = 4- (20.42) 


The only solution of the equation y” = 0 subject to the conditions 
[y].-0 = [y]lx-1 = 0 is Zero. 
By the general theory, Green’s function exists: 


IA 


Xo 


G spa S (20.43) 


Xo(x — 1), x2 xo- 


The solution of the problem will be: 


Y(Xo) = ao(l — xo) + aixo + (xo — D| Sax + vof S096 — İ)dx. 


xo 


(20.44) 


EXAMPLE 2, We seek a solution of equation (20.41) satisfying the con- 
ditions 


[y ]=0 = a, [y ]x=: = a. (20.45) 


In this case the equation y” = 0 has a non-trivial solution satisfying the 
conditions 


Wlx-0 = [y’]x-: = 0, (20.46) 
namely, 


y=l. 


Consequently in this case, Green’s function does not exist, and we shall have 
to construct a generalized Green’s function. We have: 


yo= ly Z% =1 and y =X, 2 =X. 
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Further, 
2) = x7/2 and z® = (1 — x)?/2. 
Then 
yP = x’. y” = (1 — x)?/2, eS 16. 
The function G, will therefore have the form 
x?[2 + (1 — xo)?/2 — 1/6, xo 


x 
G, = (20.47) 
x3/2 + (1 — x)?/2 — 1/6, x = xo- 


ll 


EXAMPLE 3. We consider the same equation (20.41) in the interval 
0 < x S$ 27 and shall regard x as the length of a circular arc of unit radius 
measured from some initial point. Points whose coordinates differ by a 
multiple of 27 coincide. It is clear, therefore, that the required function y 
must be periodic with period 27. We have for this function the conditions 


[Yx-2n = D)e-0, [y]s=2: = D]e=0- (20.48) 


These conditions express the circumstance that the function y and its first 
derivative are continuous on the circle. The fact that the point x = 0 plays 
a special part in these conditions is due merely to the choice of the initial 
point. 

We shall not develop the general theory for problems of this sort, but 
limit ourselves to the analysis of this problem which is entirely similar to 
our previous work. 

It is not difficult to see that the homogeneous equation 


y” =0 


has, as in the previous problem, the non-trivial solution y = 1 satisfying 
the conditions (20.48). Consequently we shall have to construct the general- 
ized Green’s function. This construction is most easily accomplished by 
using the periodicity of the required function, and also the fact that all 
points on the circle are equivalent and therefore the function will depend 
only on the difference x — x9. In view of this we shall put from the start 
Xo = 2. 
The equation for Green’s function will have the form 


dG, _ 


dx? 





and its solution will obviously be a quadratic form 
G(x, x) = cix? + eax +63, —-MSXE. 
From the continuity condition we have: 


Gi — 0, x) — G(x + 0, x) = G(x, x) — G(—2, x”) = 222, 


EMP 10a 
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and therefore 
C2 => 0. 


Further, from the condition for the jump in the derivative, we see that: 


Gil + 0,2) — Gi(z — 0, x) = —4rc = 1, 
so that 
cy = —lj4r. 
Moreover, Green’s function must be orthogonal to a constant, whence 
1 +72 


-_— x? dx + 2mc3 =0 or c, = 2/12. 
4n J. 


Finally, we have: 


G(x, z) = -— + —, hi SX +T. 


By virtue of the periodicity, G,(x, x) = G,(x, (2k + 1) x), and in the general 
case 


| ! z 
Ge = w t Boe =. SSS ap a e 
1( 0 ) Än ( o 12 
for Xo — 22S X = Xos 

G(x, Xo) = - (20.49) 
GN — xo = m, m) = —— (x — xo — 7)? + — 
1( (0 ) Age ( (0) ) T 12 


for No SX SNo + 22. 


This Green’s function which we have constructed is symmetrical with 
respect to x and x, and has all the properties which were established earlier 
for the generalized Green’s function. 

In practical problems we often encounter cases where in the equation 
(20.1) p(0) = 0 or p(1) = 0, and sometimes both ends of the interval are 
roots of p(x) = 0. Under these conditions we can sometimes still construct 
Green’s function, albeit with certain additional limitations. We limit 
ourselves here to the analysis of a single example which will be useful to us 
in the sequel. 

EXAMPLE. We consider the equation 


m? 
Ly = xy” + y ~ —y = f(x) (20.50) 
x 


where m is an integer, and we shall seek a solution satisfying the condition 


Wher = 0. (20.51) 
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It is not difficult to see that 
VE Nee Nee ae 
are integrals of the homogeneous equation 
Ly = 0. 


One of these is unbounded at the beginning of the interval. Hence, in order 
that one of the constants entering into the general solution shall be fully 
determinate, it is sufficient to require that 





yl < 


xn 1 


The other constant is determined from the condition (20.51). 
In this case the adjoint operator coincides with the original one: 


Lz = Mz 


It is natural to replace in the definition of Green’s function the con- 
dition at x = 0 by a requirement for boundedness. In this case Green’s 
function for our problem may be expressed in the form 

x™ x = gga 
CEE 
2m 
G(x, Xo) = (20.52) 
xox” — x7”) 


2m 


« 
IV 


Xor 
We assume that f(x) satisfies the inequality 


A 
IEJ < Te OSksm. 


Applying formula (20.26) to the required solution, we shall have: 





xo z x5 Xo r Xo 1 7 z 
y(x) = ——— | xf (x) dx + O= Ody, 
2m 0 2m Xo 


It is not difficult to find an upper bound for the absolute value of this 
solution: 


ant Xo in 1 m 1 
vo) < 22 | x"-tA dx + =| xo dx 4 20 | Ax” dx 








2m J} 


—k+1 m 
Xo Xo 


—k+1 
pio af EE gt ss 
2m(m — k + 1) 2m(m + k— 1) %wmm—k + 1) 


IA 
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or 


A 
\y(Xo)l < — X 
Xo 





Consequently, since k < m, the solution will satisfy the conditions imposed. 
Ifm = 0, then y, = 1, ya = log, x will be solutions of the homogeneous 
equation. And in this case, for bounded functions f(x) a bounded solution 
may be looked for. 
It is also possible to construct Green’s function for equations of higher 
order than the second. We shall again restrict ourselves to one example. 
We consider the solution of the equation in Example 1 of § 2 subject to 
the conditions (20.9). In this case Green’s function is defined by the formulae: 


G(x, Xo) = 0, x > Xo; 
MG =0, x< xo, 


and satisfies the conditions 


[G].=., = [Gi ]x=xo = [Gx Eako TT AES 1G key, = 0 
1 
Po(Xo) 





(Gre RA = 
Using this Green’s function, we get the solution of the problem in the form 
1 
y(x) = | Glo, xo) fC) dx. 
0 


The reader may verify this for himself immediately. The Green’s function 
defined by these conditions differs, as before, from the Green’s function for 
the adjoint problem only in the interchange of the arguments. 


LECTURE 21 


GREEN’S FUNCTION FOR THE LAPLACE 
OPERATOR 


§ 1. Green’s Function for the Dirichlet Problem 


Having analysed the most important cases of construction of Green’s 
function for various ordinary differential equations, we now proceed to in- 
vestigate Green’s function for various problems connected with Poisson’s 
equation. 

We consider in a space with the coordinates x, y, za domain KQ, bounded 
by a sufficiently smooth surface S. We shall seek a function u which in this 
domain satisfies the equation 


V2u = f(P) (21.1) 


and one of the following conditions: 


[uls = Fo(S) (21.2) 
or 
Ou 
Fal = FS). (21.3) 


A problem of this sort is encountered, for example, in seeking the potential 
of an electric field due to a given distribution of charges. The problem of the 
equilibrium form of a membrane subjected to specified transverse forces also 
reduces to the same type; and so on. 

The Laplace operator, as we know, is self-adjoint. The homogeneous 
conditions 


corresponding to (21.2) or (21.3), are also self-adjoint, as is clear from 
Green’s classical formula 


I (vV?u — uV7v) d = | (« a — v | ds. (21.4) 
Q s\ ôn On 
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The arguments which we shall adduce can be carried over without diffi- 
culty to the case of more general conditions, but we shall not deal with this 
question. 

DEFINITION. A function G(P, P) of two variable points P and Po which 
satisfies the following conditions will be called Green’s function for the equation 
(21.1) subject to the conditions (21.2), or Green’s function for the Dirichlet 
problem: 


1. G(P, Po) is a harmonic function of the point P throughout the domain {, 
including the point Po itself. 


2. As a function of the point P G(P, Po) satisfies the condition [G(P, Po) ]5=0. 
3. In the domain, &, G(P, Po) can be expressed in the form 


1 
G(P, Po) = —— + g(P, Po), 
4ur 


where r is the distance between P and Po, and g(P, Po) is a regular har- 
monic function. 


The function G(P, Po) is entirely similar to the Green’s function which we 
constructed earlier for the ordinary linear differential equation. 

Instead of the definition just given, we might also have defined this 
function as an influence function (as in § 2, Lecture 20), but we shall not go 
into this in detail. 

We prove that Green’s function for the Dirichlet problem exists. 

By property 3 


1 
G(P, Po) — — = g(P, Po) 
Aor 


is a harmonic function of the point P throughout the domain 9: 


V2g = 0. (21.5) 
Its boundary values on S will be 


[g(P, Polls = eas, (21.6) 


gar 


In view of (21.5) and (21.6) it follows that g(P, Po) may be constructed by 
means of the solution of the corresponding Dirichlet problem. 

We shall examine one more important property of Green’s function. We 
first prove a lemma. 
Lyapunov’s Lemma. Consider a domain K, bounded by a twice-differentiable 
surface S. Suppose two surfaces S, and S, are drawn, one on each side of 
S, at a distance h from S, and that h < d, where d is the least radius of curva- 
ture of any plane normal section of the surface S. 
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Suppose that a function F(x, y, Z) is continuous and has continuous first- 
order derivatives in the region included between S, and S, and that its second- 
order derivatives are continuous everywhere within this region except on the 
surface S itself. Suppose further that VF is bounded. 

Then a function which is harmonic within 9 and coincides with F on the 
surface S will have a regular normal derivative on S. 

To prove this lemma we apply Green’s formula separately to the two 
layers Kı and K included between S, and S and between S, and S. For any 
point Po lying inside the inner layer SQ, we shall have: 


“if feb) 2 Eff teres 
roa ef seers lab 


EPEA dt ER LyzFag. 
4x JJs+s,r On Qa! 


The integrals standing on the right-hand side 


alll 1 vran, a Let 4s. mall ro (ss 
An at 4% J Jsts, r On 4x JJs, On \r 


have regular normal derivatives; this follows from Theorem 2 of Lecture 15. 
The left-hand member has continuous first-order derivatives in the neigh- 
bourhood of S. Consequently the integral 


wll. a 


also has a continuous, regular normal derivative. 
Similarly for a point Py lying outside the surface S we have 


E ORE E 
4x J Js+s,( On \r r On An Oot 


whence by the same arguments we see that the integral 


elem) 


has a regular normal derivative outside S as well. 

Hence by Lyapunov’s Theorem, Lecture 15, we see that a function which 
is harmonic inside Q, and takes on S values equal to those of the function F 
has a regular normal derivative, as was to be shown. 


F(Po) = 
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We can now establish the further important property of Green’s function. 

THEOREM 1. Jf a surface S satisfies the conditions of Lyapunovu’s lemma, 
then Green’s function regarded as a function of the point P will have a regular 
normal derivative when the point Po lies inside Ș,. 

The proof follows immediately from Lyapunov’s lemma. For we have 


1 
4cr 





The function 1/47r obviously has a regular normal derivative. The function 
g takes on the surface S the same values as the function 1/47, which is twice- 
differentiable in the region near S. By Lyapunov’s lemma, g has a regular 
normal derivative, as was to be shown. 

THEOREM 2. A solution of the equation (21.1) subject to the conditions 
(21.2), if it exists, can be represented in the form 


u(Po) = | f Fe(S) as — | f | G(P, Po) AP) AP. (21.7) 


For the proof, we apply Green’s formula to the domain {Q’ obtained from 
SN by removing a small sphere with surface o of radius 6 described about 
the point Py. We take u to be the unknown solution of equation (21.1) and 
v to be Green’s function G. (We may note that Green’s formula can be 
applied because G has a regular normal derivative.) Both u and G will be 
continuous and have continuous first-order derivatives inside 9’. We get: 


IE G(P, Po) V?u dP = {I (E -o bas, 
H 


where S” is the complete surface of R’. 

We denote by n’ the direction of the normal on the surface o, taken in the 
direction inwards into §2,’. Let n be the direction of a normal going into the 
centre of the sphere o. Taking into account the fact that on S the function G 
vanishes, we get 


| | E G(P, Po) ÑP) dP = | l. FS) << as 


. Lif fh (2) 1 fo 
ff fete 


The minus sign before the Jast two integrals arises because in the integration 
over the surface o the direction of the normal n is opposite to that of the 
inward normal n’. 
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The limit of the last integral as 6 — 0 is zero, since u and g and their 
derivatives are bounded. Further, 


lim —— E 1 Ou do 
6-0 47 E r On 


= lim — aR l y OU iiy, 
ò>0 4nô? 60 4706? s ôn 


The limit of the first term is the limit of the mean value of u on the sphere o 
and is equal to u(P,). Using this fact, we at once obtain the required formula 
(21.7). 

THEOREM 3. The function G(P, Po) is a symmetrical function of its argu- 
ments. 
Proof. We apply Green’s formula to the functions G(P, P,) and G(P, P2) in 
the domain &” obtained from KQ, by excluding both the points P, and P2 
by means of small spheres. Denoting the boundary of R” by S” we shall 
obtain 


{| far, P) 9G(P, P2) — G(P, P2) saez ds” = 0. 
s On On 





This integral taken over the surface Sis zero, since there both the functions 
G(P, P,) and G(P, P3) vanish. The limit of the integral over the sphere round 
P, will obviously be equal to G(P;, P2), and the limit of the integral taken 
over the sphere round P, will be equal to G(P,, P,): thus we have shown 
that G(P,, P2) = G(P2, P;). 

THEOREM 4. The function u(P,) defined by formula (21.7) gives the solution 
of the problem under consideration. 

To prove this, it is sufficient to show that the solution exists, since by 
Theorem 2 it must be given by formula (21.7) if it does exist. 

Let y be the Newtonian potential of the domain §2, with the density /(P): 


WPo) = =e IP) a 
4x o r 


The function y satisfies Poisson’s equation (see p. 169): 
Vy =f. 
We put 
v =u -— y. 


If we can find a harmonic function v satisfying the conditions 


[v]s = [u]s — [ys, 
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then u = v + y will be the solution of the problem. But the existence of such 
a function v follows from our earlier investigation of the Dirichlet problem. 
Hence the theorem. 

One more point is worth noting. Green’s function satisfies the inequality 





ji 
G(P, Po) < ; 
4zr 


This follows from the fact that the function g is negative on the boundary 
and so is negative everywhere. 

Just as we have constructed Green’s function for the Dirichlet problem 
in space, so we could construct the same function in a plane. We should then 
have to separate out the term (1/27) log, (1/r) instead of 1/4r. The solution 
would be given by the formula (21.7) if we took §} to bea plane domainand 
Sits boundary curve. 


§ 2. The Concept of Green’s Function for the Neumann Problem 


When we try to solve the Neumann problem, either in space or in a 
plane, we meet the difficulty that Green’s function, as we should like to 
construct it, does not exist, since the corresponding homogeneous problem 
has a non-trivial solution, viz., a constant. We should have to find a general- 
ized Green’s function, i.e., to require it to satisfy not Laplace’s equation but 
the equation 

V7G(P, Po) = C. (21.8) 


We shall examine this question in more detail. We shall show that a 
solution of (21.8) exists, having the form 


l 
G, = — +g (21.9) 
4rr 


where [0G,/dn]; = 0, and gis a function which is regular within the domain. 
To do this, it is sufficient to show that, for a proper choice of the constant C, 
a function exists which satisfies equation (21.8) and the condition 


al aca 


We shall try to find g in the form g = aR? + g,, where R? = x? + y? + 27, 
and g, is a harmonic function. For the function g, we get the boundary 


condition 
ð 2 
|e oi see OW os ee (21.10) 
On |s On js 4a | On \r/ ds 
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We shall show that with a suitable choice of the constant a, the following 
equation holds: 


PE] ke (jens aun 


From this it will follow that a harmonic function exists satisfying (21.10), 
and moreover we shall have 








V?g = 6x = C. 


Consequently, it will follow that a function G, exists satisfying (21.8) and 
(21.10). We shall call this function G, Greens function for the Neumann 
problem. 

We have 


If a ore ds = all V7(R2) dS = 6x: mS, 
s ðn R 


where mQ, is the volume of the domain S. Further, 


ele)? l 


Hence the condition (21.11) is satisfied if we puta = —(1/6m&). 
Using Green’s function G, a solution of the following problem can be 
constructed: to find a function u satisfying the equation 





Vu = KP) 


and the condition [du/dn]; = 0. 
The necessary and sufficient condition for this problem to be soluble is 


that 
{I f(P) dv = 0. 
QR 


If this condition is satisfied, then 
u(Po) = | | | G(P, Po) f(P) dv. 
Q 


We shall leave the reader to verify this assertion. 
We consider one example. 
EXAMPLE. We shall construct Green’s function for the Neumann problem, 


formulated for the sphere R < 1, where R = Vx? + y? + z?, 
By definition, 


G = 





Eg 
4nr 
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ao ees) 
= const. | — = —-—|—[- . 
On |r=; 4a | On \r/ jr: 


For convenience, we suppose that the pole of Green’s function is at the 
point (0, 0, Zo). Then 
r= x+y +E- Z, 


ae is 


_ |> cos (n, x) + y cos (n, y) + (Z — Zo) cos (n, = | 
R=1 


r? 


where 


and 


But on the surface R='1 we have cos(n, x) = —x, cos (n, y) = —y, 
cos (n, z) = —z. Hence 


ð f) | =. zaz 
ee Pas | ee : 21.12 
E la | r? J. l 


We now introduce the number zg = 1/zo and the function 


ri = Vx 4 y +E- 2). 


bcs Balers 
On \ry R=1 ri R=1 


Putting Ro = Zo,@ = r,, R = 1 in (10.8), we have [r]rk-1 = [Zori]r-1. Using 


this, we find 
ð 1 — z 
ce 
On \ ri / drat r3 R=! 
whence 


ag] ale _ [l= 2% +2] _fl 
On r R=1 Zo On Vy R=1 r? R=1 F EN 


To finish these preliminary calculations, we consider the function 


Clearly, 





w = log. (Zo — Z + rı). 
We prove that w is a harmonic function. For, 


ðw X Ow y 


Ox (Zo ~ z+)” dy ngas 2474) 
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ðw -1Lt@—2r, 1 

Oz Z—-zthr ry 

ðw (zo — zr, — x?) + ri — 2ryx? 

Ax? rig — z +r} i 

aw -A-H ry 

Oy? rizi — z + r) ' 

Ow Zz — 2 ð? w Ow 2-2 

Ox? R o? Ox? Oy? ri 
Hence V*w = 0. 


We next calculate [Ow/dn]p_,. We get 


[2] 7 | Reco ea) r tes eS eee 
On R=1 R 


ri(2g — z2 +r) 


ll 
p 


A [-a = (z — 2) — Ar, + zó — 3 


ri(Zo — Zz + r) 


El 
1 Zofi _|R=1 


ee as I | l (21.14) 
r jr=1 


Using (21.12), (21.13), (21.14), it is easily verified that Green’s function must 
have the form 


=1 





I 
l 
mm 
e 
=a 
N 
o~ 
L 
po] 
Ul 





where C is a certain constant which can be determined from the condition 


{Il Gdxdydz=0. 
R<1 


The calculation, which we shall not give in detail, leads to 


Hence 
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Returning to the notation of Lecture 19, we have 


1 1 
4x | /R? — 2RRy cosy + Rå 


1 R2 R? 


+H |— m 
J R? Rj — 2RR, cos y + 1 2 2 


— loge (1 — RRo cosy + |/ R? RZ — 2RR, cosy + | )}- 


LECTURE 22 


CORRECTNESS OF FORMULATION 
OF THE BOUNDARY-VALUE PROBLEMS 
OF MATHEMATICAL PHYSICS 


§ 1. The Equation of Heat Conduction 


With most of the problems which we have so far considered, the method 
of solution itself answers the question whether the particular problem was 
correctly formulated. In some cases, however, it is more convenient to deter- 
mine first of all whether the problem is correctly formulated. 

Let us consider the equation of heat conduction in a bounded domain Į, 
of three-dimensional] space, variables x, y, z, with the boundary surface S, 
when there are interna] heat-sources present with density F(x, y, z). Let 
u(x, y, Z, t) be the temperature at the point (x, y, z) at time t. The function u 
satisfies the equation 


V7u = = — F(x,y, zZ). (22.1) 
Í 


If we regard the heat influx as being non-negative everywhere, we have 
F(x,y, z) = F(P) 2 0. (22.2) 
Suppose, further, that the following boundary and initial conditions are given: 


[uls = KQ, ), [ul=0 = (P) (22.3) 


where the functions f and ¢ are continuous, and the values of f for t = 0 on 
the surface S coincide with the values of gy, and where Q is a point of the 
surface S and P is a point of the domain S2. We prove the following. 

THEOREM 1. At any instant of time within any finite internal O S tọ S T 
the following inequality holds within the domain 3: 


u(Po, to) = infpco:ecs min [AQ, t), ¢(P)). (22.4) 


OStSto 


In other words, the function u attains its lowest values either at t = 0 or on the 
boundary of the domain $. 
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Proof. Suppose the theorem false. Let the function u take at a point Po and 
a time fọ a value which is less than all its other values within the domain Q, 
at ¢ = O and less than its values on the surface S during the time-interval 
Ot). Then 


u(Po, to) — infpeg,ecs min [f(Q, 1), (P) = — £ < 0. 


OStK<to 


We form the function 
Eg tog — t 
u(x, y, Z, t) = u(x, y, z, ) — ~ > —. 
lo 

As before, the function v has the property that in the interval0 < £ S to, 
it does not take its minimum value either at £ = 0 nor on the boundary 
of the domain. This follows at once from the fact that its value at the 
point (Po, fo) is less, by at least €9/2, than the minimum values of v(x, y, z, 4) 
on the boundary of { and at ¢ = 0, because 


v(Po, to) = u(Po, to), Lels 2 [uls — €0/2, [tho = [Uh=0 — £0/2. 


The function v must take its least value either somewhere within the domain 
{2,051 S to} or at £ = to. It is now easy to see that our hypothesis 
leads to a contradiction. If the minimum v were to lie within Į, for t < to, 
then the first derivatives of v with respect to the space coordinates and 
time would vanish at this point, and the second derivatives 07v/0x?, 
0*v/dy? , 0?v/0z? would be non-negative, as would Vv. On the other hand, 


0 
eee fo and rre ga a iG 
Ot Ot 2to ðt Or 2t 





Thus, a non-negative number would have to equal a negative number; and 
this shows our hypothesis untrue. 

We have still to consider the case when v attains its minimum at f = fo. 
The derivative ðv/ðt clearly cannot be positive at the point where v attains 
its minimum, for otherwise at smaller values of the time v would have lesser 
values and we should not have found its minimum. On the other hand, as 
above, the inequality V?v = 0 holds at this point. Repeating the previous 
argument, we are led to the absurd conclusion that the non-negative expres- 
sion V*v — dv/dt must be less than zero. Hence this case also is impossible, 
and the theorem is proved. 

By changing the signs of the functions u, f, ¢ and F we derive: 
COROLLARY 1. Jf in equation (22.1) the function F satisfies the inequality 


Fix, y,z) < 0, 


then the function u attains its maximum value either for t = 0 or on the bound- 
ary S of the domain $}. 
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COROLLARY 2. A function u(x, y, z,t) which, in the domain 9, and for 
0 < t < T, satisfies the homogeneous equation of heat conduction will take 
its maximum value and its minimum value either at t = 0 or on the boundary 
Sof S. 

From the foregoing arguments follow the uniqueness of solution of the 
equation of heat conduction under the conditions (22.3) and the continuous 
dependence of order (0, 0) of this solution on the right-hand members of 
the boundary and initial conditions, i.e., the correctness of formulation of 
our boundary-value problem. 

For, if there were two solutions of the problem, then their difference, 
satisfying the homogeneous equation, would vanish for t = 0 and on the 
surface S. But then, by Theorem 1, both the maximum and the minimum of 
this difference would be zero. Consequently the difference itself would be 
zero. That is, the problem cannot have two different solutions. 

We can prove that the problem is correctly formulated in a similar way. 
If the difference of the functions which give the initial and boundary con- 
ditions does not exceed in absolute value a certain positive number e, then 
the difference of the corresponding solutions, considered as the solution of 
the homogeneous equation of heat conduction with small boundary values, 
will also not exceed € in absolute value. 

THEOREM 2. The solution of equation (22.1) depends continuously not only 
on the conditions (22.3) but also on the free member of (22.1). More precisely, 
if forO S t S to the values of the functions f and ¢ are less than &9/2, and the 
function F satisfies the inequality F S &9/2to, then for O < t S to the solution 
of (22.1) satisfies the inequality u < Eg. 

Proof. Suppose that at a point (Po, to) the solution of our problem takes a 
value exceeding £o. We form the function 


v= u + Eo(to = 1) /2to« 


This function must have a maximum within { for 0 < ¢ < fo. But, by 
forming the expression V*v — dv/dt, we find that it is positive everywhere 
within Į, for 0 < £t < to, and this contradicts the condition that vshould have 
a maximum. 

COROLLARY 1. Jf the signs in the inequalities for yp, f, and F are changed, 
i.e., if p > —9/2, f > —E/2, F > —€/2to, then u > — £o. 

Hence, finally, we have: 

COROLLARY 2. If 


lol < e0/2, |f| < €0/2, |F| < €0/2t0, 


then in the interval Ò < t < to forall P c Q, we have |u| < £o. 


304 CORRECTNESS OF BOUNDARY-VALUE PROBLEMS L.22 


§ 2. The Concept of the Generalized Solution 


In many of the problems of mathematical physics which we encounter, the 
existence of a solution is established only if we lay considerable restrictions 
on the boundary conditions. We now introduce a concept which will enable 
us to avoid having to investigate these questions. 

Suppose we have three sequences of continuous functions F,, Ons Jn 
which tend uniformly to the continuous functions F, g, f respectively, and 
let the equation 
L Õun 


Or 





Vun = F, 


have a solution u, subject to the conditions [u]; -0 = Pn, [u]s = Jn (by what 
has been proved, such a solution will be unique). By Theorem 2 of this 
lecture, the difference 

Um — Un 


will be arbitrarily small in absolute magnitude if m and n are sufficiently 
large. That is, the sequence u, tends uniformly to a function u which satisfies 
our boundary conditions. But we know nothing about the convergence of 
the derivatives of u, and therefore we cannot assert that the limit function 
satisfies the equation 
Vĉ?u — oe = F. 
ôt 


We shall call the function u the generalized solution of the equation (22.5) 
with the given initial and boundary conditions. 

Such a generalized solution is unique, for there cannot be two sequences 
u, and uf” for which the functions f, and f°, », and ¢%®, F, and F™ con- 
verge respcctively to single limits while the sequences themselves converge to 


different limits, because in this case the sequence 


(1) (1) (1) 
ui, ui > ll2, us REEE Un, U,, x 78 


would diverge, and this is impossible. 

In practice, instead of posing the problem of finding the true solution, 
it is sufficient to solve the problem of finding the generalized solution. For, 
in physical problems we do not know precisely the values of f, y, and F. The 
values which we take for them will not be precise, but will differ from the 
exact values by only small amounts. Hence the generalized solution, even 
though it is not the true solution, will differ from it but little. 

We have just discussed the generalized solution of the equation for heat 
conduction. Similar considerations apply to Poisson’s equation, considered 
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earlier. We can define a generalized solution of the equation 


V7u = ọ 
subject to the conditions 


[us =p or El =y 


as the limit of solutions of the equation 


Vu = Qno 
subject to the conditions 


[u]s = or ou = y 
AY Pn ôn , Pn 


On > 0s, Pr Ps Pnr? Y 
uniformly in each case. 
We give an example for which such a generalized solution exists. 
EXAMPLE 1. 


Let 
> ey 
Soe at toe (22.6) 
log. R (log. RY 


provided that 


where 
R= apne +y +z. 


We shall show that, for R < 1/2, the function 





Ug = (x? — y*) log, |loge R| 


will be a generalized solution of cquation (22.6) subject to the boundary 
conditions 
[u]r=1/2 = [Uuolr=1/2- 
For, write 
uz, = (x? — y’) log. |log. Ri, 


Re = a/R? + ôk, 6, > +0 ask > œ. 


Calculating Ju, we get: 


where 


4x? 
Rg log. Rx 


07 u, 
Ox? 





= 2 log. |loge Ry} + 





pi 2) 1 2x? x? l 
x* — —— — —  — —— ), 
YVR loge Re Re loge Re  Rọ(log, Ry)? 
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2 4 p2 
Dies as — 2 loge |loge R,| Si s See 
ð 2 Ri log. Ry 
1 2 2 2 
+ (x? = y?) a a ee 
Ri, loge Ry Ry log. Ry Ry (log. R}? 


ð Uk 2 2 1 2 z? z? 
Tapaa a aa a 
Oz? Rk log. Ry Ry log. Ry R; (loge Ry)? 


Dlan aa 
V7 tt; = eaten a po z= a hos g 
Ry loge R; (loge R,)? 


The sequence u, obviously converges uniformly to uo ask — 00. Moreover, 
for R < 1/2, the sequence Vu, also converges uniformly to the right-hand 
side of equation (22.6). For, if R < rand if ô, is sufficiently small, then both 
V2u and the function 


x — y? 5 l 
R? log. R (loge R} 


will be as small as we please if r is sufficiently small, and if r < R < 1/2 the 
uniform convergence is obvious. 

Consequently, o is the generalized solution of equation (22.6). However, 
at the point (0, 0, 0), the second derivatives of uọ have no meaning. 

A solution of equation (22.6) with the boundary conditions 





[t)r=1/, = [uolr=1/ 
does not exist. 

We notice, preliminarily, that uo satisfies equation (22.6) in the usual 
sense everywhere in the circle under consideration except at the point 
(0, 0, 0). 

If u were a solution of the proposed problem, then the difference u — uy 
would have to: 


(i) be a harmonic function everywhere except perhaps at the origin, 
(ii) be continuous everywhere, 
(iii) vanish on the boundary of the domain. 


But we have already seen that a continuous function which is harmonic 
everywhere except perhaps at one point must be harmonic at that point also. 

Hence the difference u — uo is a harmonic function which is zero on the 
surface of the sphere, and is therefore zero everywhere. Hence the only pos- 
sible solution of our problem is the function uo. Since uo does not satisfy 
equation (22.6) at the origin, our problem has no solution at all. 
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If we now take the equation for heat conduction with the same right- 
hand member as in (22.6): 


a a ae A er SEA 
log. R (loge R)? 


and try to solve it with the conditions 


[u]r=1;, = [Uolr=1/,> [u],-9 = uo, 


we shall be unable to find a solution. 

The function uo can again serve as the generalized function in this case. 
It can be shown that a continuous function which satisfies the homogeneous 
equation of heat conduction everywhere except perhaps at a point (xo, Vo, Zo) 
for all values of time must also satisfy the equation at this point too. Using 
this fact and repeating the argument used in investigating Poisson’s equation, 
we can prove that the problem has no solution. 


§ 3. The Wave Equation 


We now investigate the wave equation 


=F (22.7) 





and consider its solution in a domain §2, bounded by a surface S, with the 
initial conditions 


[u] -0 = CP), | = WP) (22.8) 
Ot |r=0 
and the boundary conditions 
se | = f(s). (22.9) 
On |s 


Our argument will apply without change if, instead of its normal deriv- 
ative, the unknown function itself is specified on the boundary. 

As regards the function u, we shall assume that within &, it has continuous 
derivatives up to the second order inclusive and that its first-order derivatives 


are continuous in the closed domain S. 
Without loss of generality we can always suppose that 


g=0, p=0, f=0. 
For if this is not initially true, by taking a new function v defined by 


v = u — w, 
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where w is any function whatever which satisfies (22.8) and (22.9), we at once 
derive the homogeneous conditions for v. 
We consider the integral 


ð 2 0 2 2 
K,(t) = Races E N E" u + KARET dy dz. 
g ôx Oy Oz at 
Calculating dK,(t)/dt, we use (22.7) to find 
2 2 2 2 
Ou 07u 4 ou Ou Gu Ou a Ou Ou E 
Ox Ox at” oy Oydt Oz O0zOt Ot Or? 
a Ou O7u Ou a) (5 07u Ou z 
=2 — + — + (— + ——— 
ox dx dt Ot Ox? Oy Oy Ot Ot Oy? 


2 2 
a po u ap% dx dy dz 
Oz ôðz ðt Ot Oz? Ot 


= Ou Ou one Ou Ou ae Ou Ou _ pou ee 
Ox Or Ox * By Ot Oy Oz OL az ðt 
=2 _— | P ae aye. 
s Ot On Q ðt 


Since we have assumed [du/0n]; = 0, we get 


DA rea ræ dx dy dz. (22.10) 


Using the obvious inequality, |ab| < a?/2 + b?/2, we can write (22.10) as 


2 
ig f F ax dy de + | f (5) dx dy dz 
dt Q o \ ôt 


or, making use of the same inequality again, 


E | F? dx dy dz + K,. 
dt Q 


dK 
If we put If F? dx dy dz = A(t), then r — K, < AQ), 
t 
QR 





























or oe < eA). (22.11) 
t 
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Consequently, 


e'K,(t) < K,(0) fe e7" A(t) dt, 
i (22.12) 


t 
Ky) S EKO) + | 7A) dn 
0 


It follows at once that, provided K, (0) = 0, for any fixed, finite interval 
of ¢ the value of K, (r) will be as small as we please if A(z) is also sufficiently 
small. 

We note also that, putting Ko(t) = fffou? dx dy dz, we shall have 


a 2] || «5 lan Y ix dy dz < < Ko(t) + K,(¢), 


dKo(t) 
dt 


i.e., 


— K,(t) < K($). (22.13) 
From this inequality, in the same way as above, we get 


K,(t) < &K,(0) + [ memes, (22.14) 


0 


If Ko(0) = 0 = K,(0), then K,(2), like K(f), will be as smallas we please 
if A(t) is sufficiently small. 
A number of conclusions can be drawn from these results (22.12) and 
(22.14). 
THEOREM 3. Let the sequence of functions u, satisfy the equations 








Vu, = F, 
Or? 
and the conditions 

ð 

(theo = | | = (22.15) 
Ot |r=0 

Ou 
lee Oe 22.1 
| On | ( 6) 


Let the functions F, satisfy the condition 


T 
im | HY F? dx dy az} dt = 0. 
n> 0 Q 
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Then for all values of t such that 0 < t < T, 


lim K,(t) = 0 
lim K,(4) = 0 


Proof. From (22.12) and (22.14) we have a fortiori 


T 

Ki) < ef A(t,) dt, (22.17) 
o 

and 

T 


K,(t,) dt, S eT | Alti) dh, (22.18) 


(0) 


T 
Ko) < "| 
o 
and our theorem follows at once from (22.17) and (22.18). 
By Theorem 3, the solution is continuously dependent in the mean to 
order (0, 1) on the right-hand member of the equation (see p. 29). If we 
compare the solutions of two equations 


2 2 
Ons =F, and Vu, — eye 

ðt? Or 
with the homogeneous conditions (22.15) and (22.16), the difference (F, — F2) 
being sufficiently small in the mean, i.e., the integral f f f o (F; — F,)* dx dy dz 
is sufficiently small for all ¢, then although we cannot assert that |u; — uzl 


will be everywhere small, nevertheless the difference (u; — u2) and its deriv- 
atives of the first order will be arbitrarily small in the mean at any instant, 


i.e., 
{| (u; — u} dx dy dz < £, 
Q 


2 2 
Ouy al + Ou, _ uz +(- Ou, dx dy dz < €. 
Ox oy Oy Oz Oz 


ee we wish to compare the solutions of the two equations 








V7u, as = Ez, (22.19) 











ð?u ð 
Vu, — I = Fi, Vun — mS F, (22.20) 
subject to the conditions 


[ush=o S P2 ’ 


— 
= 
- 
ou 
a 
Il 
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where 9,, 92 have continuous derivatives up to the second order, and Y4, Y3, 
Ji, fa have continuous first-order derivatives. Suppose that these functions 
are near to one another so that the following inequalities hold: 














2 
ly = 2| < Ô, pı = dpa Ô, ð Pı ð P2 < ô, 
! Ox; Ox; Ox; Ox; Ox; Ox; 
Oy, Oy. Of, Of, 
— <6, |— - — <6, — <ô, -=— — —| < ô, 
|v. — yal TT lA -— fal aT 














|F; — F,| <ô, (x1=x, X =y, X, =Z). 


It is easy to see that, if we reduce these problems to problems with homo- 
geneous conditions, we again obtain two equations of the form (22.20) 
whose right-hand members are close together, and consequently their solu- 
tions will be close together in the mean for any values of t in a finite interval. 

In exactly the same way as for the equation of heat conduction, it is 
easy to show that the solution of equation (22.7) with arbitrary initial con- 
ditions (22.8) is unique. To do this, it is sufficient to show that the homo- 
geneous equation with homogeneous conditions has only a trivial, identically 
zero, solution. And this follows because, as we have seen, the integral of the 
square of such a solution is zero. 

Finally, just as in the previous problems, the question of the existence 
of a solution presents very considerable difficulties, which even exceed those 
arising with Laplace’s equation and the equation of heat conduction. These 
difficulties may be avoided by introducing again the concept of a generalized 
solution. 


§ 4. The Generalized Solution of the Wave Equation 


We make a few preliminary remarks. Consider a function u(x, y, z, t) of 
four independent variables, x, y, z being the coordinates of an arbitrary 
pointin a certain domain 2, and ¢ the time; suppose that u? is integrable with 
respect to x, y, z for any value of ¢ in a certain interval. We shall say that 
the function u(x, y, zZ, t) is continuous in the mean with respect to the variable 
t at the point fo if the magnitude of 


pii {u(x, y, Z, to + h) — u(x, y, z, OD}? dx dy af 
Q 


can be made arbitrarily small for sufficiently small |A|. We shall say that a 
function which is continuous in the mean at every instant of an interval 
a S t SP is continuous in the mean in this interval. It is convenient to 
introduce an abbreviated notation. For any function of the variables x, y, z 


EMP 11 
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which is specified in the domain Į, and whose square is integrable, we shall 


i 
& 


the norm of the function u and denote it by |jzll. 
By Minkovski’s inequality (see § 6 below) 


le + ol] < llel] + [ell 


If Ijul] = 0, then, as shown in § 7, Lecture 6, the function u vanishes almost 
everywhere in St. 

If a is an arbitrary constant, then obviously |jaul = |a]. llull. 

We shall need these properties of the norm later. Using this new notation, 
the definition of continuity in the mean can be re-formulated thus: the 
function u(x, y, Z, t) is continuous in the mean at the point f, if, given any 
positive number e, a positive number 7(e) can be found such that 


|| u(to + h) — u(to)|| < E€ 


provided only that |A| < n(e). (The arguments x, y, z of u have been left 
out for brevity.) 

We shall say that a sequence of functions u,(x, y, Z, 9, (n = 1, 2, ...), 
converges uniformly in the mean to the function u(x, y, z, t) if 


4 
| Un — uo | = i {u,(x, Y, Z, 0) — uo (x, X. Zz, DO}? dx dy ai <e 
& 


for all t in the given interval, provided only that n = N(e). 
THEOREM 4. If the sequence of functions 





u(x, ee Z, ee | ee 


converges uniformly in the mean, and if each function is continuous in the 
mean, then the limit function is continuous in the mean. 

The theorem is proved in the same way as that for ordinary continuous 
functions in elementary mathematical analysis. Let e be a given positive 
number. Choose N so large that 





junli) — uA] < (22.21) 


for all ¢ in the given interval, provided only that n 2 N. The function 


u,(X, y, Z, t) is, by the conditions of the theorem, continuous in the mean at 
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the point fo. Consequently, for |A] < +), 


From (22.21), (22.22) and Minkovski’s inequality we obtain 
juot +h) — uolt)|| S [uo + A — u(t + Al] + [luo — a| 





u(t +h) — u,(t)|| < > (22.22) 


E E E 
+ jju + h) — u,(t)|| < —+—+—=e. 
CADETOREEETE 
Thus for |A| < 7, |luo(t + h) — uo(t)l| < £, and the theorem is proved. 
We shall say that the function u, whose square is integrable in the domain 
KQ and which satisfies 


im | | | (u, — u)* dx dy dz = 0 
nro 2 


is the limit in the mean of the sequence u,. 

We define the generalized solution of equation (22.7) subject to the con- 
ditions (22.15) and (22.16) to be the function u which is the limit in the mean 
of the sequence of functions u, which satisfy the equations 

2 
V*u, — Oe = F, 
Or? 
and the conditions (22.15) and (22.16), where the sequence F, converges in 
the mean to F. 

Animportant result follows from the inequalities established in Theorem 3: 
if the sequence F,(x, y, z, £) converges in the mean uniformly with respect 
to t, then the sequence of solutions u,(x, y, Z, t) also converges in the mean 
uniformly with respect to t. 

Just as we did earlier (see, for example, Lecture 18), we shall regard two 
functions u‘? and u‘? as equivalent if 


| (uw? — u)? dx dy dz = 0. 
& 


This means that the two functions can differ from each other only over a set 
of measure zero (see Theorem 21, Lecture 6). 

The generalized solution is unique, for the sequence uw, cannot have two 
limits in the mean; otherwise we should have for the two different limits the 
inequality 


{I (uP — nu)? dx dy dz < [i [(u — u) + (u, — u‘?)]? dx dy dz 
Q Q 


< 2{ | (u — u,)? dx dy dz + ajj (u — u,)? dx dy dz < 4e, 
R Q 


so that u‘? and u® must coincide. 
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The existence of the generalized solution can be established by using a 
theorem in the theory of functions of a real variable, known as the Riesz— 
Fischer Theorem. This theorem states that: 

If the integral of u? exists for all i, and if the sequence of functions uy, 
Uz, ..+5 Un, .-. has the property that, for all sufficiently large m and n, 


f (Um — Un)? dx dy dz < e€, 
Q 


then the sequence has a limit in the mean, i.e., there is a function u such that 


im [ff (u, — u)? dx dy dz = 0. 
n> œ Q 


We shall prove this theorem at the end of this lecture. 

We now show how the Riesz-Fischer theorem can be used to prove the 
existence of the generalized solution of the wave equation. Let u(x, y, Z, £) 
be a solution of equation (22.7) satisfying the conditions (22.15) and (22.16). 
Consider the expression 


tml) — uD]. 
The function V m,n = Um(t) — u,(t) is a solution of the equation 


2 
Avmn — Bman FS: 
Or? 


By virtue of the uniform convergence in the mean of the function F, to F we 
shall have ||F,,(t) — F,(t)|| < for sufficiently large m and n and for any 
7) > 0. As we have seen, it follows that ||v,,,,|| < £, where e is an arbitrary 
positive number. By the Riesz—Fischer theorem, the sequence u,(x, y, z, t) 
converges uniformly in the mean to a limit function, which, by Theorem 4, 
will be continuous in the mean, as was to be shown. 

In the examples considered in the previous sections it happened that the 
generalized solutions of Laplace’s equation, Poisson’s equation, and the 
equation for heat conduction, had continuous first-order derivatives. As 
we shall soon see this circumstance is not fortuitous. 

In contrast to these problems, the generalized solution of the wave 
equation and its first-order derivatives may be discontinuous. It would take 
too much time to explain the circumstances in which this can happen, and 
we shall not deal with the qucstion here. 

To conclude this section we give a simple example. 

EXAMPLE 2. We take as the domain St, a sphere of radius 1. Let y(£) be a 
certain function which is specified in the interval —oo < £ <œ. Consider 
the function Wed ED 


tg = AEEA AR (22.23) 
F 
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where r is the distance of the variable point from the origin. If r # 0, the 
function uo has the same number of derivatives as the function y. If r # 0, 
uo has derivatives of order one less than the order of the highest derivatives 
that y has. It is not difficult to establish this by differentiation of the deriv- 
atives with respect to the space coordinates x, y, z, and for the derivatives 
with respect to time it is immediately obvious. For, 


O*u l 

me AM a Nie i 
ôt r 

This function is determinate for r = 0 only if 


-a 
lim — [py (+ r) — pe — N = 2*0? @) 


r>0 F 


exists. Consequently the necessary (and sufficient) condition for the existence 
of the derivative d*u/é¢* at r = Ois that the continuous derivative y“*” shall 
exist. It is easy to see by differentiation that uo is a solution of the equation 
ð? u 
Vĉuo = 2 == 0 


ðt? 





ify has continuous third-order derivatives. Suppose now that the functiony 
from (22, 23) is differentiable only once or not at all; then it can be shown 
that uo is still the generalized solution. 

The sequence of solutions 


= VAG + t) B Par = t) 
i r 
will tend to this function uy if the sequence of thrice-differentiable functions 
wy, tends to y. 
If at some point £ = f the function (£) has no derivative, then uo will 


have a discontinuity at the point r = 0, £ = tọ. In this case there will be no 
function u satisfying the conditions 


0 uo 
[u]s = [uols, [uhk=0 = [tol=0; Ee F | a l3 


and the equation 





O7u 
Or 





For, if such a solution existed, then, since a solution depends continuously 
on the initial conditions, the sequence u, would have to converge towards 
this solution, and this is impossible because the sequence converges to uo. 
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There is another approach to the generalized solutions by means of 
which they can be defined immediately without having recourse to a passage 
to the limit. 

If u, is some solution of the equation Lu, = F,, and if y is a completely 
arbitrary function having continuous derivatives up to the second order and 
which is different from zero only in a certain interior part o of the domain 2, 
then 


{| (pF, — ún My) d& = 0. 
Q 
The terms outside the integral drop out since y and its derivatives vanish 
outside øo. 
We now require to use an important inequality known as Bunyakovski’s 


inequality (Schwarz’s inequality). Let g,, yz be two functions of n variables 
Xis X2, ..., X, which are defined in an open set {Q. If the integrals 


| pi dv and | gZ dv 
QR & 
| PiP2 dv 
Q 
also exists and 


EE es: 


We shall prove this inequality later. 
Minkovski’s and Bunyakovski’s inequalities give, for any generalized 
solution of equation (22.7), for any € > 0 and for sufficiently large n, 


gji (yF — uMy) as = 
a e aa 
+ J (u — uY di H (My)? d <e. 
£ Q 


This means that for any generalized solution, the integral equation 


| | | uMy dQ = | {| pF dX (22.24) 
N QR 


exist, then the integral 


A 





{| [p(F — F,) — (u — u,) My) an 
KR 
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holds for any function y. The differential equation may be replaced by this 
integral relation. We can say that the generalized solution of the equation 


Lu = F 


is any function which satisfies the integral relation (22.24) where yp is any 
function which has continuous derivatives up to the second order and which 
is different from zero only in a certain internal part o of the domain $}. 

If we recall the proof of the existence of the solution which we obtained 
by Kirchhoff’s method, we see that the formula (22.24) was an important 
link in the argument. We have proved, in this way, the existence only of the 
generalized solution. Now from (22.24), supposing that u has derivatives, 
and integrating by parts, we deduce the following formula: 


{I y(Lu — F) dX = 0, (22.25) 
Q 


and hence conclude that u is a solution of the equation Lu = F. This last 
step can be taken only if u is a solution of the problem in the classical sense 
of the word. 


§ 5. A Property of Generalized Solutions of Homogeneous Equations 


The following general theorem holds. 

THEOREM 5. For Laplace’s equation, the equation V?u + Au = 0, and the 
homogeneous equation for heat conduction, any generalized solution in the sense 
of the integral relation (22.24) is necessarily differentiable as often as we 
please and is a solution in the ordinary sense. 

This property sharply distinguishes equations of elliptic or parabolic type 
from equations of hyperbolic type, for which this property does not hold. 
We shall prove the theorem first for the equation of heat conduction. 

We first construct certain auxiliary functions. We define a function Y(é) 
by the formulae 


0 TED 
Fai Je 
= 1+ Le ee Oe > 4 E l, 
ai | al E-H- I as 
l E2 l. 


The function ¥() has certain obvious properties: 


(a) It is continuous in the interval 0 < £ < œ. 


For, the fraction (— é + 1/2)/((€ — 1/4) (1 — &)] attains its limit + œ 
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when £ > (1/4) + 0 and its limit — œ when £ > 1 — 0: consequently, 


lim exp la | = ©, lim exp Petes = 0 
č>1/4 ¢€-)Q0-4 go1 (§ — 4) (01 — 8) 


and the continuity of ¥(é) follows. 


(b) The function ¥(&) has continuous derivatives of all orders. 


Proof. It is sufficient to show that the limit values of the derivatives of Y(&) 
of any order when é > 1/4 or £ > 1| are zero. We have 


-é +34 
s es d E 
OEE Oe? Cee i] 


(1 +e [ =f +4 age -pya-§ 
Epig) 

EEE 

|L E-DU-8 


( + exp ETEN +2 ie + exp Eeen m ) 
ay (le) E-A- $) 


= 1 
The expression exp Feet tends to infinity, when £ —> 4, faster 
E-Ð- Ea 
than any rational function of £, and the expression exp Een 
E-Ð- &) 


also tends to infinity when £ — 1 faster than any rational function of £. 
Consequently, 
P4 +0)=0; Yd -0=0. (22.26) 


Any derivative ¥’(&) may be expressed in the form 


P(E) = X : Rm, 2: al) ; - - 
(1 + exp laa) (: + exp lesa |) 
(-HYd- 4) (Co 2) ee) 

(22.27) 

where Rm,p.a(£) are certain rational functions. 

This formula may be proved by induction. 
(22.27) shows that 

wm +0 =0, "(1 -—0)=0 (22.28) 


as was to be proved. 
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We now bring into consideration the function 


WAX — Xo, Y — Yoo Z — Zo, É — to) 


0 bít 


= —] —r? 
—— exp} — |) Pe + t 
8r2(t = to)? ( a =f) ) me 


where 


| 
~ 
— 
t 
v 
~ 
A 
~ 
© 


r = V(x — xo)? + (y — yo)? + (Z — Z, OSr< +o. 
We note one or two properties of the function w,. 
(a) It is clear that 
WAX — Xos Y — Yo» Z — Zo; lo — ĝ 
= nĉwiln(x — xo), n(Y — Yo), A(Z — Zo), n?(to — £]. (22.29) 
(b) We form the expression 


OW, 


V?w, + 
Ot 





= D(x — Xo, Y — Yo. Z — Zo; to — t). 


Then it follows from (22.29) that 


D(x — Xo, Y — Yo; Z — Zo, lo — t) 
= n5 [n(x — Xo), MY — Yo), MZ — Zo), n°(to — À). (22.30) 


(c) The function ©, is different from zero only in the domain D,: 


1 
ge ah thts t < fo, 
n n 





which shrinks to the point xo, Yo, Zo as n > œ. 

For, in the domain where Y[n?(r? + to — ¢)] is equal to unity, i.e., 
where r? + tọ — t = 1/n?, we have w, = — v, where v is a particular solu- 
tion of the equation V?v + dv/dt = 0 (see Lecture 8). 

That is, V2w, + dw,/dt=0 for r? + to — t Z ljn. 
That ®, vanishes for r? + to — t < 1/4n? is obvious. 


(d) The following formula holds: 


to +o 
HH Ø, dx dy dz dt = | HI P, dx dy az} dt = 1. (22.31) 
Dn to—1/n2 -o 


EMP lila 
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For, by Green’s formula (21.4) we have 


to SN 
ieee 
to—1/n2 ae 
to ee ' 
=f If (vo + om) dx dy az de 
to — 1/n? -o Ot 
+œ ; TS 
J WY [elise OF oY dz = ne [vary 1m: dx dy dz, 


where v is a principal solution of the equation of heat conduction, as defined 
in Lecture 8. The last integral, as was shown in Lemma 2 of that lecture, 
is equal to unity, and this proves (22.31). 


(e) Let f(x, y, z, t) be an arbitrary continuous function in the domain {2 
of the variables x, y, z, t. 

We select a domain 92, of values of xo, Yo» Zo, to So that for points xo, yo, 
Zo, to of S&a the domain D, lies wholly within &. We construct in 2, the 
function 


AXo, Yos Zo> to) 
= piji p(x = Noo Y a Yos 20> Zo> t — tod f(x,y, A t) dx dy dz dt. 
$ Q 


Then the sequence of functions f(xo, Yo; Zo, to) converges to the function 
FS (o> Yos Zo, to), and the convergence is uniform in any domain interior to $S}. 
We write the function f in the form 


f(x,y,z, t) = f(xo, Yos Zos to) F 4). 


It is evident that in the domain D, for sufficiently large n we shall have 
In| < £ because f is continuous. We write 


peee 


By virtue of formula (22.30) 


PAo [fimes 
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We have: 


faxo, Yo» Zos to) = agi) D, f dx dy dz dt 
Q 
= AY Paf (Xo, Yos Zo; to) dx dy dz dt 
Q 
+ iH] P, dx dy dz dt 
Q 


= f (xo, Yo» Zo, to) a p,n dx dy dz dt 
. Dn 


|Sa(Xo> Yo» Zos to) — f(Xo; Yo» Zo, to)| S €M, 


whence 


as was to be shown. 
(f) The function f, which we have constructed will be differentiable with- 


out limit. This follows because ®, is differentiable without limit. 

After these remarks we can now prove our Theorem 5. 

Let u be some generalized solution of the equation of heat conduction. 
We set up u,(Xo, Yo: Zos to). Then all the (xo, Yo» Zo» to) for any values of n 
are equal and do not depend on n. For, 


Un(Xo> Yo: Zo» to) = Un + p(Xo> Yo» Zo» to) 


“(iff u(x, y, Z, £) (®, — Pnp) dx dy dz dt 
Q 


= {fff u(x, y, Z, t) | 70" = Wap) + 2w — ver | x dx dy dz dż. 
& t 


But w, — Warp = Ẹ is different from zero only in the domain 
1 l 
— $P+t-1ts—, 
4(n + p? n? 


since if r? + fo — t = 1/n? the function w, coincides with W,+p- 
The function y satisfies all the conditions for formula (22.24) to be 


applicable. In this case we can take 


0 
M = V? + — 
Ot 
ð 
L = V? — — 


at’ 
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whence, noting that our equation has the form Lu = 0, i.e., F = 0, we have 


Un — Unep = T yF dx dy dz dt = 0. 
Q 


Hence it follows that u = u,; but u, has an unlimited number of derivatives. 
Consequently, u also may be differentiated any number of times. Hence the 
theorem. 

Suppose now a function satisfies the equation V7u + ju = 0. We put 


v =e “u. 
Then 
V? =e “V2u = — e` “u. 
Consequently, 
V?v = a 
Ot 


By what we have just proved, the function v will have an unlimited number 
of derivatives. Consequently, the function u will also have the same pro- 
perty, as was to be shown. f 

It can also be shown that all solutions of the equation V°u + Au = 0 will, 
in fact, be analytical throughout the domain &,, in contrast to solutions of 
the equation of heat conduction, for which this property does not hold. 


§ 6. Bunyakovski’s Inequality and Minkovski’s Inequality 


Let e(P) be a non-negative function, which we shall call the weight. 

Let (P) and y(P) be two functions, specified in the domain & , and such 
that the product of the weight e(P) and the squares of their moduli are 
integrable, 7.e., 
| Ip(P)P0(P) dP < o0 

& 


` 


(22.32) 
| ly(P)20(P) dP < co. 
QR 


Then the following inequality holds: 


P 
“ 








| PCP) YP) o(P) dP <| lp(P)e(P) ar | lYC(P)I CP) dP. (22.33) 
8? Q 82 


It is clearly sufficient to prove the theorem only for the case when y(P) 
and ọ(P) are real, non-negative functions, since 





| PCP) YP) (P) dP 
QR 





< | Io(P)| WP) oP) dP. (22.34) 
p 
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We have, for any two non-negative functions whatsoever, 
py < 7/2 + y?/2. 


Consequently the integral Jo p(P)y(P)o(P) dP is meaningful. 
Consider the following (also meaningful) integral: 


| ( — wrea = | pear — 22 oye oP + | yo dP 
QR Q Q 82 


It 


af? — 2bA + c. (22.35) 


The parabola defined by y = a2? — 2bA + cin the plane of the variables y 
and A cannot have a single point below the /A-axis, since the magnitude of 
(22.35) is greater than or equal to zero. This implies that the equation 


ał? — 2bA+c¢=0 


cannot have different real roots, and it can have a repeated root only when 
there is a A, such that 


|e — Ap)? o dP = 0, 


i.e., when the expression (p — Apy)e is equivalent to zero, 
i.e., when it is different from zero only on a set of measure zero. 
In the case when the weight-function o(P) vanishes, if at all, only on a set of 
measure zero, this means that the expression y — App is equivalent to zero. 

Consequently, 

b? < ac, 

and the equality sign can hold only when ọ and y are proportional. This 
proves Bunyakovski’s inequality (22.33). 

From Bunyakovski’s inequality it follows in an obvious manner that, 
for any functions g and yw such that the products of their squares with the 
weight-function are each integrable, 





| (p? + 2pp + po aP| 
, | 
s| Ipl2e dP =). lyl?e dP + aif lfe ar: | ipl? dP 
QR 


“Lyf l | wroar+ Jf wear vear |, 
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e ee ee 
JJ (p + vod?) < JÍ Igl?9 dP + i Ipl?o dP. (22.36) 
p | £ Vig 


(22.36) is Minkovski’s Inequality. The left-hand side exists if the right-hand 
side exists. 


or 


§ 7. The Riesz—Fischer Theorem 


The Riesz—Fischer Theorem. If Y1, 42, --+, Çk, ++» iS a sequence of functions 
such that œ? is integrable in a bounded domain 9, for all k, and if, given any €, 
a number N(e) can be found such that 


| (Qk — Qs)? dv <e if k> Me), s > Ne), (22.37) 
Q 


then there is a function go such that gê is integrable in Q, and 


k>w 


tim Í (Pr — Po)? dv = 0 (22.38) 
Q 


It is clear that such a function would be “unique with accuracy up to 
equivalence”; that is to say, if there were two such functions, they would 
necessarily be equivalent. For, if there were two such limit functions, say yo 
and pẹ, then we should have by Minkovski’s inequality 


JI (Po — Px)? dv < í (Po — Pa)? dv + Jf (Pn — P) dv < e€ 
Q Q & 


for an arbitrary small € > 0, and hence 


| (Po — gx)? dv = 0. 
Q 


We shall call yo the limit in the meau square for the sequence 9,.. 
We now prove the theorem. We first show that the sequence y, converges 
in the mean, i.e., that there is a summable function po such that 


lim Í lpo — pı| dv = 0 
Q 


k> œ 


To do this, we note that by Bunyakovski’s inequality 


| Pn E Ppl ds} -| Pn — Ppl- k: ds} 
Q Q 


< Í es oP ast P| | 1. ase | 
è` Q 
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and consequently 


| Im- olaa <7, 
Q 


provided only that 
m > N(yn), p> Nn). 


Applying Theorem 23 of Lecture 6, we see that a summable function po 
exists which is the limit in the mean of the sequence ¢,. 

It follows from the above method of proof that there is a sequence ,,, 
belonging to the sequence gg, which converges to po almost everywhere and 
which does so uniformly in the closed set F; on which all the functions are 
continuous. The set F; can be chosen so that its measure is as close as we 
please to that of R. We have 


| #3 dv = iim | gi, dv S A < œ 
Fò Fs 


i,m 


whence 


| go du < A 
R 


and the integral on the left-hand side exists. It is not difficult to see that the 
magnitude of 


| (Yo — Ph)? ds} 
R 


can be made arbitrarily small by taking i sufficiently large. For brevity, we 
write Y; = Pk,- Then for any closed set F; and for any given positive num- 
ber £, we have, for a sufficiently large 7 (which will depend, in general, on F;): 


| (Po — yy ds =| (yw, — vi) + (Po = y)]* dS 
Fs F3 
s 2| (yı — yp)? dd + 2| (po — y}? dX 
Fà F3 


<2| (vi — yi)? dX + e. 
By the hypothesis, for a sufficiently large / and i, which are independent of F; 


| (vy, — VY dQ Se. 
QR 
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| (po — yp)? dN < 3e 
F5 


and consequently 


A 


f æ- wor an 36. 
Q 


We now show that po is also the limit in the mean square for the original 
sequence Qg. 
For s, k; > N(e) we have: 


IIA 


| Cee Nr 2 Goats dd: 2 Gi 258785 
Q QR Q 


S 6e + 2e = Be. 
Hence the theorem. 


LECTURE 23 


FOURIER’S METHOD 


§ 1. Separation of the Variables 


Boundary-value problems in mathematical physics for equations of para- 
bolic and hyperbolic type can conveniently be solved by a method put for- 
ward by Fourier which we shall refer to as separation of the variables. 

We shall illustrate the essence of the method by means of particular ex- 
amples. The reader who has mastered the arguments set out in the previous 
lectures will have no difficulty in understanding immediately how and in 
what circumstances the Fourier method enables the solution of a problem 
to be found. 

Suppose a solution is required of the equation 


Vu = — — (23.1) 


in a domain Ñ, of the space x, y, z bounded by a surface S, and for ¢ satis- 
fying 0 < t < T, the solution being subject to the conditions 


[u]s = 0 (23.2) 
and 
[u] =0 = g(x, ys z) s (23.3) 


For the time being we shall disregard the condition (23.3) and shall try to 
find particular solutions of equation (23.1) which satisfy condition (23.2). 
We seek these solutions in the form of a product of two functions 


u = U(x, y, z) T(d) (23.4) 
Substituting (23.4) into (23.1) and dividing both parts by u, we get. 


V? U(x, Y, 2) 3 l T(t) (23.5) 
U(x, v, z) a T(t) i 


In equation (23.5) the variables x, y, z and ¢ are separated; the left-hand side 
does not depend on ¢ nor the right-hand side on x, y, z. The equality is 


327 
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possible only if both the left-hand side and the right-hand side are equal to 
one and the same constant, say—A: 


VU 9 DIO. 





ei ame 23.6 
U a T(t) ee) 

or 
VU + 1U =0 (23.7) 
T(t) = Ce”. (23.8) 


In order that our solution shall satisfy the condition (23.2) it is necessary 
for the function U(x, y, z) to satisfy this condition. The values of A for which 
the equation (23.7) has a solution satisfying the boundary condition (23.2) 
are called the eigenvalues (or characteristic values) of the boundary-value 
problem for this equation subject to the condition (23.2). By no means 
every value of A is an eigenvalue. For, transferring the term AU in (23.7) to 
the right-hand side and considering it as a free member, we have, by applying 
formula (21.7) 


U(Po) = <li] G(P, Po) U(P) dP (23.9) 
4r Q 


where G(P, Po) is Green’s function for the Laplacian in the domain $. 

Equation (23.9) is a linear, homogeneous, integral equation of the second 
Fredholm type with a kernel satisfying the requirements of § 7 of Lecture 18. 
By Fredholm’s fourth theorem, it can have a non-zero solution only for 
certain discrete values of A. Let these values of A be 24, 42, ...,4,, --. and let 
Ui, U2, ..., Un, ... be the corresponding solutions of equation (23.9); these 
functions are called eigenfunctions (or characteristic functions). Then we have 
a whole set of particular solutions of equation (23.1) of the required type: 


—A 
ui = U; e is 


We may mention that the kernel of equation (23.9) is a symmetric function 
of the coordinates of the points P and Po. 

We shall prove shortly (in Lecture 24), in the theory of integral equations 
with symmetric kernels, that there are infinitely many such solutions, and 
that for any function œ whose square is integrable a series 


u= ae (23.10) 


i=1 


may be constructed which will satisfy the conditions (23.2) and (23.3) and 
which in the mean will form a generalized solution of equation (23.1). It 
follows from Theorem 5 of Lecture 22 that any generalized solution of 
(23.1) is a solution in the usual sense of the word. 
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We point out, for the moment without proof, five important properties 
of the system of functions U;(x, y, z) and the numbers 4,: 

1. Of the infinite number of numbers /,, all are real and positive. (In 
certain other problems, this circumstance becomes: only a finite number of 
the A, are negative.) 

2. The set of functions U; is orthogonal and can be normalized, i.e., 


{I U(x, y, Zz) Ux, y, z) dx dy dz = 5 o 
2 0, iF]. 


3. The functions U; form a so-called complete system, i.e., any continuous 
function g(x, y, Z) can be expressed as a series 


[0] 


P(x,y, z) = J, aU, y, z) (23.11) 


i= 


which converges in the mean, where the numbers a; are the so-called Fourier 
coefficients for the function g. If, further, p satisfies the condition 


[p]s = 0 


and has second-order derivatives which are continuous everywhere, including 
the boundary, then the series (23.11) converges uniformly. 

4. In addition to the conditions for orthogonality, written above, the 
following equations hold: 


P A i=j 

OU; OU; 7 ðU; OU; , 2U ðU; OU; ‘wipe ie 

“Ox Ox Oy Oy az Oz” 0,1 AJ 
5. If a function g which is continuously twice-differentiable satisfies the 
ee (23.2), then the series (23.11) not only converges uniformly to g, 


but the series obtained from it by termwise differentiation also converges in 
the mean to the corresponding derivative of g. In other words, if we put 


N 
= 5 aU 
i=1 


then the integral 


Ae (fea. (e7 (2e } arivas 


tends to zero. 
Consider now the problem of finding the Fourier coefficients for a func- 
tion g(x, y, z). If we multiply both sides of (23.11) by U; and integrate over 
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the domain Si, integrating the series term by term, we get 


I U(x, y, Z) P(x, y, z} dx dy dz 
8 
= 5 Bill U(x, y, z) Ux, y, Zz) dx dy az = Qj. 
i=1 Q 


(23.12) 


Formula (23.12) gives us, in fact, the value of the Fourier coefficient aj. 

In order that the function expressed in the form of the series (23.10) 
shall satisfy the condition (23.3), we naturally require equation (23.11) to 
be satisfied. If the sum of the series (23.10) is continuous for t = 0, then the 
conditions (23.2) and (23.3) will be satisfied for the values of a; which are 
the Fourier coefficients for the function g. 

It is not difficult to establish that the series (23.10) converges uniformly 
and gives the generalized solution of equation (23.11). For, let 

N 


ex = 2 aU;(x, Y» z). 
i=1 
It is clear that 
N 


uy = >, aUx, y, 2) e74ia 


i=1 


gives the solution of equation (23.1) subject to the conditions (23.2) and 


lunl=o = Qy. 


But we proved in the last lecture that under these conditions it follows from 
the convergence of the sequence yy that the sequence Uy converges uni- 
formly in any finite interval of the time variable to the generalized solu- 
tion u; and this is what we had to show. 

In exactly the same way the problem of integrating the wave equation 
may be solved by the method of separation of variables. Suppose we require 
a solution of the equation 





2 
ear (23.13) 
ðr? 
with the initial conditions 
Ou 
[u] =0 = PolX, y, 2): a] = p(x, y, 2) (23.14) 
On |r=o 


and the boundary conditions, say, of the form 


On ee (23.15) 
On js 
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where S is the surface bounding the domain §} in the space of the variables 


X,Y, Z. 
The particular solutions of this equation which satisfy the conditions 
(23.15) may, as before, be sought in the form 


u = U(x, y, zZ) TW. (23.16) 
Substituting (23.16) into (23.13), we find : 
T(ÐV U(x, y, Z) = U(x, y, z) TD), 


or 
T” (£) = V U(x, y, z) EERE 
T(t) U(x, y, z) 
whence 
T” +?T=0 (23.17) 
V?U + 2270 = 0. (23.18) 


A solution of (23.18) subject to the conditions (23.15) can be found by the 
use of Green’s function again. In this case the function G,(P, Po) satisfies 
not Laplace’s equation but the equation 


where D is the volume of the domain $2. The constant — 4::/D serves in this 
case as the solution of the adjoint homogeneous problem, i.e., 


y2 _ An oe ee ee: -0 
D > ðn D i 


and is chosen so as to ensure the existence of Green’s function. This follows 
from the earlier investigation of the Neumann problem (see § 2, Lecture 21). 
G, will thus be the generalized Green’s function. 

We shall seek that solution U of the equation YV? U = —A?U which is 
orthogonal to a constant in our domain: Jff,.A? U dx dy dz = 0. We shall 
solve equation (23.18), regarding 4?U as the free term. In this case, by the 
results of the previous lectures, the solution of (23.18) which is itself ortho- 
gonal to a constant must have the form 


U(Po) = eff GiP, Po) UP) dP (23.19) 
Q 4x 








We have again obtained an integral equation with symmetric kernel for the 
eigenfunctions of the problem. For this integral equation all our previous 
assertions are valid except No. 3, which is now modified thus: 
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3(a). Any function y(P) which has continuous second-order derivatives in 
and on the boundary of J, and which is orthogonal to a constant: 


4x 
U n 


and which satisfies the boundary conditions, may be expressed as a uniformly 
convergent series of eigenfunctions of equation (23.19). 
Equation (23.17) has two linearly independent solutions: 


T, = cos At, T, = sin At. 


If U(x, y, z) = U,(P) is an eigenfunction of equation (23.19) and 2; is its 
eigenvalue, then the required particular solutions of equation (23.13) will be: 


U(x, y, Z) cos A;t, U(x, y, z) sin A;t. 


We shall seek a solution of the problem in which we are interested in 
the form of series 


a 


u = > a,U(x,y, 2) cosAt + } b,U( x,y, z) sin 2t + Co + Cat. 
i= f=1 
(23.20) 


If the series (23.20) and its derivative with respect to time both converge 
uniformly in the mean, then u and ĝu/ôt will be functions of time which are 
continuous in the mean. This was proved in Lecture 22, Theorem 4. We 
shall soon see that the conditions for uniform convergence in the mean are 
satisfied . 

We require the series (23.20) to satisfy the initial conditions: 


[lul-0 = } aUx, y, 2) + Co, sr | => AbU(x,y,2) + c 
r=o f=1 


(23.21) 
If we choose the coefficients a, and b, so that 


œ 


>, aUx, y, Z) = PX, y, Z) — Co 


i=1 
> Aib,U (x, y, Z) = pix, y, Z) — ĉi, 
i=1 


then the initial conditions (23.14) will be satisfied in the mean. Again assum- 
ing the system of functions U; to be orthogonal and normalized 


l, i=j 
U(P) U,(P) dP = ` 
J O ar rey 


§1 SEPARATION OF THE VARIABLES 333 


we can again determine all the coefficients of the series (23.21), having first 
chosen the constants cg and c, so that Yọ — co and y, — c; are orthogonal 
to a constant. Repeating the former arguments, we get 


4; = Ifi oUi dP, A,b; = aji QıUı dP. 
Q R 


We pass on now to the proof of the convergence in the mean of the 
series (23.20). Exactly as before, we first verify that 


N N 
uy = > aU; cos Ait + } b,U; sin Ayt 
j=1 i=1 


is a solution of the problem with approximate initial conditions. 
We consider two finite sequences of terms of the series (23.20), u, and 
um, and suppose that n > m. The difference of these two sequences 





N N 
Unm = Un — Um = >, aU, cosat + SY b,U;, sin At 
t=m+1 i=m+1 
satisfies the equation 
07 v 
AV mn = nm = : 
Ot? 


the boundary conditions (23.15) and the initial conditions 





. OVam 7 
[Vamk=0 = ` adi, | | = by A,b,U;. 


j=m+1 Ot |,=9 i=m+1 
It is clear that 


1 ff teins an) <e, If [e] Tat 2. 


provided only that n and m are sufficiently large. 
If we now make use of Property 5 of the system of eigenfunctions, we have, 
in the notation of the previous lecture, 


K,(0) < £, K,(0) <£, AQ =O. 


It follows from the inequalities (23.12) and (23.14) that, under these condi- 
tions Ko(t) and K,(t) will also be arbitrarily small in any finite interval of t. 
Thus the sequences Vam and 0v,,,/0t satisfy the conditions of the Riesz~ 
Fischer theorem and consequently converge in the mean uniformly with 
respect to ¢ in any finite interval a < t < b. Hence the series (23.29) con- 
verges in the mean to a certain generalized solution. We shall not investigate 
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in more detail the circumstances under which this solution will be a solution 
in the ordinary sense of the word. 

We see that each term of the series (23.20) represents a so-called harmonic 
oscillation; the frequencies 2, of the oscillations form a discrete sequence. 


§ 2. The Analogy between the Problems of Vibrations 
of a Continuous Medium and Vibrations of Mechanical Systems 
with a Finite Number of Degrces of Freedom 


An analogy may easily be pursued between the problem considered for 
equation (23.13) and the problem of free, small vibrations of mechanical 
systems having a finite number of degrees of freedom. The latter problem 
may be formulated as a problem of integrating a system of equations 

2 m 
Ses! aay. SIs) (23.22) 
dt? k=1 





subject to the conditions 


[gjh=0 = (Qio» | = (q;)o 


dt |reo 





and it is also assumed that a,; = aj. 

In such a system, instead of a function u(P, t) depending on ¢ and on a 
variable point of space, we have a quantity depending on ¢ and a discrete 
number j. If we construct a grid of a finite number of points P,, Pa, ..., Pm 
in the domain 92, and consider instead of the function u(P, ¢) the finite num- 
ber of quantities q; = u(P,, t), and replace the derivatives in equation (23.13) 
by finite differences, then we shall obtain a system similar to (23.22). 

We know from the theory of ordinary differential equations that the 
solution of the system (23.22) has the form 


m 


qj = > Cj, COS A,t + dj, sin At), 


r=1 


where the A, are the frequencies of vibration determined from the so-called 
characteristic equation (or frequency equation or secular equation) 


2 
ai, T A Qy2 ee Qim 
2 
a21 ar. — A Gam 
=0. 
2 
Ami Am2 Tapa Amm T A 


The difference between our earlier problem and the problem of finding 
solutions for the system (23.22) consists only in the fact that the system 
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(23.22) has a finite number of characteristic frequencies of vibration (eigen- 
values) while our problem of integrating the wave equation has infinitely 
many. The analogy goes even deeper. 

If we interpret the set of numbers q,, 92, .--, qm aS a point in m-dimen- 
sional space, or, more precisely, as a vector q joining the origin to a certain 
point in this space, then the system of equations (23.22) may be written in 
the form 

d7q 


pa (23.23) 





where A is the matrix of a linear substitution on the vector q. It is known 
from the theory of ordinary differential equations that the integration of 
(23.23) reduces, in fact, to an orthogonal change of variables (a transformation 
of coordinates in the space q) such that the matrix A of the linear substitution 
is reduced to diagonal form. If these new coordinates are denoted by 
Fis F2, +++) Fms then after the change of variables 


m 


q; = 2 Biss (23.24) 


or 
m 
F; = 5 Bs; djs 
i=1 


we shall have the system 





d? r; 3 as 
— a; 3 
di? h=1 ee 
where 
- -4 j=k 
djk = 
0 jÆk. 


The consideration in the case of the wave equation of the eigenfunctions 
U., U2, Siere U m 
is exactly similar to the choice of new coordinates just described. Instead of 


the values of some function u(P, t) taken over all possible points P we shall 
regard this function as specified by its coefficients f;(£) in a series expansion 


FP, Ò = È fi UP). (23.25) 


The formula (23.25) and the formula 


fat) = | | f(P, i) UP) dP (23.26) 
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are similar to (23.24) except that the suffix i in (23.25) and (23.26), which 
corresponds to the suffix s in (23.24) goes not from 1 to m but from 1 to in- 
finity, and the role of the suffix j varying from 1 to m in (23.24) is now 
played by the point P varying over the domain §. 

This point of view gives a new insight into the Fourier method itself of 
solving the problem of integration of the wave equation (23.13) with given 
initial and boundary conditions. The analogy which we have noted does 
not, of course, arise fortuitously; both problems are really particular cases 
of a more general problem which may be formulated in terms of the abstract 
theory of equations in functional spaces. 


§ 3. The Inhomogeneous Equation 


Without going more deeply into the question, we shall use the existing 
analogy which has been pointed out in § 2 and shall extend it further. We 
illustrate this analogy by the problem of integrating the wave equation with 
a free member and subject to zero initial conditions. As we have seen, the 
general case can be reduced to this one. 

We consider the equation 

07u 
Or 





V?u — = F 


and try to find a solution satisfying the conditions 


Ou 
üh zy = | — = 0, 
[leo Ee 
au] o 
On |s 


Seeking u in the form of a series 


fon) 


u=) a(t) Ui + eo(t) (23.27) 
i=l 
(any twice-differentiable function u which satisfies the condition [éu/én], = 0 
can be expanded in such a series), and expressing F in the form of a similar 
series}, we obtain: 


and 


œ 


colt) + A (> a(t) u) = i (È aft) v) = J F(t) U; + Foft). 





i= Or? \ i= i=1 


t The function F will not, gencrally speaking, satisfy the boundary conditions. How- 
ever, it can obviously be replaced by a function F’ which does satisfy these conditions and 
also ffo (F’ — F)? dx dy dz < e. Then, by the argument of the previous lecture, a sub- 
stitution of this sort will introduce into the solution only an error which may be made as 
small as we please. 
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We carry out the differentiation under the summation signs. This is permis- 
sible, if we suppose the series of derivatives converge uniformly. Then we 
have: 


cil) — Fol) + Y UL- a) — atO — FAD] = 0. 


We multiply both sides of this equation by U, and integrate, noting that 
all terms except those having the suffix j then drop out; hence we have the 
differential equation 

aj(t) + 45 a(t) + F(t) = 0 (23.28) 


for the determination of at). We also have 


colt) — F(t) = 0. 


Using known formulae for the solution of ordinary differential equations 
we get 


a) = z| sin (le ~ 19) Fit) dn, 


Cot) = | (t — 4) Fo(t;) dty. 


o 


For such values of a;(t) the formula (23.27) gives us the required solution, 
provided only that the series (23,27) and the one obtained from it by differ- 
entiating twice converge uniformly. To avoid having to investigate the con- 
vergence, we can again replace the free member F by a function Fy which is 
a finite sequence of the Fourier series. Then, passing to thelimit, and using the 
Riesz—Fischer theorem, we obtain a solution which, if it is not a solution in 
the usual sense of the word, is a generalized solution. 

Our substitution (23.27) is the analogue of the change of variables in the 
system (23.23) which brought the latter to canonical form. Just as for (23.23), 
it quickly solves the problem. 

It is also easy to indicate the way to solve the problem of integrating the 
equation of heat conduction when it has a free member and when the con- 
ditions on the boundary are inhomogeneous: 


V7u — £ is = F(P, ù). 
a Ot 
[u]s = f(S, t). 


[u],-90 = PP). 


It is sufficient to remark that this problem can be reduced to that of integrat- 
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ing the same equation under the conditions 


We expand the free member as a series of the form 
F(P, ) = >} UP) Fi). (23.29) 
i=1 


Such an expansion is possible, since for a fixed value of t the function F(P, £) 
is developable in a series of the form (23.29). The coefficients of this series 
depend, in general, on z: 


F(t) = {I UP) F(P, t) dP. (23.30) 


The F,(t) are continuous, differentiable functions if the partial derivative of 
the function F(P, £) with respect to ¢ is continuous, as is seen from the for- 
mula (23.30). 

Seeking a solution of the equation 





N 
Vuy — + SEY = YF) UCP) (23.31) 
a ôt t=1 
in the form 
N 


uy = 2 a(t) U,(P). 
we get : 


à UP) fro + Lao + hao) = 0, 
i=1 a 


whence, multiplying by U; and integrating, we see that the coefficient a;(z) 
must satisfy the equation 


= aj(t) + Aa(t) + Fd) = 0. (23.32) 
a 
Taking as a,(t) that solution of (23.32) which vanishes at t = 0, i.e., 
qj =| eee F(A) dt, 
o 


we see that u y(t) will satisfy equation (23.31) and also the required initial and 
boundary conditions. 

Passing then to the limit as N > œ and noting that the right-hand mem- 
ber of (23.31) tends to the function F, we obtain, by the previous argument, 
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the generalized solution, which for a sufficiently smooth F will be the solution 
in the usual sense of the word (see § 2, Lecture 22). 

In practical problems our greatest interest in solving the wave equation 
is to determine all the frequencies A, or, as we say, the spectrum of natural 
frequencies of vibration. A knowledge of this spectrum enables undesirable 
resonances to be avoided. Resonance generally arises when an external force 
varies according to a sinusoidal law and its frequency coincides with a 
natural frequency of vibration of the system. 

Suppose, for example, that in formula (23.28) 


F(t) = sin 4;t; 
then 


t 
a(t) = =| sin Adt =. ty) sin Riti dź; 
i (0) 


t 
| [cos 2,(2t, — t) — cos A,t] dt, 
i 8) 


t Ee 
—— cos Å; + — > Sill Ait. 
i 22; 


We see from this that a,(t), and with it the amplitude of the vibration, in- 
creases without limit as f increases. 


§ 4. Longitudinal Vibrations of a Bar 


Many other cases of the use of the Fourier method could be given besides 
those which we have examined. It would be natural to study in this way, for 
example, the equation 








07u Ou Ou 
+ q(x) — + = — + F(x, 4), 
Ax) = q(x) r aa 3; (x, £) 
or 
07u Ou O7u 
P(x) Ax? + q(x) Ox + r(x) u = g(x) po + F(x, t), 


subject to conditions on u at the instant t£ = 0 and at the ends of the interval 
0 <x < 1; and a host of similar problems. 

Without going into details, we shall examine one more simple application 
of the general theory. We examine the equation 


07u 07u 
Ox? Or? 
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with the conditions 


ie See: Ea ape: (23.33) 
ðt bas 


ui sgp TE. ge (23.34) 
Ox x=0 Ox x= 1 


This problem arises, for example, in studying the longitudinal vibrations of 
a bar, free at both ends. 

In accordance with the method already explained, we seek a solution in 
the form of a series 


foo) 
U = > (a, cos At + b; sin Ajt) Ux) + co + cit. 
j= 


where the U(x) are solutions of the differential equation 
d?U; 
dx? 


In this case we do not need to bring in an integral equation in order to find 
solutions of (23.35) satisfying the boundary conditions 


ag =0 and ee = 0. 
dx Weg dx |=: 


The general solution of (23.35) will be 


+ ŽU; = 0. (23.35) 











U; = cj COS A jx + d; sin Ax if Aj > 0, 








or 

U, = c; cosh id;x + d; sinh ix if 4? < 0. 
Correspondingly, 

dU; f 

+ = A(-—c; sin Ajx + d; cos A;x), 

dx 
or 

a = 4,(c, sinh iAj;x + d; cosh i/,x). 


The first of the boundary conditions then shows that we must take d, = 0 
in both cases, and the second condition leads to the conclusion that imaginary 
values of A; (i.e., negative values of 47) are impossible. Hence 


dU 


Jj 





U; = c; cos 4;x, = —A,c; sin A,x. 


dx 


Using the second boundary condition, we conclude that sin A; = 0, whence 


A; = jx and U,; =c, sin jxx. 
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It is well known that 


4 if j=k, 
| cos jax cos kax dx = 
0 0 if j#k. 


If we now choose c; = <2 then we obtain the required system of orthogonal. 
normalized functions U; in the form 


U; = J2 cos jax. 


The coefficients a, and b; are obtained in the form 


—_ L 
a = 4/2 | Po(x) cos jax dx, 


0 


= y2 


xj 





1 
| p(x) cos jax dx, 
0 
and we derive the final answer in the form of the series 


ss ive) 
u = 2 yy (a; cos jax + b; sin jax) + Co + Cit, 
j= 


where 


1 1 
co = | polo dx, ei = | p0) dx. 


0 (0) 


We see that the natural frequencies of vibration of such a bar will have the 


form 
We FE AD a 


To conclude this exposition of the Fourier method we make one or two 
further remarks of a general nature. An essential feature of the argument 
has been that the numbers A, are nowhere dense. Consequently, in the for- 
mulae (23.25) and (23.26), which we considered as the analogue of linear 
transformations of n numbers, one of the variables — with the suffix i— could 
take only a denumerable set of values. A more detailed investigation would 
show that this circumstance is intimately connected with the fact that the 
domain § is bounded. Those properties of integral equations with symmetric 
kernels upon which we have relied may be lost if the domain is unbounded. 
In such a case it can happen, for example, that the required orthogonal, 
normalized eigenfunctions do not exist. They would be replaced by a whole 
set of functions U(P, £) depending on a continuously varying parameter €. 
If the problem is not self-adjoint, then the eigenvalues A are not necessarily 
real but may be complex. 


LECTURE 24 


INTEGRAL EQUATIONS WITH REAL, 
SYMMETRIC KERNELS 


§ 1. Elementary Properties. Completely Continuous Operators 


We have already seen that the problem of finding the eigenvalues and 
eigenfunctions for many of the problems of mathematical physics is reducible, 
with the aid of Green’s function, to the problem of finding the eigenvalues 
and eigenfunctions for some integral equation of the second Fredholm type 
with a real, symmetric kernel, i.e., with a kernel such that 


K(P, Po) = K(Po, P). 


We shall examine a rather more general integral equation, viz., 


HPs) = KPa) + 2 | K(Po, P) (P) OP) dP (241) 
Q i 
and the corresponding homogeneous equation 
oP) = al K(Po, P) (P) o(P) dP, (24.2) 
R 


where K(Po, P)is a symmetrical function of the coordinates of the points Po 
and P, and o(P) is a non-negative, measurable function, called the weight. If 
o = 1 we get integral equations with a symmetric kernel. 

For integral equations of the type (24.1) and (24.2), and, in particular, 
for equations with a symmetric kernel, a whole series of important pro- 
positions hold good, and to the investigation of these we now turn. 

We shall say that equation (24.1) has a weighted symmetric kernel or a 
symmetric kernel with weight o(P). In order not to complicate the argument, 
we shall consider only the case when @(P) is bounded. We shall further 
suppose that o(P) vanishes only on a set of measure zero. 

LEMMA 1. Let ¢(P,) and p(P) be two arbitrary functions, real or complexf, 
such that their moduli are quadratically integrable with weight e(P) in the 


+ By acomplex function of a rcal argument (or real arguments) we mean a function 
which can be expressed as ø (P) = —=,(P) +- ig.(P) where g,(P) and g(P) are real func- 
tions. 
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bounded domain §.,, i.e., 
| IPPP) ap < oo, | PPEP) a < o. 
Further, let the real kernel} K(P, Po) E the inequality 
|K(P, Po)| < £, 


where r is the distance between the points P and Po, and a < n. Then the 
integral 
| | |K(P, Po) PCP) y(Po)| oCP) (Po) dP dPyp (24.3) 
QJ Q4 


converges. 
By Bunyakovski’s inequality, 


i | |K(P, Po) PCP) y(Po)| e(P) e(Po) dP dPo 
RQIQ 





oP) o(P) dP - vl ff |K(P, Po) WCPo)| a(Po) aro} o(P) dP 
QR QR 


J, 


If we establish the existence of the integral 
| IK(P, Po) w(Po)| e(Po) dPo (*) 
for almost all P, and ie the convergence of the integral 
| ‘| |K(P, Po) y(Po)| e(Po) ao} o(P) dP, (24.4) 
Q Q 


then our lemma will follow. 
We have: 


| |K(P, Po) v(Po)| @(Po) dPo S | = [v(Po)| eo) dPo 
Q 


< 





1 1 
=A =a (Po)| e(Po) dPo 
Q yr r 


<A o(Po) dP, * 
g r 


a í L |y(Po)p O(Po) dPo ; 
V Qr 


+ The kernel K(P, Po) is not assumed to be symmetric. 
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but 


r? 


a| o(Po) dPo < M, (**) 
& 


where M is a certain constant. 
Consequently the integral (*) exists for all those points P for which the 
integral 


] 
| = |v(Po)Pe(Po) dPo (24.5) 
R 
exists. Thus 


| f |K(P, Po) y(Po)|o(Po) ara | o(P) dP 
QEY R 


<M | f L JCP) PeP.) Pa | o(P) dP. 
aLla & 


We shall establish simultaneously both the existence almost everywhere of 
the integral (24.5) and the convergence of the integral on the right-hand side 
of the last inequality, by using the Lebesgue-Fubini theorem. 

We shall show that the 2n-dimensional integral 


| | = [WP fete) e(P) dP, dP (24.6) 
QIR 


converges. Hence it will follow that the multiple integral 


| l | L |y(Po) Pe(Po) oro | o(P) dP 
QR Q 


is meaningful and convergent, as well as the integral (24.4). 
In order to establish the convergence of the integral (24.6) we shall carry 
out the integration in the other order: 


| [vepro | = o(P) ar | dPo. (24.7) 
82 QRY 


By virtue of the inequality (**) the function under the integral sign is less than 


Bly(Po)Pe(Po) 


where B is a constant; consequently the integral (24.7) is less than 


B | |p(Po)e(Po) dPo, 
§2 


which converges by the conditions of the lemma. This implies that the 
integral (24.6) also converges; hence the lemma. 
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CoROLLARY. The following equation holds: 


| oP) rf K(P, Po) v(Po) o(Po) Poh o(P) dP 
Q Q 


= | WPa) i | K(P, Po) oP) oP) ar} o(Po) dPo. 
Q Q 
The proof follows from the remark made after the Lebesgue-Fubini 
theorem (see p. 125). 


We now introduce the notation: 


| K(Po, P) oP) o(P) dP = Ap (24.8) 
& 


| K(Po, P) p(Po) o(Pc) dPo = Aty. (24.9) 
& 
From what we have just proved it follows that the integrals 
| | AvPe(P) dP and | |A*pPo(P) dP exist. 
Q 2 


We notice that if the function K(Po, P) is symmetrical, then the operator A 
coincides with the operator A*. 
Let also 


(py) = | oP) YP) ol) dP, (24.10) 
Q 
where y denotes the complex function conjugate to y. Then clearly 
(0) = | PCP) W(P) oP) dP. 
y 


We shall call the expression (p, y) the scalar product of the functions g and y. 
We note some properties of these symbols: 


1. A(ayQ, + 4292) = a, AQ; + a,AQ2. 

2. (4,91 + a202, Y) = (Yi, Y) + a2(H2, P). 
3. (p, ayı + ap) = ay(P, Yı) + a(P, Y2). 
4. (p, y) = @, p). 


5. For any quadratically integrable function o, (p, ¢) 2 0, where the 
equality sign holds if and only if the function @ is equivalent to zero. 
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In the equalities 1, 2, 3, a, and a, are constants. All these equalities can 
be verified directly. 
Our corollary may be written in the form 


(p, A*y) = (4g, 9). (24.11) 


If the function K(P, Po) is real and symmetrical and if ¢ and y are real, we 
have (p, Ay) = (Ag, ). 

We now pass on to the investigation of the integral equations, and we 
shall deal first with the homogeneous equation. 

Let us agree to consider in future only those eigenfunctions such that 
their moduli are quadratically integrable with weight 0. 

THEOREM l. Jf A, and A, are two different characteristic numbers of the 
equations 


I 


p = A,Ap 


and 
PoS A> A*@, 


then the eigenfunctions y and y of these equations satisfy the relation 


(p, yp) = 0. (24.12) 
For, 








(p, A*y) = (==) sa (p. Y), 


zs l = 1 = 
(Ag, Y) = o p, 7) = — (p, y); 
“1 
hence, from (24.11) 
A4(9, y) = âC, y), 


and this is possible only if (g, y) = 0. as was to be shown. 

We shall call functions y and y which satisfy (24.12) orthogonal with 
weight ọ, or simply orthogonal, if this will not lead to ambiguity. 

COROLLARY. The fundamental functions of an integral equation with a 
weighted symmetric kernel which correspond to different characteristic num- 
bers are orthogonal. 
Proof. For a weighted symmetric kernel, all the fundamental functions of 
the equation y = AA*y simply become the fundamental functions of the 
equation ¢ = AAq, since A = A*. 

THEOREM 2. A real, weighted, symmetric kernel cannot have complex 
characteristic numbers. 
Proof. Let A» be a characteristic number and pọ a fundamental function of 
our equation, i.e., 

Po = 404Go- 
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Taking the complex quantities conjugate to both sides of this equation, and 
taking into account that for a symmetric kernel K(P, Po) 


Ag = Ag. 
we get 


Po = AyAQo- 


Hence it follows that 2, is also a characteristic number, and Po a fundamental 
solution of our equation. 


If Ag # 2o, then, by the corollary to Theorem 1, we see that % and Fo 
must be orthogonal with weight 9, i.e., 


(Po; Po) =| PolP) Po(P) o(P) dP =| |vo(P)P o(P) dP = 0; 
X roy 


this implies that gg = 0, which contradicts the hypothesis that pọ is a non- 
trivial solution of the equation g = AAg. 

THEOREM 3. All fundamental functions of a real symmetric kernel are them- 
selves real (or, more precisely, can be chosen to be real). 

Let po(P) = «(P) + iB(P) be a fundamental function. Substituting it in 
the equation, we get 


Po = x + iB = 2A po = AA + IAAP; 
and separating real and imaginary parts, 
a= Aa, B = ŻAB. 


Consequently, x and 6 are themselves fundamental functions, and in place 
of po we may consider either of these functions, or a linear combination of 
them. 

LEMMA 2. All fundamental functions of a weighted kernel may be con- 
sidered orthogonal with weight o. 

We remark that for an equation with symmetric kernel of the type 
described, all the Fredholm theory obviously holds, since the integrals 


| |K(P, Po)| o(Po) dPo, | |K(P, Po)| o(Po) dP 
Q Q 


are bounded. In particular, to each eigenvalue 4 corresponds only a finite 
number of linearly independent functions. 

Turning now to the proof of the lemma, any non-orthogonal functions 
could only be those which correspond to one and the same characteristic 
number A. Suppose these functions are, for example, #1, P2, ..., Pq. In place 
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of them we consider the linear combinations of them: 


Yı = Pı; 

Yo = P2 — (Wr Pa) 1: 
(Yi, Ya) 

EEE L E pa W, 
(Wis Ya) (W2, Y2) 

=, (yi, Pw (po, Px) (Pk-1> Px) 

eS ee p ee ey e 

CIE Yı) (Y2; y2) (Yeas Yrk-1) 


It is easily proved by induction that each function y, is orthogonal to all the 
preceding functions, since 


aan braaa 3 Ps) are ( s— > Gs ar 
Ys,» p) = (Ps, P) E Mat) y, Pi) AE EUO (Vs-1, y,). 
(v1, Yı) (5-15 Ws-1) 
By the hypothesis of the induction all the terms on the right-hand side are 
zero except (Ps, Y,) and _ We Ps) (Yi, Y) because t < s, and these two 
cancel each other out. Pes Pr) 


The y, are obviously solutions of the homogeneous equation, as was to be 
proved. 

DEFINITION. We shall say that the sequence {:,} of functions whose moduli 
are quadratically integrable converges in the mean with weight o to the func- 
tion ọ with a quadratically integrable modulus if the relation 


tim | lo, — pP o dP = 0 
holds. mre dQ 

We note that if the sequence {¢,} of functions whose squares are integrable 
converges uniformly to p, then this sequence converges in the mean to g. 
But the converse proposition does not hold. If we reject the requirement for 
uniform convergence, then examples can be constructed of sequences which 
converge everywhere but which do not converge in the mean. 

We encountered the concept of convergence in the mean earlier in Lec- 
ture 22, § 7, where we proved that a sequence cannot converge in the mean 
to two different functions. Here we should remind ourselves again that, if we 
are supposing integrability in the Lebesgue sense, then in the proposition 
mentioned we should regard functions as different only if their values differ 
on a set of positive measure. 

DEFINITION. We shall say that a set of functions is compact if, from any 
infinite subset of these functions, a convergent sequence can be selected. 

With different conditions imposed on the convergence, which may, for 
example, be convergence in the mean, or uniform convergence, efc., we get 
different conditions for compactness. 
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Compact sets of functions are, by definition, strongly reminiscent of 
bounded sets of points. It is clear that any infinite sub-set of a bounded 
set of points is itself a bounded, infinite set and therefore has at least one 
limit point and consequently also contains a sequence converging to this 
point. 

In mathematical analysis, the concept is introduced of the equicontinuity 
of a set of functions. We recall the definition. 

DEFINITION. A set of functions {yp} is said to be equicontinuous if, given 
any positive £, a number 7(€) can be found such that 


|p(P) - 9(P,)| < e, 


provided only that the distance between the points P and P, is less than n(e), 
the number ⁄(e) being the same for all functions belonging to the set {p}. 

One of the most important applications of the idea of equicontinuity is 
the so-called Arzela’s theoremf, viz. 

From any set {p} of functions which are uniformly bounded and equi- 
continuous, a uniformly convergent sequence of functions can be chosen. 

(A set of functions is uniformly bounded if every function satisfies the 
inequality |p| < A, where A is independent of g.) 

Using the concept of compactness, we can formulate this result thus: A 
set consisting of uniformly bounded, equicontinuous functions will be com- 
pact if uniform convergence, or, a fortiori, if convergence in the mean is con- 
sidered. 

For, by Arzela’s theorem, such an infinite set has at least one limit func- 
tion, 7.e., it contains a uniformly convergent sequence. It is clear that in such 
case there will also be convergence in the mean if the domain in which the 
functions are specified is bounded, as we shall suppose. A set of functions 
which is compact for uniform convergence will evidently be compact for 
convergence in the mean. 

We shall say that a set of functions {p} is bounded in the mean with 
weight o(P) if it satisfies the condition. 


fo [pfe dP < A. 


DEFINITION. We shall say that the operator A is completely continuous if, 
when it is applied to all functions of some set {~} which is bounded in the 
mean, it transforms it into a compact set in the sense of convergence in the 
mean. If the set {Ag} is compact in the sense of uniform convergence, we shall 
say that A is a strong, completely continuous operator. 

THEOREM 4. The integral operator A defined by 


ips f K(Po, P) o(P) o(P) dP, 
Q 


+ See V.V.Stepanov, Course of Differential Equations, 4th edition, Chapter II, § 2 
page 64, orI.G. Petrovskii, Lectures on the Theory of Ordinary Differential Equations, § 11. 
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where the function K(Po, P) is continuous, and o(P) is an integrable function, 
is a strong, completely continuous operator. 
Let {p} be a set of functions bounded in the mean: fo |p|% dP < A. 
Using Bunyakovski’s inequality we can easily see that the family of func- 
tions {Ag} is uniformly bounded. Writing œ = Ag, we have 


|o 





sa| pfo dP-| [KPa PPAP) dP < 407s, 
Q O 


eC 


|K(Po, P| SM, B= | o(P) dP. 


We shall prove that the family {œw} is equicontinuous. We take the 
difference 


o(P,) — oP,) =| [K(P, P,) — K(P, P3)] PCP) o(P) dP: 
we have 





[APD = PDP S | (PPAP) AP: | (KP, P) = KP, PDFer. 
Q Q 


We choose the point P, to be sufficiently close to P, so that 
|K(P, Pi) — K(P, P3)| < e. 
This is possible because the kernel K(P, Po) is continuous in the closed 


domain of variation of the variables P, Po and, by a known theorem, will be 
uniformly continuous therein. Then 


O(P.) — (Ps) 





? <A Í €?o(P) dP = «?AB 
= 
where 

o(P) dP. 


N 
Pa 


B= 


e 





We see, then, that the difference |w(P,) — œ(P2)| can be made less than 
any previously assigned number for P, sufficiently close to P,, simultaneous- 
ly for all œ = Ag, since we did not use any individual property of p in 
obtaining the last inequality. Consequently the family { Ay} isequicontinuous. 
Hence follows the compactness of this family in the sense of uniform con- 
vergence and, a fortiori, in the sense of convergence in the mean. 

Suppose now that the kernel K(Po, P) is real and continuous everywhere 
in the domain Q, x SQ in both variables with the exception of the set {P = Po} 
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and that it satisfies everywhere in x 9 the inequality 


a>0 (24.13) 





|K(Po, P)| < 


n 
r2 


We shall say that such a kernel is almost regular. 
THEOREM 5. The integral operator A defined by 


Aes | K(Po,P) o(P) oP) dP, 
Q 


where the kernel K(Po, P) is almost regular, and the function e(P) is bounded , 
is a strong, completely continuous operator. 
The proof of this theorem is very similar to that of the preceding one. 
Let {p} be a family of functions uniformly bounded in the mean. We 
shall show that the family {Aq} is uniformly bounded and equicontinuous. 
As before, the uniform boundedness follows from Bunyakovski’s in- 


equality. For, if 
| | p(P) 
Q 


| | K(Po, P) oP) e(P) ar] 
Q 


s|] [Kes Pipe ar | | | Dp) ar |. 
Q Q 


By the condition (24.13) we have 





*o(P) dP) S M, 


then 


2 
| |K(Po, P)? o(P) dP < | A o(P) dP < C 
Q Q p24 
where C is a certain constant. Using this result, we get 
2 
| | K(Po, P) y(P) o(P) ar | < MC. 
Q 


Hence the family {Ag} is bounded. 
We now write w = Ag and set up the difference 


WP) =P) | [K(P,, P) — K(P2, P)] (P) o(P) dP 
Q4 
EMP 12a 


352 INTEGRAL EQUATIONS WITH REAL, SYMMETRIC KERNELS L.24 
We have 
[w(P;) — (P,)] ? 


IA 


f |o(P)Pe(P) dP - | |K(P,, P) — K(P2, P)Po(P) dP 
R & 


IIA 


M | |K(P,, P) — K(P2, P)Pe(P) dP = MI, 
Q 
where 


I =Í |K(P,, P) — K(P2, P)Po(P) dP. (24.14) 
QR 


We shall estimate the magnitude of this last integral. 

The function |K(P,, P) — K(P2, P)|? is a function of the 3n coordinates 
of the points P, Pi, Pa which is continuous everywhere in the domain 
St x SL x & except on the set of points {P = P, and P = P,}. Let r, be 
the distance from the point P to the point P,, and r, be the distance from 
the point P to the point P}. In the space of the 37 variables we exclude from 
the domain Q x K x N the open sets of points which satisfy the conditions 
rı < mand r, < », where 7 is any previously specified positive number. In 
the remaining closed set, the function |K(P,, P) — K(P2, P)|? will be uni- 
formly continuous, by Weierstrass’s theorem. For P, = P, it will vanish. 
Consequently, given any £ > 0, we can finda posilive number 0(e, 1/) such that 


|K(P1, P) — K(P2, P)P < e, 


provided that the distance r* between P, and P, is less than ô. 

Suppose then that ¢ is a given positive number. In the domain of vari- 
ation of P we surround both the singular points P, and P, by small spheres 
of radius 7, and we divide the integral (24.14) into two parts 


I = L + I, 
where 


fie ees |K(P,, P) — K(P3, P)fo(P) dP 
ra<a 
and 


h= fpe [K(Pi. P) — K(P2, P)Po(P) dP. 


rzy 


It is not difficult to see that 7(¢) can always be chosen so small that 


l 


IIA 


E 
7 . 
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For, 
[K(P1, P) — K(P2, P)? < [K(P1, P) — K(P2, P)? 
+ [K(P,, P) + K(P2, P)? = 2[K(?,, DP + 2[K(P2, PXP 


and consequently 


12], cq (MPL PP CP) AP + 2,2 IKE, POP O(P) AP- 


r< r2<n 


Hence, using the inequality (24.13) for K(P,, P), K(P2, P), we get I, S €/2. 
Having chosen the value of 7(¢), we can further find d(e) so that every- 
where in the domain under the integral sign J, we have 


K(P,, P) — K(P>, PDP < ————— 
[K( ) ( )] Suna 


where mS, is the volume of the domain 9, provided only that r* < ô. We 


shall then have 
Le eP) dP sÊ. 
2m8& J o sup o 2 
Hence 


We see that the value of 6(e) depends only on the distance between the 
points P, and P, and does not depend on the function gy. Consequently, the 
set of functions {Ag} is equicontinuous. And we proved earlier that it was 
uniformly bounded. Hence, by Arzela’s theorem, the set of functions {Ag} 
is compact in the sense of uniform convergence. Thus, the operator A is a 
strong, completely continuous operator, as was to be shown. 

As we shall explain later, this property of an operator of being com- 
pletely continuous is of the greatest importance, for from it follow the 
main theorems for equations with weighted symmetric kernels. 

It can be shown that the whole qualitative aspect of the Fredholm theory 
for asymmetrical kernels, i.e., the Fredholm alternative, the conditions for 
the solubility of equations, etc., is carried over completely for the equation 


p = Ap +f 


with a completely continuous operator A. We shall not, however, go into 
this question. 

In future, if we wish to establish the complete continuity of an operator 
A, we shall show that it is a strong, completely continuous operator. 
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§ 2. Proof of the Existence of an Eigenvalue 


THEOREM 6. If A is a completely continuous operator, the integral equa- 
tion 
p = 4Ap (24.15) 


with a real, symmetric kernel has at least one eigenvalue. 
Proof. We notice first of all that, for our purpose, it suffices to show that the 
equation 


p = pA’ 


has at least one characteristic number and fundamental function. For, let 
us write the last equation in the form 


p — pA’p = 0 


and let Ay be its eigenvalue and go the corresponding eigenfunction. Then, 
putting uê = A», we have, in the notation of Lecture 18, 


(E — AoA) [(E + 44) Po] = 0. 
The left-hand member of the last equation can vanish only if the function 
Yo = (E + 204) Po 
is a solution of the equation 
(E — 2A)y =0 for 4= 2o. 
Consequently, either yo = 0, or the equation 
(E — AA) Yo = 0 
has a nontrivial solution. In the first case we have 
(E +1204) po = 0, 


and this implies that go is an eigenfunction of equation (24.15) corres- 
ponding to the eigenvalue A = A, of (24.15). In the second case we also arrive 
at the existence of an eigenvalue A = A, for equation (24.15). 

Consider the expression 


(Ag, Ay) _ (P, A’@) 
(p, p) (p, p) 


for all possible functions g which are real, quadratically integrable, and not 
equivalent to zero. This ratio cannot be zero for all g, for otherwise Ap 
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would be identically zero. It is obviously not negative. Moreover, it cannot 
take unboundedly large values. For, this ratio does not change when the 
function is multiplied by any constant. Hence it is sufficient to establish 
the boundedness of this ratio for functions which are uniformly bounded 
in the mean, and this follows in an obvious way from what has been proved 
above. Consequently, the expression (Ag, Ap)/(p, p) has a least upper bound, 
which we denote by x. 

It is then clear that 


2 2 2 
(A*y, A?) _ (°p, A?) (Ag, Ap) < < x2. (24.16) 


(p, p) (Ap, Ay) (p, p) 


Let p, be a sequence of functions such that 


(Pns Pn) = 1 (24.17) 
lim(Apr, Apn) = xı. (24.18) 


n= w 


Such a sequence can always be constructed. By the property of the upper 
bound there is a sequence gs such that 


lim (Ags , Age) 


= #1. 
nso (Pr, Pr) 
Hence putting 
* 
Gi es 2 
VF. oF) 
we obtain the required sequence. 
Consider the sequence 
Pn = 41P, — A’ Pn- 
We show that 
lim (y,, Yn) = 0. (24.19) 


n= œ 


For, 
(Yh Wn) = x1(Pn Pn) gi 2%:(Pr; A? Pn) T: (A? Pn A’ Pn). 


By (24.16) we have 


(Vas Wn) sS 2x1 ~ 2%4(Pn, A? Qn) = 2264 ( 4 = (Ag, , Pn)) + 


Hence, using (24.18), we obtain (24.19). 

Thus the sequence of functions x,y, — A’, tends to zero in the mean. 
Since the operator A* is completely continuous, we can choose from the se- 
quence A’, a sequence A’y,, which converges in the mean to a certain con- 
tinuous function. 


356 INTEGRAL EQUATIONS WITH REAL, SYMMETRIC KERNEL L.24 


But 
lim Ag, = %1 lim P, (24.20) 


where the limit on the right is to be understood as in the mean. This implies 
that the sequence ¢,, also has as its limit in the mean a certain function, 
which we denote by go. Passing to the limit in the relation (24.20), we get 


*1Po — A*po = 0. 
Or, putting x, = 1/u,, we have 
Po = M1 A*G = 0. 


Consequently equation (24.15) has the eigenvalue 4,, as was to be shown. 

Comparing Theorems 4, 5 and 6, we see that the existence has been 
proved of at least one eigenfunction and one eigenvalue for integral equa- 
tions with weighted, real, symmetric kernels in two cases—for continuous 
kernels, and for almost regular kernels. 

It is important to note that the eigenfunction, whose existence we have 
proved, is always continuous. This follows from the strong, complete con- 
tinuity of the operator A. 


LECTURE 25 


THE BILINEAR FORMULA 
AND THE HILBERT-SCHMIDT THEOREM 


§ 1. The Bilinear Formula 


In the last lecture we proved that an integral equation with a weighted 
symmetric kernel 
p = AAp (25.1) 


always has a fundamental function gy, and a characteristic number /,. By 
multiplying this function by a constant, we can arrange to make 


| lp,(P)}P e(P) dP = 1. 
Q 
We now introduce a new integral operator B, defined by the conditions 


(Po) = Bip = = q(Po) | p:(P) oP) o(P) dP. 
Q 


1 


Obviously 
L(P, Po) 2 pee pı(P) 
Si 
is the kernel of the operation B,. 
The equation 
p = AB yp (25.2) 


obviously has an eigenvalue 4, and a fundamental solution g;. For, the 
function B,, differs from g, only by a (constant) factor. Consequently, for 
any A, the solution of equation (25.2) can be only the function g,. Substituting 
p = g, in (25.2), we get 


pi(P) = p(P), 


1 
whence A = A,. 


Lemma. All fundamental functions of the integral equation 
p = A — By) p (25.3) 
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with the kernel 
pP ) pı(Po) 


K-LSKP Pj 
“$ 


(25.4) 


are fundamental functions of equation (25.1) for the same values of 4. Con- 
versely, all fundamental functions of equation (25.1) which are orthogonal to 
@, serve as fundamental functions of equation (25.3) for the same values 
of 4. 

Proof. Let p(k # 1) be some solution of equation (25.1), corresponding 
to the eigenvalue /,. Then BỌ, = 0, since all fundamental functions of 
equation (25.1) are orthogonal. This implies 


1 
(A — Bi) Pk = AP, = — Vr 
hy 
l.e., 
Pr = AKA — By) Pr- 
Further, 
KA — By) pı = 0. 


Consequently, all solutions of equation (25.1) except ¢, satisfy equation 
(25.3), and, moreover, with the same eigenvalues. 

We now prove that any eigenfunction of equation (25.3) satisfies the 
equation (25.1). We first show that all solutions of (25.3) for any A are 
orthogonal to ¢,. For, from (25.3) we have 


(p, gı) = ACA — By) p, gı] = Ay, (A — Bi) pı) = 0. 


Now let gf be any solution whatever of (25.3) corresponding to 4 = 2*. 
Since yf is orthogonal to g,, we have B,y~ = 0. Thus (A — B,) př = Apř, 
and consequently yj = 2*(4 — B,) př = A* Age, as was to be shown. 

For brevity we now write 


A — B, = A,. 


The operator A, is again a symmetrical integral operator. Two possibilities 
now present themselves: either its kernel is identically zero, or it has at least 
one more fundamental function g.(P) corresponding to an eigenvalue 
Az (Az may sometimes be equal to /,). But in the latter case we can set up an 
operation B, with the kernel 
PP) P2(Po) 
22 


and, repeating the foregoing argument, arrive at an operator 


A = A — B, — By, 
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for which the integral equation y = AA, will have the same fundamental 
functions as (25.1) has, except p, and y2, and only those fundamental func- 
tions. We continue this process. 
Then if the kernel of the operator A has only m eigenfunctions, the 
operator 
Am = A — B, — B, — +: — By (25.5) 


will have no eigenfunction, i.e., it will be identically zero. Hence we have: 
THEOREM 1. A symmetric weighted kernel which has a finite number of 
fundamental functions can be expressed in the form 


Ai 
and consequently is degenerate. 

If the kernel K(P, Po) has an infinite set of eigenfunctions, then, by 
arranging all the /,, in order of increasing absolute value, we can obtain 
operators 

Amn = A — B, — By — + — Bm, m= 1,2,3,..., 


whose eigenvalues are arbitrarily large in absolute value for sufficiently large 
values of m; for, by Fredholm’s 4th theorem, the sequence {A,,} must, if it is 
infinite, be unbounded. Let 


Then for all y such that (p, p) = 1, 
max (Ans An ) = Xm: 


For, if (A mP, Amp) could take values greater than x m, the equation p = AA mE 
would have an eigenvalue Any, With |Amsi| < |Aml, and this is impossible. 

We thus see that 
lim (4,9, Amp) = 0, (25.7) 


m> œ 


and that this holds uniformly for all g which are uniformly bounded in the 
mean. 
In a certain sense the equation (25.7) means that A, tends to zero; 


m 

consequently the kernel of the operator A — )° B, tends to zero. Hence the 
i=1 

series 


= GP) (Po) 
È, A, 


in a certain sense represents the kernel K(P, Po). 
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If it happens that the series 


y piP) p:(Po 
A, 
converges uniformly, then the kernel of the operator A — )’ B, will have 
no eigenvalues, i.e., it will vanish. Hence we have: ims 
“THEOREM 2. (The Bilinear Formula) If the series 


5 pi(P) pi(Po) 


25.8 
7, (25.8) 


converges uniformly in both variables, then its sum is equal to the kernel 
K(P, Po): 


K(P, Po) = È PO. 


In general, however, the series (25.8) may not converge uniformly: 
in which case there is a further question of interest to us. 
We shall say that a function f{(Po) which has the form 


aee f K(P, Po) HP) e(P) dP, 
Q 


where h is a quadratically integrable function, is a sourcewise-representable 
function by h with the aid of the kernel K. 

If we substituted in place of K(P, Po) its proposed representation by (25.8) 
we should obtain for f the formula 


h 
Aj 1 A; 


t 


o a AOS = BE lPo). 259) 
where 


iz | ICP) pP) (P) dP. 
QR 


We now prove a thcorem. 
THEOREM 3. If f(Po) isa function which is sourcewise representable by h, and 
if the integral 


| h?(P) o(P) dP 
R 


converges, then the series 


iMs 


ae pi(Po) (25.10) 
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converges in the mean and its sum is equal to f (Po). In other words, 


lim | ke = y i neo | e(Po) dPo = 0. (25.11) 
Q i i 


N> =1 Q; 


This theorem is an obvious consequence of formula (25.7). For, 


fP) - È ua 


7 nea = | (x- y Bi) MP) (P) dP = Ah, 
i=1 A, Q i=1 


whence, applying formula (25.7), we at once obtain our theorem. 

The theorems already proved will enable us to make clear later the 
significance of the argument by which we prove the existence of eigenvalues. 
But first we prove a lemma. 

LEMMA 2. (Bessel’s Inequality) 
Let Y1, P2, +++) Pns --- be a finite or infinite sequence of real, orthogonal 
functions which have been normalized with weight o: 


| pi(P) pP) e(P) dP = ‘0 oy 
R 0 j 


> LI 


and let f be a certain function whose square is integrable with weight o: 


| f?0 dP = A. 
& 
We shall call the numbers 


fi -f Sig dP 
R 


the Fourier coefficients for the function f. 


0 
Then the series X f? converges and its sum does not exceed A: 
i=1 


IIA 


A fi <A. (25.12) 


If for a certain function f the inequality (25.12) becomes an equality then 
the system of functions is said to be closed relative to f. A system of func- 
tions which is closed relative to all functions whose squares are integrable 
is called simply a closed system. 

Equation (25.12) is known as Bessel’s Inequality. 
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To prove the lemma, we first show that 


n 


N 
aN 
from which, when N > œ, we at once obtain the proof of the lemma. We 


have 
os| te dof) o dP 


N N 
=| Sear -2 5f foo aP + yf pio dP 
i=1 fe i=1 ~ 


-Í FodP- Y fp =A- DV ff. 
Q i=1 1 


Hence the lemma. 


The fact that the system {q,} is closed relative to f has the following 
significance. If 


N N 
lim ¥ ff = A, then lim |4 - > fi] = 0 
i 


N>œ i=1 N> w 


and this implies 
N 2 
im Í (s- X Psi) o dP = 0, 
N> 0 Q i=l 


i.e., the function f(P) is represented by the series Èf (P) which converges 
in the mean. 


Thus, Theorem 3 shows that the system of fundamental functions is 
closed relative to any sourcewise representable function. 

LEMMA 3. Let u,(P), u.(P),...,uy(P) be any system of orthogonal, 
normalized functions, and f(P) be an arbitrary, quadratically integrable 
function. We consider the minimum value of the integral 


ne | Ke "> aup) | dP 
Q i=1 


for all possible values of a;. 


This minimum is attained when a, = fı, where fi = fo f(P) uP) dP, and 
is equal to 


| EW dP = > r 
Q i=1 
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For, let 
f(P) = » Siu(P) + Ry(P): (25.13) 
=1 


multiplying both sides of (25.13) by u,(P) and integrating, we get 


| R (P) u(P)dP = 0, (i = 1,2, ..., N). 
Then ° 
Ty -Í È (fı — a) u(P) + RaP) | aP 
QLS 


N 
= | RMP) dP + } (fi — aX. 
Q i=1 
It is clear that this expression will have a minimum for a; = f;. Then 


| Ri(P) dP = | | x) = fup) | ip = | sup) dP — Ș fe. 
Q Q i=1 2 i=l 


as was to be proved. 
We make two more small observations. 
THEOREM 4. For any quadratically integrable function y, 


a 2 
(y, Ay) = ¥ 4, (25.14) 
i=1 A, 
where y; are the Fourier coefficients of the function y, i.e., 


Yi -f YP) p;i(P) o(P) dP. 
Q 
We note that 
A mp = Ay — 2 a (P) 


and consequently 


(p, Any) = V, 4y) = F ei) = (p, Ay) - 


i=1 


m 2 
i 


z1 Ai 


a yo dP: |. (An)? g dP 
= bnif year yo dP. 


But 


lw, Ani?)| = l PAmyo dP 
Q 


IHA 
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Since xm > 0.as m => œ, So also the quantity (y, A my) tends to zero. We have 


m y? 
i=1 A, 


m> œ 
as was to be proved. 

COROLLARY. If all the eigenvalues i, are positive, then (y, Ay) 2 0 for 
any y, and conversely, if (p, Ay) nowhere takes negative values, then all the 
A, are positive. 

Kernels which have only positive eigenvalues are said to be positive 
definite. 

THEOREM 5. The least eigenvalue of a positive definite kernel is determined 
by the equation 


1 = sup (y, Ay). (25.15) 
Ao (weal 
For, 


1 
(y, Ay) = ae for y = po. 
On the other hand, 


where 2, is the least positive of the å; 

and since (y, y) = 1, we have from (25,12), 
` vi cl 
A A 

as was to be shown. ena at ° 

We recall that it was, in fact, by determining the upper bound of the 
expression (y, Ay) subject to the condition (y, y) = 1 that we established the 
existence of an eigenvalue for the kernel K, of the operator A’. 


§ 2. The Hilbert-Schmidt Theorem 


To conclude our investigation, we prove further that, under certain 
conditions, the convergence of the scries (25.8) will be uniform. 

THEOREM 6. ( Hilbert—Schmidt) 
If a real symmetric kernel K(Po, P) is quadratically integrable with respect 
to each variable, and if each of these integrals of its square is uniformly 
bounded with respect to the other variable, i.e., if 


| |K(Po)Pu(P) dP = A(Po) < A, (25.16) 
Q 


then the series (25.10) converges uuiformly to the function f(Po). 
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For, by Bessel’s inequality, the series 
< pi (Po) 


fx. FH? 
converges and the incquality 





$ pi a <A (25.17) 
i=1 


holds. This follows from the fact that y,(Pp)/A, serve as the Fourier coef- 
ficients for the function f = K(Po, P): 


Pil Po) 
7, 


t 


= | K(Po, P) oP) o(P) dP. (25.18) 
Q 

Moreover, the series with constant terms 

EA (25.19) 


also converges, again by virtue of Bessel’s inequality. From the convergence 
of the series (25.19) it follows that 


m+p 
© hi < Em Where &2>0 as m> o. 
By Bunyakovski’s inequality, 
(Aa = 


consequently, the sum 


hig; 
a 


m+p m+ p 2 
(2 )(Z T) L EmA: 
i=m i=m 














m+p 

x hivPo) (25.20) 

i=m A; 
is as small as we please, and this implies that the series (25.10) converges 
uniformly. 

Writing 
= hype 
y(Po) E2 “at o) , 


t 


and passing to the limit in formula (25.11), we get 


| Gi) par So: 
Q 
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Consequently, 


f(s) = Po) = AERO) 


(25.21) 


Hence the Hilbert~Schmidt theorem. 

COROLLARY. (Bilinear Series for an Iterated Kernel) 
If the kernel K(Po, P) satisfies the condition of the theorem, then for an 
iterated kernel the bilinear series converges and moreover does so uniformly 
relative to P for a fixed Po. 

We can take @;,(Po)/A? as the Fourier coefficients for the iterated kernel. 
For, 


| K,(Po, P) pi(P) o(P) dP 
Q 


| Kea P| | KCP,» P) 9AP) oP) dP | oP) aP, 
Q p 


l l 
7 K(Po, Pi) piP 1) o(P,) dP, = Re pi(Po)- 
ey; R vf 
Hence 
K,(Po, P) = ¥, LiPo) OP) (25.22) 
i=1 


32 
^i 


The convergence of the series for kernels Km, where m = 2, will be even more 
rapid; for these kernels we shall obviously have 


m(Po, P) = p Eade) pi(Po) piP) 


i=1 Ae 


It can be shown, though we shall not bother to do so here, that the converg- 
ence of the bilinear series (25.22) is uniform relative to both variables. 

The Hilbert-Schmidt theorem is obviously valid for continuous kernels 
with any bounded measurable weight. It is not difficult to see that it also 
holds for almost regular kernels, since for such kernels 


2 


= o(P) dP < M, 





| {K(Po, P)}? o(P) dP <| 
Q 


(e 


as is required for the hypothesis of the Hilbert-Schmidt theorem. 

The Hilbert-Schmidt theorem can be extended immediately for all 
kernels of the type of Green’s function with two or three independent vari- 
ables. For, such kernels, which have a singularity log, (1/r) or (l/r), are clearly 
almost regular. 
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Consider the integral 


dy =| f Ke P,) - J BORD T AP) a) dP ay, 
QIR ii t 


Simple transformations give 
av = [ | IKP, Por aP) P) aP aP, 
QJR 


52 i i KP, p,) POPE AP) o(P,) dP dP, 


i 


-f | 2 pi (P) pi (P,) o(P) o(P,) dP dP, 
Q t= 1 2? 


“i 








-Í | IKP, POP oP, dP, - 2. Z AOF PAP | acre 
Q Q 1 J 


=| [rae p) -7 E aP ar. 
5 £ 


“i 


Obviously, dy > 0. By what we have proved above, the series 2 pi(P)/A? 
converges to the function K,(P, P). 
By Lemma 7 of Lecture 6 we can assert that the non-decreasing sequence 
N 


of functions )° y7(P)/A7, which has a bounded integral, converges almost 
i=] 


everywhere to a limit function, and we can pass to the limit under the in- 
tegral sign. This limit function can be none other than K,(P, P); whence it 
follows that lim dy = 0. The result just obtained gives the important. 

THEOREM 7. The bilinear series for a continuous kernel converges in the 
mean to this kernel with respect to both variables. 

There is also a theorem (which we shall not prove) due to Mercer: The 
bilinear series for any continuous, positive definite kernel, i.e., a kernel which 
has only positive eigenvalues, converges uniformly. 

The uniform convergence with respect to both variables of the series 
(25.22) follows from Mercer’s theorem. 


§ 3. Proof of the Fourier Method for the Solution 
of the Boundary-value Problems of Mathematical Physics 


We can now return to the assertions which we left unproved in Lecture 23 
in our exposition of the Fourier method. We shall prove the five basic prop- 
erties of the system of eigenfunctions which were enunciated in Lecture 23 


(p. 329). 
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We saw that eigenfunctions for boundary-value problems of equation 
(23.7) were solutions of the integral equation (23.9) with a real, symmetric 
kernel and with an almost regular kernel. Hence it follows that the eigen- 
values A, will be real. We shall prove shortly that there are infinitely many 
eigenvalues and that none of them is negative. 

By what we have already proved, the eigenfunctions can be regarded as 
orthogonal and normalized, i.e., Property 2 (p. 329) holds. 

Certain properties of the eigenfunctions are best examined separately 
for the different boundary-value problems. We shall consider first the 
boundary-value problem of the first kind. 

We have proved that the functions U; which are the solutions of the 
equation 

V2U; + 4U, = 0 (25.23) 
satisfying the conditions 
[Uils = 0 (25.24) 


are solutions of the integral equation 
Ui(Po) = aff GU; dP. (25.25) 
Q 


We shall now prove the converse proposition: 
Any solution of the integral equation (25.25) has continuous derivatives up 
to the second order inclusive, is continuous right up to the boundary, and 
satisfies the differential equation (25.23) and the boundary condition (23.24). 

As a preliminary, we show that the U, have continuous first-order deriv- 
atives. Because of the strong, complete continuity of the integral operator 
with almost regular kernel (25.25), the function U; is bounded (it is uni- 
formly continuous in a bounded domain). Green’s function G may be written 
in the form 


1 
G(P, Po) = — + g(P, Po), 
4zr 


where gis regular in the domain § relative to either argument of the function 
when the other argument has a fixed value lying within the domain &. Hence 


Uas | | | | up) aP + {| | gU,(P) dP. 
4n : Q r Q 


Both terms on the right-hand side of this equation have continuous first-order 
derivatives at any internal point P, of the domain $S}, since differentiation 
with respect to the parameter under the integral sign gives integrals which 
are uniformly convergent at the point Po. Hence the continuous differenti- 
ability of U; is proved. 
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We now pass on to the proof of the proposition already enunciated. 
Consider Poisson’s equation 
V2u = —A,U,, (25.26) 


where a solution of the integral equation (25.25) stands on the right-hand 
side. We shall seek a solution of this equation satisfying the condition 


[u]s = 0. (25.27) 


Such a solution can be constructed in two stages. Consider first of all a 
Newtonian potential with the continuously differentiable density 4,U,/42: 


O(Po) = alll V dP. (25.28) 
4r Qr 


We can show, without essential alteration of the proof given in Lecture 11, 
that the potential Q(Po) is a solution of equation (25.26). A function u which 
satisfies equation (25.26) and the condition (25.27) can be put into the form 


u(Po) = Q(Po) + w(Po), 


where w(P,) is a function which is harmonic in the domain Į, and takes the 
values Q(S) on the boundary S. Such a function exists. By Lyapunov’s 
lemma (see Lecture 21, p.292), it has a regular normal derivative. 
Consequently a solution v exists of equation (25.26) satisfying the condition 
(25.27) and having a regular normal derivative. 

But such a solution, as was shown in Lecture 21, can be expressed in the 
form 


u(Po) = A; {I G(P,, P) U<P) dP. (25.29) 
Q 


By (25.25) the right-hand side of the last equation is U;(Po). This implies 
that the function U,(Po) coincides with the function U(Po), from which 
follows immediately the proposition that was to be proved. 

We now go on to investigate the eigenfunctions for the second kind of 
boundary-value problem. We proved that any function V; which is bounded 
and which satisfies the equation 


V7; + AV; = 0 (25.30) 
and the boundary condition 
PrN p, (25.31) 
ôn |s 


where the derivative is to be understood as the regular normal derivative, 
will be a solution of the integral equation 


V(Po) = 4, | | | G*(P,, P) VP) dP, (25.32) 
R 
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where G*(Po, P)is the generalized Green’s function forthe Neumann problem. 
We now prove the converse proposition. 
We shall seek a solution of the equation 


V2v = —A,V; (25.33) 


Ov 
Bl = 0. (25.34) 


Such a solution exists, since the function V; is orthogonal to a constant, i.e., 
to the solution of the homogeneous Neumann problem. In order to find the 
required solution, we first set up the Newtonian potential 


R(Po) = A II | oe ds}. (25.35) 
42, gtr 


Since V; is bounded, this potential will have everywhere continuous first- 
order derivatives satisfying the conditions of Theorem 4 of Lecture 15 (the 
Lyapunov conditions). 

Moreover, the function v will be expressible in the form 


subject to the condition 


v(Po) = R(Po) + s(Po), (25.36) 


where s(Po) is a harmonic function satisfying the condition 


EY) oc aca OF 
On |s On |s 


But [R/ðn]s is a continuous function on the surface S and satisfies the 
Lyapunov conditions. Hence, as in Lecture 16, § 2, the function s will take 
the form of a potential of a single layer, whose density (by virtue of (16.4) 
and Theorem 6 of Lecture 15) will in its turn satisfy the Lyapunov con- 
ditions. It follows from Theorem 4 of Lecture 16 that the function s will have 
a regular normal derivative. 

It has been proved (see Theorem 2, Lecture 21) that the solution of 
equation (25.33) with the conditions (25.34) can be presented in the form 


(Po) = 2; | | | G*(Po, P) VP) dP. (25.37) 
Q 


Consequently the function (Po) coincides with the function V;. Hence V; 
has a regular normal derivative, which vanishes on the boundary, and it 
satisfies the equation (25.30). 

We shall now prove Property 1. We have still to show that there are no 
negative eigenvalues among those, /,, for a kernel representable by a Green’s 
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function. Using equation (23.7) we have 


| U; V? U; dx dy dz = -af U? dx dy dz = —A,. (25.38) 
Q & 


On the other hand, by Green’s formula, we have, using the boundedness of 
U, and the regularity of the normal derivatives, 


[ff wrasrare 
~ Jf) {C2 + EY + Braver fs 


as, 
But if [U;]; = 0 or [ĝU;/ôn]s = 0, then the last term, the surface integral, 


vanishes, and we get 
N? OU. \2 ð 2 
Ng a + OEY Va dy dz = 0, (25.40) 
x oy Oz 


JIJA 


as we had to prove. 

We now prove the third property of a system of eigenfunctions —its 
completeness. Let y be an arbitrary function which satisfies on the boundary 
of the domain the condition either [v7]; = 0 or [ĝp/ðn]s = 0 and which has 
continuous second-order derivatives everywhere. Then, if we put 








V?ọp = 4ny, 


the function y is continuous in the closed domain §.. By the property of 


Green’s function 
= 4 G(Po, P) p(P) dP. 
Q 


Thus the function Q is sourcewise represented by y with the aid of the kernel 
G and consequently may be expanded in a uniformly convergent series of 
eigenfunctions. Thus the system of eigenfunctions is complete relative to any 
function g which is continuously twice-differentiable and which satisfies the 
boundary conditions. But with the aid of such functions it is obviously 
possible to represent approximately in the mean any function which is quad- 
ratically integrable in the domain. 

As we have already proved (see Lemma 3, p. 362), the best approx- 
imation in the mean to a given function is a finite Fourier series. Hence a 
finite Fourier series also gives an approximation in the mean to any function 
which is quadratically integrable over the domain &. This implies that any 
function f which is quadratically integrable over the domain Į, can be ex- 
panded as a Fourier series of eigenfunctions converging in the mean. Hence 
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Property 3 has been proved. It follows, incidentally, that there are in- 
finitely many eigenfunctions {U;}, for otherwise they could not form a com- 
plete system. 

We now prove Property 4. Let U, and U; be two eigenfunctions. Inte- 
grating by parts and using the boundary conditions, we have: 


ðU, OU, F ðU; OU; a ðU, OU, TETT 
Q\ Ox ox Oy Oy Oz Oz 


= -fff U, V?U; dx dy dz a us dS = aff U;U; dx dy dz, 
R ; 


(25.41) 





from which Property 4 follows. 
It remains to prove Property 5. To do this, we consider the integral 


ð 2 ð 5 ə j 
Se ee (p — n) + [ze = | + lz (¢ — m) l x 


x dx dy dz, (25.42) 
N 
where py = } a;U; and the quantities a; are the Fourier coefficients of 
T the function g in the system {U;}. 


Removing the brackets and integrating, in exactly the same way as in the 
derivation of Bessel’s inequality, and making use of Property 4, then: 


JL )- Bao 


-25a afff mo ca ga ay + ee OH ax dy dz + X Aai. 


Ox Ox are oy Oz Oz 
(25.43) 


It is easily proved that 


{Vf ODDO OD, OU y COLOUR) do i Gig i: 
Qo lOx ôx Oy Oy Oz Oz 


For, integrating by parts, 


Q\Ox Ox Oy dy Oz Oz 


= -f p V? U, dx dy dz = a {|| pu; dx dy dz = lia. 
Q Ide 
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Thus, from (25.43) we have 


Mee- + Ben] + [Sef ao 
MORON Be ore Be 


The left-hand side of this last equation is non-negative, and we obtain an 
inequality similar to Bessel’s inequality: 


haaa |G) Gy) +e) eo 


This inequality shows that the series )) A,a? converges. And from this follows 
the convergence in the mean for the series 


= Z 2z OU, < ôU, 
Datt, Yatt, Datt 


i=1 Oy i=1 Oz 





For, consider the integral 


MECOM + (Bo By Jerre 


If we establish that this integral is as small as we please for a sufficiently large 
n and arbitrary p, then the convergence in which we are interested will follow. 
Using Property 4, we can evaluate this integral directly; we find 


[EZ SS) + a By ioa 
A + G+ Gy jee 


+ a aja ous OTe U, 8U; £ ôU, OU; dx dy dz 
i dx Ox ay dy Oz Oz 














(o) 
Since the series }` 4,a? converges, it follows by Cauchy’s criterion that the 
i=1 


last sum is arbitrarily small for sufficiently large n. We have proved that 
the series obtained by termwise differentiation with respect to x, y and z of 
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the series 


oo 


X a;U,(x. J; z) 


i=1 
converges in the mean. 
To complete the proof of Property 5 we have to prove one more theorem. 
foe) 


THEOREM 8. If the series œ = )' v; of terms continuously differentiable in 
i=] 

the domain §, converges uniformly, if the ue of the series has a partial deriv- 

ative with respect to x, and if the series 2 0u,/0x obtained by terimwise dif- 


ferentiation converges in the mean, then ihe series ` v; can be differentiated 


=1 
termwise, i.e. : 
E Op & ðv; 


: 25.44 
Ox  i=n Ox $ ) 


where, of course, by convergence is to be understood convergence in the 
mean. 

Proof. Let y be an arbitrary, continuously differentiable function of the 
variables x, y, z, which is different from zero only in a certain domain &, 
lying wholly within the domain. Then the following formula for integration 


by parts holds: 
f pZ it 5g w) E ene (25.45) 
Q Ox Ox 


where y is an arbitrary function having a continuous derivative dy/dx. In 


particular, 
ð 
| (¥ OE rg Vaay dor (25.46) 
Q Ox Ox 
N 


We now substitute in place of y in (25.45) the function py = } v,. Then 
i=) 


I. p% OEM y Qy p ot) dx dy dz = 0. 
Ox 


In this poems we can pass to the limit as N >œ. Let ¢’ denote the sum 


of the series > dv,/0x. By the hypothesis, this sum exists. We then have 


[filer seers 


Subtracting this equality from (25.46) we get 


ih P(E- 07) ax ay ae = 
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This equality holds for any function, subject only to the requirements stated 
above; hence 

0 2 Ov 

LP = g —— X 2. 

Ox i=1 Ox 
as was to be proved. 


§ 4. An Application of the Theory of Integral Equations 
with Symmetric Kernel 


One of the most important applications of the theory of integral equa- 
tions with symmetric kernel is to the theory of the so-called Sturm-Liouville 
equations, i.e., of ordinary differential equations 


(py’Y + ry + Ao(x)y = 0 (25.47) 


depending on a parameter 2, with certain boundary conditions. 
We shall seek a solution of such an equation satisfying the homogeneous 
conditions: 


[py + ay]x20 = 9, [py + Pylx-ı = 0. (25.48) 


Assuming that, for A = 0, the homogeneous problem has at least a trivial 
solution, and applying Green’s formula, we have 


1 

y(X%) = -| AG(X, Xo) y(x) o(x) dx. (25.49) 
0 

The kernel G(x, xo) will be symmetrical, because the operator Ly and the 

boundary conditions are self-adjoint. 

Consequently the eigenfunctions of the Sturm-—Liouville problem, i.e., 
functions satisfying (25.47) and (25.48), will serve as eigenfunctions of the 
integral equation (25.49) with weighted symmetric kernel and will have all 
the properties of eigenfunctions of such equations. The converse is easily 
established: any solution of equation (25.49) will satisfy the differential 
equation (25.47) and the boundary conditions (25.48). We leave the reader 
to verify this assertion. 

As an example of a more general equation with a singularity we may 
consider an equation of the form 


2 
(xy — ca + Axy = 0, 
x 


or 


m? 
yr ty a(i- Ehys. 
x 


Green’s function for this equation was constructed earlier [see (20.52)]. All 
our theory applies to this equation, which is known as Bessel’s Equation. 
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LECTURE 26 


THE INHOMOGENEOUS INTEGRAL 
EQUATION WITH A SYMMETRIC KERNEL 


§ 1. Expansion of the Resolvent 


In previous lectures we have examined in some detail the homogeneous 
integral equation of Fredholm type with a symmetric kernel. In this lecture 
we shall study the inhomogeneous equation, from the point of view of the 
theory already developed. We have explained already how the kernel of a 
symmetrical integral equation can be expressed when its eigenvalues and 
eigenfunctions are known. The solution of an inhomogeneous equation can 
be expressed in a similar way, using the same eigenvalues and eigenfunctions. 

To prove this, we shall apply the Hilbert-Schmidt theorem to an inhomo- 
geneous equation with a symmetric kernel. We have 


mP) = f(P) + a| K(P, P,) u(P,) dP, 
R 
(for simplicity we take e = 1). 

Suppose that A is not an eigenvalue. Then a solution of the equation 
exists. We shall find an expression for this solution by means of eigen- 
functions. 

It is clear that the function u(P)} — f(P) is sourcewise representable by 
means of the kernel. Consequently 





(P) — f(P) = 15 mae ) (26.1) 


where 


ki -Í HCP) p:(P) dP. 
Q 


On the other hand, multiplying both sides of (26.1) by p;(P) and integrating, 
we get 
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whence 


fi _ AA 


ais eee aa OE 


Consequently the function y, if it exists, can be represented in the form 
MP) = FCP) + AY, A oP), (26.2) 
=1 , = 


If we now introduce the expression for f; in terms of eigenfunctions and 
interchange the order in the limit of its partial sum, we obtain 


MP) = f(P) + A ia fe jy PAP) oP) plP) pP) 


dP,. 
i=1 A, — A 


We shall show that the formula just obtained really does give the solution 
of the problem. To do this, it is convenient to introduce a new function 


LCP, P, > A) 
called the resolvent of the integral equation under consideration and given by 
T(r, P= Y woe) ) Q z 1) (26.3) 
i=1 — 


It is easy to show that the series on the right-hand side of (26.3) converges 
in the mean for all values of 2 which do not coincide with any one of the 24. 
To do this, we notice that the series for the resolvent can be written ina 
different form. We have: 


[ve] 


1 1 
js 1 abe 
T(P, P;, a) 2y pP) pP fit (5 me x)| 





= ~ P:P) piP) pP) gP) pi (P) 
a n ay 
= re, P', ) = K(P,P) +i S PAP) PP) 
a A=) 
< pP) kaa ay PP) oP’) 
rr 7, + A ah =D” (26.4) 


where the series in the second term converges uniformly. 

The necessary and sufficient condition for the uniform convergence of 
the series (26.3) is clearly the uniform convergence of the bilinear series 
for the kernel. 
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Note. We see that the resolvent of an integral equation with a symmetric 
kernel is a meromorphic function over the whole complex plane of the para- 
meter 2. All the poles of this function are simple and are the eigenvalues of 
the kernel. 

Using the demonstrated convergence of the series for T(P, P,, À) we can 
interchange the order of summation and integration in the formula so that 


MP) = f(P) + å | T(P, P,, DSP.) AP, 
& 

this result being meaningful, by what has been proved. By applying to both 

sides the integral operation with kernel K(Po, P) we can verify that “(P) 

does really satisfy the integral equation 


WP) = f(P) + 2 | K(P, P,) (P) dPy. 
Q 


§ 2. Representation of the Solution by means of Analytical Functions 


Expansion as a Fourier series, which we have investigated in previous 
lectures (see § 2, Lecture 23), was interpreted in a purely geometric way as 
a representation of a certain function in function space, in which the char- 
acteristic directions of the linear operator were taken as coordinates axes. 

By using the resolvent, we can approach the question in another way. 
Consider the integral 


iV D, 





y(P, 4) = al I(P, Py, AJ (P1) dP, = 2 
- = 


This integral is a meromorphic function of the parameter A with simple poles 
at the points A,. The residues at these poles are equal to f,p,(P) and form the 
successive terms of a Fourier series. The Fourier series for the function 
f is the sum of these residues, and a part of this series is the sum of the 
residues at a certain number of the poles. Hence such a part may be repre- 
sented in the form 


l ; 
fP) = — | 4(P, 2) då 
271 J cw 


where Cy is a contour in the plane of the complex variable å enclosing the 
first N singular points of the resolvent. 

It is again convenient to use a symbolic notation. 

From formula (26.2), the function y (P, A) can be expressed in the form 


_ MP) — IP) 


P, 2 = 
x(P, 4) ; 
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where u(P) is a solution of the equation 


WP) — 2 | | | K(P, P,) w(P,) dP, = f(P), 
Q 


i.e., of the equation 
(E — 1A) u =f. 


As we have seen earlier, for small values of å this solution can be written in 
series form 


u = (E + 2A + PA +o t PA tef; 


on the other hand 
t = (E -= RAY f, 


whence, in symbolic notation, 


yap E = = —(E — 2A) Af. 


Hence 


1 A 
‘P\ Se =n fd). 26.5 
ful) 2ri J cy E — 4A f ( ) 


We have previously seen the analogy between certain symbolic formulae 
containing polynomials or power series in the operator A and corresponding 
formulae of algebra or analysis. Our formula (26.5) is also the analogue 
of a corresponding formula in the theory of functions. For, let a and f be 
any numbers. Consider the integral 


padli a Paes dee I eij: 


2zi Jol — 2a 2xi Jc l/a — 2 





(26.6) 


It is clear that y = f if the contour C encloses the point A, = 1/a, and that 
otherwise y = 0. The formula (26.5) is a generalization of (26.6). 
The number Ap satisfies the relation 


AoaPn = Vx (26.7) 


where g, is any non-zero number. 

The equation (26.7) goes over into (25.1) defining 2,, if we replace a in it by 

the operator A. And the formula (26.5) can be used to obtain solutions of 

problems of mathematical physics expressed in the form of definite integrals. 
Without going into the general theory of this question in detail, we shall 

analyse an example of heat conduction, viz., the problem of integrating 

the equation 


Vu- —=0 (26.8) 
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with the conditions 
[uls = 0, [u],2o = Uo(P). 


We recite briefly the usual argument in the Fourier method. 
Applying Green’s formula to the equation, we have 


u = = G(P, py cee! dP, 
Q ôt 
or in symbolic notation 
u+ A ou = 0 
ôt 


Particular solutions of this equation will be given by 


u=e %™u (P) 
where 
ui — k AU; = QO. 


The sum of the particular solutions corresponding to different eigenvalues 
Aj, Le., the solution in the form of a Fourier series will take the form 


u = \ e u(P). (26.9) 


It follows from the condition 
[uJ.-0 = Uo 


that the u,(P) are the members of the Fourier series for the function uo, and 
this implies that the functions u; are the residues at the poles of the resolvent 


of the function 
-[ ff I(P, Py, 4) ul P;) dP. 
Q 


u,(P) are the residues at the same poles of the function 


ml I'(P, Py, 4) uo( Pi) dP, 
8 


and a finite number of terms of the series (26.9) can be expressed in terms 
of the integral 


pe S| e74! (|| T(P, P,, 2) udlP,) ars) di, (26.10) 
2xi J on Q 


thus giving the complete solution of the problem. 


Further, e™4“ 
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The solution may be written symbolically in the form 


l 7 A 
uy = —— | ee *——— u da. (26.11) 
ani J cx E — 2A 


We compare our solution with the solution of the ordinary equation 


` PEE 
Ot 


where ais a constant number. It is clear that here 








u=e"y,, (26.12) 
By the theorem on residues 
u = — . grae ao ai, 
2zi Jc 1 — ha 


This integral is equal to its residue at the point Ay — 1/a if Ag lies within the 
contour C, and is zero if Ag is outside this contour. 
On this basis it is convenient to denote 


sal e74! SE dt 
2ni c E — ha 
symbolically by e~/4f,. The solution of equation (26.8) can then be written 
in the form 
u=e "ug. (26.13) 


The general theory of functions of operators (which we cannot develop 
here) enables a whole series of generalizations of this formula to be obtained 
for a considerably wider class of problems of mathematical physics. It enables 
similar methods to be applied to the solution of problems where the sin- 
gularities of the resolvent are not merely isolated points in the plane of the 
variable 4. 

In particular, these ideas enable the solution of problems of mathemat- 
ical physics to be investigated in unbounded domains or in cases where the 
equations in question have singularities within the domain investigated. 
Often the occurrence of such singularities is bound up with a change in the 
analytical character of the resolvent, producing singularities of the resolvent 
which are not simple poles. 

In the following chapters we shall not go more deeply into this question, 
but we shall study concrete applications of the Fourier method to particular 
problems of mathematical physics. The examples which we shall consider 
will be extremely instructive, since it was, in fact, from the investigation of 
these questions that the theory developed. 


LECTURE 27 


VIBRATIONS OF A RECTANGULAR 
PARALLELEPIPED 


AS AN EXAMPLE Of the use of the Fourier method we take first the problem 
of the vibrations of a rectangular parallelepiped, which we shall formulate 
in the following way. We shall seek a solution of the equation 





= 0 (27.1) 


in the domain 


with the boundary conditions 
[uJx=0 = [u]x=a = [u],=0 = [u] =b == [u]-=0 = lee = 0 (27.2) 
and the initial conditions 


{u],=0 = U(x, ys z), Ea w(x, Y> Zz). (27.3) 


By the general theory (see Lecture 23, § 1), the solution will have the 
form 


u =) U(x, y, Z) (a; cos Ayr + b; sin 2,1), (27.4) 
where the U, are solutions of the equation 
V2u, + 47U, = 0, (27.5) 


satisfying the conditions (27.2). In the present case these solutions can be 
expressed in finite form by means of elementary functions by using the 
device known as complete separation of the variables. With this object we 
shall write the solution of equation (27.5) in the form 


U(x, Y, z) ine X;,(x) Vi, Z), 


where X, depends only on x, and V, is independent of x. To determine the 
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functions Y, and V, we have 











2 2 
VX; +X, k + aM + RXV; = 0, 
dy? Oz2 
or Xi Oy? dz 2 2 
f xX; i 
It is clear that 
3V, ð, 
H 2 2 
au: = =x, ae iced = —t, 
X; V; 


where x; and t; are constants related by x? + t? = A?. The equation 


Xi + “1X, = 0 (27.6) 


under the conditions (27.2) has as eigenvalues the numbers x; = k,z/a 
where the k; are integers. The function 


lag 


satisfies the equation (27.6) with the boundary conditions at x = 0 and at 
x = a. The system of solutions {X;} is an orthogonal, normalized system of 
functions. 
Considering the equation 
2 2 
ae eA 
OV; Oz; 





again we seek a solution in the form 
V: = YO) Z2), 


where Y, depends only on y, and Z, only on z. We obtain 


yu n 
i + Zi 1 i; = 0, 
Y, Zi 
whence it follows that 
y” i 
-= o, Eoy, 
Y, Zi 


where o, and u, are constants satisfying 


2 2 2 
Oi + wy =T. 
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The equation 
Yi + oY, =0 
has the eigenvalues 
lx 


b 


0; = 





where the /; are integers, and the eigenfunctions 


Zi + mi Z, = 0 


The equation 


has the eigenvalues 


Z, = | a ae. 
c c 


Finally we obtain a set of eigenfunctions for the vibration of the parallel- 
epiped in the form 


U - j : sin gx sin ay in |. (27.7) 
abc a b c 


These eigenfunctions correspond to the following eigenvalues of equation 
(27.5) under the boundary conditions (27.2): 


2 2 2 
A? = x? č $ us + a) (27.8) 

















where k,, l, m, run through all possible trios of integers. 
We notice that the numbers 2; may be repeated, i.e., it may happen that 


A, Fa Aisa Fa SS Aisne 


The number of eigenvalues which are equal to one another is equal to the 
number of solutions in integers of equation (27.8) as regards k;, l, mj. 

It can be shown that equation (27.5) under the conditions (27.2) has 
no other eigenvalues or eigenfunctions. To do this, we prove the following 
lemma. 


VIBRATIONS OF RECTANGULAR PARALLELEPIPED 385 


LEMMA 1. Any function g(x, y, Z) which satisfies the conditions (27.2) and 
has continuous second-order derivatives}, is expressible as a convergent series 


g(x, y, z) -j 3 X Paa X; PEA > Prim Sin e 
abc jJ k=1 a | i=1 b \m=1 c 


where the series (27.9) 








= . amz 
Pk (z) = X Pk, i,m SIN —— 
m=1 C 
z . al 
PY; z) a2 Vx,1(Z) sin a 
=1 


— . kx 
P(x, J. z) = X PV, z) MEIT 
m=1 


converge uniformly with respect to the arguments which appear under the 
sine. Here 


a fb pe 
Priim =] ee g(x, y, Z) sin TA sin iy sin ZZZ dx dy dz. 
abc oJoso a b c 


(27.10) 





We shall at first regard (x, y, z) as a function of the variable x with 
y and z as parameters. In view of the fact that for the equation (27.6) and 
the given boundary conditions Green’s function has been constructed (see 
Lecture 20, § 3), we can, using the Hilbert-Schmidt theorem, express the 
function (x, y, zZ) as a series, uniformly convergent with respect to x, in 
the eigenfunctions of equation (27.6), i.e., 


g(x, Y» z) = Mz Pi z) sin oe > 





a 


E J(Z) | rey ain a, E 
ajlo a 


From formula (27.11) it is seen that ọ¢,(y, z) is a continuous, twice-differ- 
entiable function of y and z, which satisfies in these variables the conditions 
(27.2). Consequently 9,(y, z) is expressible as a series uniformly convergent 


relative to y: 
2 Vee . aly 
py, z) = = > Px,(Z) sin ae 


where 





b/i=1 


+ We require the second-order derivatives here only because we invoke the theorem on 
expansion in eigenfunctions. 
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Pf? . al 
Px,1(Z) = o Px(¥1; Z) sin A dy, 
b 0 b 


Finally, y, ,(z) can be expanded in a series uniformly convergent with respect 


to z: 
DN . TMZ 
Px,1(Z) = J(2) > Pk,i,m SIN 
C /m=1 c 


2\ [F _ Amz 
Pk,t,m = MZ) Px,(Z1) sin - dz,. 
cj Jo c 


Combining the formulae for p(y, Z), Pr (Z) Yx.1.m and the series for 
P(X, y, Z), PLY, Z) and Pk,1,m, We obtain at once the assertion in the lemma. 

Suppose now, if possible, that Up is some eigenfunction of equation 
(27.5) with the conditions (27.12) which is different from all the functions 
(27.7). As was proved in Lecture 24, it can be regarded as orthogonal to 
all the functions (27.7). By the lemma, it can be expanded in a series (27.9). 
It follows from formula (27.10) that all the coefficients of such an expansion 
would be zero. Hence formula (27.9) gives 


where 








where 





U, = 0. 


Consequently our problem can have no eigenfunction different from (27.7). 
Instead of the conditions (27.2) we could also consider conditions of a 
different type, for example 


E oe pe = (27.12) 


n s 


where « and f take constant values on each of the boundaries. On the basis 
of the general theory, we conclude that this problem too is completely solved 
by the Fourier method, since we can satisfy all the initial and boundary con- 
ditions by proper choice of the coefficients in the expansion of the solution 
as a series of eigenfunctions (27.7). 

The vibrations of a rectangular membrane can be studied in the same 
way as the vibrations of a rectangular parallelepiped. 

Attention may usefully be directed to the following circumstance. Sup- 
pose that the coefficients « and ĝ in formula (27.12) are not constant. Then 
the decomposition of the eigenfunctions U, into the product X;Y;Z, will 
not, in general, take place. The question arises: Would it be possible to carry 
out some transformation of the independent variables, introducing new 
coordinates f4, t2, ts in place of x, y, z, So as to achieve such a representation? 
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The coordinates for which it is possible in some problem of mathematical 
physics to carry out a separation of the variables are sometimes called 
normal coordinates. So we may formulate the question: Are there normal co- 
ordinates for a given problem, and, if so, how are they to be found? 

In the next lecture we shall indicate the normal coordinates for certain 
particular problems of mathematical physics. But, as V.V.Stepanov has 
proved, normal coordinates exist only in a very restricted class of problems. 


LECTURE 28 


LAPLACE’S EQUATION IN CURVILINEAR 
COORDINATES. EXAMPLES OF THE USE 
OF FOURIER’S METHOD 


§ 1. Laplace’s Equation in Curvilinear Coordinates 


Curvilinear coordinates of one sort or another, polar, cylindrical, etc., 
are often used in mathematical physics. We shall investigate the form taken 
by Laplace’s equation in such coordinates. 

Let ¢,, t2, t3 be the curvilinear coordinates, related to x, y,z by the 
formulae: 


li 


t(x, y, z), h = h(x, y, Z), tz = h(x, y, Z), 

X = X(t, t2, t2), y = (h, t2, t3), Z = Z(t, to, t3). 
Consider any two curves passing through one and the same point: 
Xs), Vas), zls); 


X2(S2), Y2(s2),  Z2(S2). 


where s is the arc-length. 
By a well-known formula of differential geometry, the cosine of the angle 
between these two curves is given by 


= dx, dx, $ dy, dy, y dz, dz, 


ds, ds, ds, ds, ds, dsa 








In the new coordinates this formula will take the form 


E [Ox Ox | dy A z ðz\ di? dt? 
eres (ZE, y o, Oe Oz) df? a 
Ot; Ôt; Ot, Ot, ðt; Ot;/ ds, ds, 


i=1 j=1 


= >, >F Xij a dbs 


f=1 j= ds, ds, 
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or 
3 


3 
cos pds, ds, = YY a, dÉ? de, (28.1) 
f=1 sai 
where de{? and dr{” are differentials taken respectively along each of the 
two curves considered. We note that 


"At, Ot; ôn Ot, ðn Ot; 


If the two curves coincide, then (28.1) takes the form 
3 3 
ds? = D D Xij dt; dt;. (28.2) 
i=1 j=1 


In deriving Laplace’s equation, as in many other questions involving 
curvilinear coordinates, it is convenient to express all formulae in terms of 
the coefficients a ;;. 

If the system of coordinates ¢,, £, t3 is orthogonal, i.e., if the coordinate 
curves intersect at right angles, then all «;; = 0 when i # j. For, let us fix 
arbitrarily chosen values i = ip, J = jos ip # jo. Then on the one coordinate 
curve, only dzi? 0, and on the other curve, only dt # 0. For these co- 
ordinate curves the left-hand side of (28.1) vanishes since the angle » = 2/2, 
and the right-hand side will be 2a,,;,, dti.’, dS, whence «,,;, = 0. 


Restricting ourselves then to orthogonal systems, we put 


2 


is. b=; z 
Xij = 
0, iÆŻj. 
Then 
ds? = h då + h? dê + kdg. 
EXAMPLES. 


1. For polar coordinates in 3 dimensions, 


x = r sin 0 cos ø, y=rsin@sing, z =r cos 0, 
whence 


ds? = dx? + dy? + dz? = dr? + r? d0? + r? sin? 0 dọ?. 
2. For cylindrical coordinates, we have 


X 


recos, y=rsing, Zz=Zz, 
ds? = dx? + dy? + dz? = dr? + r? dọ? + dz?. 


It is useful to evaluate the determinant of the transformation D(x, y, z)/ 
D(t,, t2, t3) in terms of the same quantities h,, h, and h3. To do this we 
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introduce an intermediate, rectangular coordinate system x4, Y1, Zı, dif- 
fering from x, y, z only in the direction of the axes. We choose the directions 
of x1, Yı, Z, SO that at the given point x, y, z they coincide with the directions 
of fi, h, t3. In this case we have at the point considered: 


A(x, y, z) — a(x, V, z) (xi, Yi» 21) = y 915 Vis 21) 


O(tys toy ts) Oy, ya, 24) Olt, ta, ts) Oty ta tg) 


for at this point (x, y, z)/O(x1, 2, zı) = +1, the sign being determined by 
the orientation of the coordinate system x,, y,, Z;. Hence 


Ox, Ox, Ox, 





at, Ot, Obs 
Ox, yz) _ 4 | 1 yı Y, 
alti, bh, t3) | Of, ðh Ot, 
Oz, Oz, Oz, 
Of, Of, Of; 


But in the determinant 0(x,, Yı, Z1)/2( ti, t2, t3) all terms except those on the 
principal diagonal are zero and so 


(x1, Yı, 21) = Ox, Ov, OZ, 


alti, ta, ts) Ot, Of, ôt, 
Further, on the x,-axis and on any curve tangent to x, at our point we have 
dx? = ds? = k? dr?; 
similarly on the y,-axis and on any curve touching it 
dyi = ds? = h? de?; 
and finally on the 2,-axis and on any curve touching it 


dzi = ds? = h? dt; 











whence 
ôt, 2 pE. Or, =0, ôt, =Ü 
Ox, hy, Ox, Ox 
or ôt l or 
ee = £—, — =0, (28.3) 
OY Oy, _ A Oy, 
Ot, _ 0, Or, EEA Ors 2 pa 





Oz Oz, Oz, h 
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j 














and 9 
OX; 2 +h, OX2 0, Ox; = 0, 
Ot, Ot, Ot; 
at, í ðh `~? ðh i 
La L SENEE 
ôt, i ôt, i 0 = oe 
finally we get 
O(x Z 
(Xi Y1, 1) = + hihzha, 


(ti, i2, ts) 


the sign being determined by the orientation of the coordinate systems 
(1, Yı» 21) and (ti, tz, t3). 

As we have seen earlier, if L and M are mutually adjoint operators, then 
the following integral relation holds: 


| | | (uly — vMu) dd = | | [uP(v) — QW] ds, 
Q s 


where & is a certain volume bounded by a smooth surface S, and P(v), O(u) 
are linear conbinations of derivatives of the coefficients u, v with coefficients 
independent of v and u. 

If one of the functions, for example v, vanishes outside a certain domain 
Ry which with its boundary lies wholly within the domain {2 then the surface 
integral in the above identity vanishes, and we have 


i (uLv — vMu) d& = 0. 
Q 


We can take this last relation as the definition of the operator M, if we specify 
that it shall hold for an arbitrary function u and for any function v which is 
different from zero only in a certain interior domain {2,. 

Before we evaluate the Laplace operator in curvilinear coordinates we 
prove a lemma. 

LEMMA 1. If a second-order operator is self-adjoint, then it must be repre- 
sentable in the form 


o a 
à oe (4. z5) + cu, (28.4) 
Ox, 


where Ai = Ay. 
We note that an operator which has the form (28.4) must be self-adjoint: 
this follows at once from the definition of self-adjointness of an operator 


392 LAPLACE’S EQUATION IN CURVILINEAR COORDINATES L.28 


(see § 2, Lecture 5). We now have to prove the converse proposition, ex- 
pressed by the lemma. 

We show first that there could be only one operator adjoint to the gives 
one. For, if M, and M, were two operators adjoint to the operator L, 
and if vis a function which is zero everywhere except ina domain §},, interior 


to KQ, then 
I (uLv — vM u) d& 
Q 


[f (uLv — vM u) dQ 
Q 


for any function u. Subtracting, we get 


i (M, — Mu d& = 0. 
Q 


Butvisan arbitrary function within the domain Q.,. Hence (M, — M,)u=0, 
and consequently the operators M, and M, are identical. 
If L has the form 


$ A (4u st) + 2 ae + ow 
t 


Ot; =1 i 


Il 
(æ) 


and 


II 
(æ) 


then the adjoint operator will have the form 


n n ð n 
> (a) =a B, 2 + cu, 
and the two operators can be equal only if B, = 0 and A;; = A,,. Hence the 
lemma. 

The Laplace operator V? will not be self-adjoint in the variables £, t, t3, 
but it can be readily expressed in terms of such an operator. For, choosing 
any pair of functions u, v as in the proof of Lemma 1, we have 


{| (uV?v — vV2u) dx dy dz = 0, 
R 
or, going over to the new variables, 
i (uV?v — vV2u) hyhyhy dt, dt, dt, = 0, 
Q 


since, as we have already proved, the Jacobian ô(x, y, z)/O(t,, t2, t3) can 
differ from /yh2h3 only in sign. 
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This implies that the operator L defined by Lu = h,h,h,Vu is already self- 
adjoint. 


If 
Sen ðu 
Lu = — | Ay — 
~ », È Ot; ( j ar) 


(the term cu obviously cannot appear either in V? or in L), then 





gu k- — Gi (x Ai sr). (28.5) 


hyhyhg A: at, = Ot; 


The coefficients B,; of the second-order derivatives in the expression (28.5) 
will clearly be Ajj/A,h2h3. 

On the other hand, these coefficients f; can be determined directly. We 
first change the variables to x1, Yı, Z,: this does not change the form of the 
operator V?u, since, as may be immediately verified, the Laplace operator 
is invariant for a linear, orthogonal transformation of the variables. Now, 
using the formulae (28.3), we find 








l Seca wk 
-r3 I a, 3 
By = Ot, ðt; + Ot; Ot, + Ot, Ot; = h? J 
Ox, Ox, Oy, Oy, Oz, Oz, 
0, i#j. 
Hence we have 
hihzh 
=, i=j, 
Ai; = hi 
0, i Æj, 
l.e., 
Js l Pan a) tte hh, Ou ig hıh, ðu l 
hihzh3 Ot, hı Ot; Ot, hz Ot, Ol; hs tz 
(28.6) 


In polar coordinates, hy = 1, hy = r, h} = r sin0, and 


vu =i a e sin 9 2 pce l ou 
r? sin 0 | Or or 00 00 Op \ sin 0 Op 


ð l 
ete A potas ae ine’ + : oe. 
r2 ar ðr r° sin0 00 00 r? sin? 0 Og? 


(28.7) 
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In cylindrical coordinates, h, = 1, ha =r, ha = 1, 


1] 0 Ou ô /1 Ou 0 Ou 
Tg | Se rescence ppc 
r ôr ôr dp \r Op Oz dz 








1 ô ð ð? ð? 
Sf A ETEA á (28.8) 
r ôr or r? Og? Oz? 
§ 2. Bessel Functions 
Consider the ordinary differential equation 
1 y? 
ype yor =e j=, (28.9) 
x x 


which is known as Bessel’s equation. In books on the analytical theory of 
differential equations and the theory of special functions, a number of im- 
portant properties of the solutions of this equation are derived. Here we 
shall merely give the results without proof; readers wishing to learn the 
proofs of these properties may consult: 
V.I.Smirnov: “Course of Higher Mathematics”, Vol. 3, Chapter 2, or 
R.O.Kuz’min: “Bessel Functions”. 
For a detailed exposition of the theory of Bessel functions, see 
G.N.Watson: “A Treatise on the Theory of Bessel Functions”. 

We shall examine equation (28.9) with integral values of v and with non- 
integral values separately. 

The following propositions hold: 
1. For non-integral values of v, equation (28.9) has two linearly independent 
integrals, 

J(x) and J_,(x), 


which may be expanded in series uniformly convergent over the whole plane 


of the complex variable x: 
x v+2s 
s (G) 


Laa s+ D- Te+s+l)’ 


P ES —vt+2s 
or 


ea es eee re 


In other words, xJ (x) and x’J_,(x) are integral functions of x. The func- 
tions J,(x) and J_,(x) are called respectively Bessel functions of order v and 
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—v; the linear combination of them, 


J,\(x) cos (vz) — J_,(x) 


Ni) = , 
sin (v) 


is called Neumann’s function. 


2. For integral values of y = m, Bessel functions of order m and — m as de- 
fined above are no longer independent: 


J-a) = (= D" Jnl). 


In this case we may take as the linearly independent solutions of equation 
(28.7) the two functions: 


oo GI (3) 
Tul) = 2, s+ D) rm +s +1)’ 


and 


2 3 £ gente 
N(x) = = J nl X) (iog 5 + c) >, ; 


x so I(s + 1) 
Roe ees s 
x \2 m! \m m-— l1 
o0 sS 2s+m 
1 s Se AA T : 
x s=1| (s+ 1)-L(m +541) \2 


1 1 1 1 
+ — +++ +1+—+ tee tl 
m+s m+s—l S s— 1 


(28.10) 


1" (m — s — 1)! Sm 





x 








where C = 0°577215 ... is Euler’s constant. 

As may be seen from (28.10), Bessel’s function J,,(x) is an integral func- 
tion of its argument and so is x~"J,,(x). Neumann’s function N „(x), which 
is the limit of the function N, (x) as v > m, has a singularity at the origin in 
the form of a branch-point coincident with the pole. 


3. For pure imaginary values of the argument (x = it) the function 
pe Jinx) =i-™ m(if) = TC) 


which is the solution of Bessel’s equation in the variable x, will be real. 
The other solution of equation (28.9) which is real for imaginary values 
of x has the form 


jom [mw -5 I) | =j | Natio -= Jatt). 
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4, The linear combinations 
ASX) = J) + INV), HO = JQ) — INYO) 


are known as Hankel functions of the first and second order respectively. These 
functions, which are clearly solutions of Bessel’s equation (although they 
are complex for real values of x), have the following asymptotic expressions 
for large, real values of x (valid both for integral and fractional values 
of v): 


HOX% = J =) eiT va/2 — 2/4) [1 na O(x-4)] 
tx 


x 





(28.11)t 
A. — 
Hx) | 


TX 


fo 
|r 


Pa E O(x71)]. 


For H‘"(x) this representation is valid for large x satisfying the condition 
3x 
<5 
2 
and for Hx) for large x satisfying the condition |arg x + 2/2] < 3/2. 
The following asymptotic expressions for the Bessel and Neumann func- 
tions are obtained from (28.11): 


I(x) = ((2) cos (« — a — z) + o(x73), 
N(x) = E) sin (x — a — *) + o(x~3). 


The formulae (28.12) show how the Bessel and Neumann functions behave 
as the argument increases. They are oscillatory functions, passing through 
zero infinitely many times. The amplitude of their oscillation gradually dies 
away. The roots of the Bessel and Neumann functions of the same suffix 
alternate, i.e., the functions interlace. 

For large, real values of z, the function /,(z) has the representation 


wito) 


The equation satisfied by /,(z) can be obtained by elementary means: 
2 2 
PLO . 1d _ (14) ry Ho. 
dz? z +dz z? 


This function is often encountered in applications. 








ar 2 
E 
2 


(28.12) 














+ f(x) = Olp) means that the ratio f(x)/|¢(x)| remains bounded as x > oo. 
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Usually in the tables only the values of the functions J9(z) and J,(z) are 
given. There is a relation between the functions J,(z) for different n, which 
enables J,,(z) and its derivative to be expressed, for integral n, in terms of these 
two basic functions: 


Jn—1(2) + Ing (2) = a WZ), In—1(Z) — Jngi(Z) = 2J,(z). 
A 


§ 3. Complete Separation of the Variables in the Equation Y?u = 0 
in Polar Coordinates 


Consider the wave equation in a plane: 
07u A 07u 07u 
Ox? Oy? Ot? 


Suppose we wish to investigate the vibration of a circular membrane r < 1 
with the boundary condition 











[u] =; = 90 (28.13) 
and the initial conditions 


Ou 
Ul = = u j ——— = U. 
[u}-o = uo [E l 


Going over to the variables r and y by means of the formulae x = r cosp, 
y = r sing, we transform the wave equation into the form [see (28.8)] 


2 2 
EAA PELA te Ome, iG (28.14) 
or Oy? Or? 

We shall seek a solution of (28.14) in the form 








a 


u = > vr, py) (a cos At + b; sin 4,1), 


i=1 
where v; is a solution of the equation 
1 ð ðv; 1 070; 
aU a OE ae ay EN: (28.15) 
r Or or r? Og? 
We shall show that r and @ are normal coordinates for this problem. 
We seek a solution v; in the form of a product 
vı = Oy) Rr). (28.16) 


We shall prove later that such a solution exists. Substituting (28.16) into 
(28.15) we get 


ð, d dR; 2p 
Bie A E SO ee ah 
r dr dr z dg? 


398 LAPLACE’S EQUATION IN CURVILINEAR COORDINATES L.28 


or, dividing by R;®, and multiplying by r?, 


z| 2) d?o, 
r — | r — — 








dr dr dy? 
eee eee 1772 = 0 
R; + D, F iF , 
ie., 
d?@, d ( =) 
dq? dr dr ae 
= D, = a aa + r?2;. 


Equating both sides to a constant mŽ, we obtain the two equations 
bY + m ©, = 0, (28.17) 
r(rRyY — (mz — rP) R = 0. (28.18) 


The solution of equation (28.17) must have the period 22 if it is to have a 
definite physical meaning; so that m, must be real and integral. Then 


CP = cos mg, Of = sin myo. 


Equation (28.18) can be transformed to the self-adjoint form 


2 
(RY — (= = ir) R, = 0. (28.19) 


r 


In this form the equation for R;,is a self-adjoint equation of the second 
order. We shall scek a solution of it which vanishes forr = 1 and which re- 
mains bounded for r = 0. By the general theory (Lecture 20 and Lecture 24, 
§ 4) such a solution exists for a certain set of values 27. 

Lemma 1.} The fundamental functions of equation (28.19) which satisfy 
the specified boundary conditions are orthogonal with weight r: 


1 r $ 
! RC) Ry(r) r dr = a ne 
0 l, f=f. 
For, let 
m 
LR, = (rR — — R; = —A?rR;; 
r 
then 


1 1 
(6) 


(6) 


This lemma follows from the general theory, but we repeat the proof. The lemma is 
valid for a more general condition at r= 1, viz., {aR, + BR/],21 = 0- 
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But the integral on the left-hand side is identically zero: hence the integral 
on the right is zero, as was to be proved. 
We make the substitution A,r = o, so that 


and equation (28.19) becomes 


d .dR mA 
n (e T) = (= = he) R =0, 
de de e 


2 
4 (e S) = (= = )R =) (28.20) 
de do e 


Denoting R, by y, we have 


1 2 
ariei 


or 


so that the problem reduces to Bessel’s equation, which we have discussed 
earlier. 
It is natural to take for R the regular solution of equation (28.20), i.e., 


Rr) = Jm (Air). 
The value of A, is obtained from the boundary condition (28.13). We have 
Ri) = Jm (4) = 0. (28.21) 


As was to be expected, this equation has an infinite set of solutions; this is 
obvious from the asymptotic representation of Bessel’s function (28.12). 
We thus obtain a system of solutions of our boundary-value problem in 
the form 
Ci COS (Mp) Im (Air), di sin (mip) Jm (Air) (28.22) 


with eigenvalue 42, where c, and d, are certain constants which can be found 
from the normalization condition. All these solutions are mutually ortho- 
gonal. Itis easily proved, as in the case of vibrations of a rectangular parallel- 
epiped, that the functions (28.22) in which the pairs of numbers m, and A, 
are all possible pairs of numbers satisfying equation (28.21) include all the 
eigenfunctions of the problem. To prove this we first establish a lemma. 

LEMMA 2. An arbitrary function w(r, y) having continuous derivatives up to 
the second order inclusive and satisfying the boundary condition (28.13) can be 
represented in the form of a convergent series 


wlr, p) = > 2 (am COS MY + Bry Sin mp) Jml r), (28.23) 


EMP 14 
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} e 2r pl 
meee mk = =| | w(r, g) cos mp J,(Ae” r) r dr dọ, 
Tjo Jo 


2n fl 
Bink = =| | w(r, g) sin mp Jp (A£ r) r dr de. 
Tjo Jo 
First, since w(r, g) is a periodic function it can be expressed in the form 


wlr, p) = > [an(r).cos mp + b,,(r) sin mq], (28.24) 


where 


> 


2n 2n 
am(r) = J wlr, g) cos mp dg, bal) = =| w(r, p) sin mp dg. 
mjo Tlo 
The coefficients a,,(r) have continuous second-order derivatives, satisfy the 
boundary condition (28.13), and must remain bounded for r = 0; hence they 
can be expanded in uniformly convergent series in the eigenfunctions of 
equation (28.20), i.e., in the functions J,,(Av”r): 


a,(r) = 3 Amim r), (28.25) 
where cs 
[eal ttt var An) Jair) r dr 
oe = T (28.26) 
{f maene rent f [m aap rar\} 
Similarly 
b(t) = 1 Bm” r), (28.27) 
where 


[220 Flan ea mr) JaA r dr 


Brak = : (28.28) 
i [Jn APOE r arl! 


Combining (28.25), (28.26), (28.27) and (28.28), we obtain the assertion 
of the lemma, and the series (28.24) converges uniformly relative to y, and 
the series (28.25) and (28.27) converge uniformly relative to r. 

It follows at once from Lemma 2 that our problem cannot have any 
other eigenfunctions than those already found, for any such eigenfunction 
would be expressible as a series (28.23) with zero coefficients, and con- 
sequently would be zero. 

The problem of the vibrating membrane is thus completely solved. 


LECTURE 29 


HARMONIC POLYNOMIALS AND SPHERICAL 
FUNCTIONS 


§ 1. Definition of Spherical Functions 


Before proceeding to further applications of the Fourier method, we 
examine another important topic. Consider Laplace’s equation in three 
variables: 











07u o?u 07u 
+ + 
Ox? Oy? Oz? 
and suppose we wish to find solutions of this equation having the form of 
homogeneous polynomials of degree n in x, y and zZ. 
In the plane case, as may easily be verified, such homogeneous solutions 


of Laplace’s equation will have the form (x + iy)", (x — iy)". 
We shall seek solutions of the problem in the formt 


a 
v = (x + ip)" } ajz "H 
j=o 
= (x + iy)" fe, z), (m=0,1,2,..., n) (29.1) 


where 
e = Vx? + y’. 


Calculating the Laplacian of v, we obtain: 


or = m(m — 1) (x + iy"? f(o?, z) + 4m(x + iy)" x Ofte”. z) z) 
Ox? 0(0”) 
ym ORO? 2) ym fe”, 2) 
+ 2x + ipt $+ 4x?2(x + iy)" ————_.,, 
CD D a 


+ The summation is from j= 0 to j= E(n — m)/2 where E(n — m)/2 is the integral 
part of the number (n — m)/2. 
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402 HARMONIC POLYNOMIALS AND SPHERICAL FUNCTIONS L.29 








02v : , : Of(e’, z) 
= —m(m — 1) (x + iy)? f(o?, z) + 4miy(x + iy)! = 
ay? ( ) Œ + iy)" fle y(x + iy) IGA 
0 2 2 2 N 
$+ Ax + yr Aa 2 tapi + pr CAF 
(o°) 3 (o°)? 
ð?v <m O KRO?, 2) 
= (x + - 
Oz? ” Oz? 
whence 


V2v = (x + iy)” | 2 rami OD Gane nee, | 
zZ 


ale J 30 


ray of 4 ð 2(m+1) A i 
= (x + — + = ED | 
ES ie eI" ae) le (0?) 


Substituting the value of f(@?, z) gives 





(n—m)/2 


V?v = (x + | X (n— m- YM — m — 2j — 1) ajo” z" "25-2 


j=0 
(a—m)/2 , 
+ Y jG+m) agua) 
j=l 


Replacing j by j+ 1 in the second summation, we get 


(n—m)/2 


vom (e+ ayn} Y [m — m — 2j) (n — m — 2j - Da; 


J=0 


+UG+1)G +m + 1) aj4,) gugencasal, 


Equating the coefficients of o?/z"~-™-2J~2 to zero, we obtain a system of 
equations from which all the a; can be expressed one after the other in terms 
of any one of them. Thus we have: 


) (n — m)(n — m — 1) " 
l. (m + 1) 
(n — m) (n — m — 1) (n — m — 2)(n — m — 3) 


a, = (— ea ca T ET LS y 
$ 1.2. (m + 1) (m + 2) : 


a, =(-1 05 


oi.) ee) 
G+ 1)! @ + 1) (m + 2)... m+ 74+ 1) 
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If ao is real and positive, then all the a,, will be positive, and all the a,,,, 
negative. For definiteness, let 
(n+ m)! 


ag = ——. 
2” m(n — m)! 


We have thus established the existence of one and, with accuracy up to a 
constant factor, only one harmonic polynomial of the form 


v = (x + iy)" fam? 2), 


foranynandm = 0, 1,..., n. Associating with these a further n polynomials 
of the form 


(x — iy)" fam? Z) me=1,...,n (29.2) 


we obtain a system of 2n + 1 harmonic polynomials. 

It is not difficult to see that these polynomials are linearly independent. 
Taking ¢, = x + iy and ¢, = x — iy as new independent variables, we 
obtain in each of these polynomials such highest terms in ¢, or £, as cannot 
be encountered in any linear combination of polynomials having a lower 
value of the index m. 

We shall prove that there are no other homogeneous, harmonic poly- 
nomials of degree n which are independent of those given. 

Any homogeneous polynomial R,(x, y, z) will, if we introduce in it new 
independent variables z, €; = x + iy, a = x — iy, be a polynomial in z, 
¢, and C,, and therefore can be uniquely expressed in the form 


R, = Pn,o( 0152 » z) + 2 [ET Pn,m(CrC2 > z) + C3 Pn, m( C152» z)]. (29.3) 


To do this we must group together the terms in the full expression for the 
polynomial which have the form £425z' where j — k = +m. Hence it fol- 
lows that any homogeneous polynomial of degree n is expressed uniquely in the 
form of a sum of polynomials by the formula (29.3). 

If we apply the Laplace operator to the polynomial R,, we obtain a 
homogeneous polynomial of degree (n — 2) which is also uniquely expressible 
as a sum of polynomials by the formula (29.3) with a change of n into (n — 2). 
If R, is a harmonic polynomial, then all terms in such an expansion of V? R, 
must consequently vanish (it follows from the uniqueness that there is no 
other expansion besides that in which all the terms vanish). On the other 
hand, applying Laplace’s operator to formula (29.3) and noting that when 
this operator is applied to polynomials of the form (29.1) and (29.2) poly- 
nomials of the same form but with n replaced by (n — 2) are obtained, we 
see that the result from each term of the sum (29.3) in turn is zero. This 
implies that Pn, m = Cfa, m» aS Was to be shown. 

Continuing to operate by analogy with the plane case, we change to polar 
coordinates putting x = r sin ð cosg, y = r sin 0 sin y, z = r cos 0, where 
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r = ./x? + y? + 27. Then any harmonic polynomial of the type considered 
will take the form 

rretimer (sin? 0, cos 0) sin” 0. (29.4) 
Let 

ST un, w(sin? 0, cos 0) = yy, m(cos 9); 


then it is not difficult to see that y,, (cos 0) is a polynomial in cos 0 of 
degree precisely (n — m). For, each term of the form a,jz"-"~4o”/ is replaced 
by a polynomial of the form 


a,(cos 0)"-"~?4 sin? 6 = a,(1 — cos? 0) (cos 6)’-"~*4, 
J J 


in which the sign in front of terms containing (cos 0)"-"~7/ is (— 1)*. In the 
sum of such polynomials not a single term can cancel out. Moreover, it is 
clear that 


(n+ m)! 
aml) = a = = 
Yarak!) i m!2™(n — m)! 
Putting 
sin” O Ya »(cos 0) = P*(cos 0), (29.5) 


and using (29.4), we can write the complete system of homogeneous harmonic 
polynomials of x, y, z of degree n in the form 


PP cos 0), r" sin g P{P(cos 0), r” sin 2p P{(cos 0), ... , 
r sin np P“(cos 0); (29.6) 
r" cos œ P{(cos 0), r” cos 29 P(cos 0), ..., rm cos ug PY(cos 0). 
The functions (29.6) serve as three-dimensional analogues of the functions 
o” cos no, oe" Sin nọ, 


which appear with the solutions of the harmonic polynomial problem, and 
the functions 
sin mp PẸ”(cos 0), cos inp P“(cos 0) (29.7) 


are the analogues of the trigonometrical functions with multiple arguments, 
cos nọ and sin np. These functions, or linear combinations of them, are 
usually known as spherical harmonics of order n. 


§ 2. Approximation by means of Spherical Harmonics 


THEOREM |. An arbitrary continuous function can be represented (in the 
sense of uniform convergence) on a sphere of unit radius by a linear combination 
of the functions (29.7) of orders 0,1, ..., N with any desired accuracy pro- 
vided N is sufficiently large. 
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To prove this theorem we first establish one or two auxiliary propositions. 
LEMMA 1. An arbitrary function F(0, p) which is continuous on the sphere 
of unit radius can be represented thereon with any desired accuracy in the form 


of a polynomial 
N N N 
Ox, J, Z) a 2 » Aramx*y'z™. 


=1 l=1 m=1 


Proof. We form the expression 
N+1 (?7*(*/1 + cosy\% 
Qn = naen F(8,, pı) sin 6, dO, dg, 
4r o Jo 2 


where cos y denotes the cosine of the angle between the vector 





x = sin ĝ cosg, y=sin@sing, z= cos 0 
and the vector 
x, = sin 0, cos pı, yı = sin ĝ; sin gı, 2, = cos 04. 


We have cosy = xx, + yy, + ZZ. 

It is easily established that Q y is a polynomial of degree N in x, y, z. We 
shall prove, on the other hand, that Q, — F = e(N) tends to zero uniformly 
as N tends to infinity. Consider the integral 


ee i T (=y F(6, @) sin 0, 40, do, 


L 2r pn N 
sk Leey i ao 
4r ado 2 


Let S be the surface of the sphere of unit radius. The magnitude of 


N 
N +1 1 + cos y\* aa A 6, gees I + cos y ds 
2 4x JJs 2 


does not pane on the point (0, p). Consequently, in calculating it, we can 
put » = 0. In this case, cos y = cos 6,, and the integral becomes 


ME | (AY sn 0, ao ap, 
z N 
N+1l,. I + cos 6, d 1 + cos 0, 
4r 4 2 2 
_ | fit cos 6, naa (peer 
2 o 
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This implies 


As f T (= E sin 0, d9, do, = F(6, ¢). 


Moreover, 


vn — F(0, p) 
aE (E) ten p) = FO, on sin TATA 


We shall divide the last integral into two terms, by separating off around the 
point (0, ~) a domain y < ô on the sphere so that 








FO, 9) = FO. p| < > 


for points (6,, pı) belonging to the domain y < ò. 
Since the function F(0, v)is continuous, itis bounded, i.e., | F(6, p)| S M. 
We now choose N so large that the inequality 


N 
(N + v(- ne) ae: 





4M 
holds. Then obviously 


1 + cos y\% E 
N + 1) | ————_]} < — for 
l ( 2 ) 4M 4 


IIV 
& 


For such N, 
|Qn - F| 


aN z. ey |F(O, g) — F(0,, p.)| sin 0, d0, de, 


N+ 1 1 + cos . 
4x y<d 2 


N 
vita |{ (ee ae 
4r yzô 2 
1 1 N 
PA a an jl (SY asee OM +— =. 
2 4x y< 2 4M 2 


Hence the lemma. 
Lemma 2. Let Q(x, y, z) be a completely arbitrary polynomial in the 
variables x, Y, Z of degree k. Then there is a harmonic polynomial P,(x, y, z) 











IA 
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of degree not higher than k which takes the same values as Q(x, y, z) on the 
sphere x? + y? +27 = 1. 
Proof. From what has already been proved, the polynomial Q,(x, y, z) can 
be represented in the form 


QO, = qo(o”, z) + 2 (x + iy)” 41,m(@?, Z) + (x — iy)” q2,’ 2) 


[see (29.3)]. 
Hence on the sphere x? + y? + z? = 1 we shall have 


k 
QO, = T (cos 0) + > sin” 0 [cos mp t,,,(cos 0) + sin mp tz, m(cos 0)]. 
m=1 


(29.8) 


where t,(cos 0) is a polynomial of degree not higher than k in cos 0, and 
Tı, m and T2, m are polynomials of degree not higher than k — m in cos 0. 
But t9(cos 0) can obviously be represented in the form 


k 
To(cos 0) = > ¢,P5”(cos 0) (29.9) 
J=0 
and each of the quantities sin” 0 Ti, m and sin” 6 Tz, „can be represented in 
the form 


k 
sin” 0 7,,,(cos 0) = $. cf} P (cos 0) 
te: (29.10) 


k 
sin” O Tz, m(cos 0) = $ ch PM(cos 0). 


The coefficients of these expansions can be found one after the other, be- 
ginning with the highest, for the degree of each P\”(&) increases by unity as m 
does. 

Substituting (29.9) and (29.10) in (29.8) we have the proof of Lemma 2. 
Theorem 1 immediately follows from Lemmas 1 and 2. For, by Lemma 1, 
an arbitrary continuous function may be replaced on the sphere with any 
desired accuracy by a polynomial. And by Lemma 2 this polynomial can be 
replaced directly by a harmonic polynomial. 


§ 3. The Dirichlet Problem for a Sphere 


The theorem just proved gives us a new method of solving the Dirichlet 
problem for a sphere. We know from the earlier lectures that this problem 
always has a continuous solution and that if we change the boundary values 
of the function 

[uls = p 
EMP l4a 
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to approximate values g’ such that 


<e, 





p-p 
then the solution of the equation V?u = 0 subject to the condition 
[uJs = g’ 


will differ by no more than € from the solution of the same equation subject 
to the condition 
lu]s = ọ. 

By taking as g’ a linear combination of spherical functions, we at once 
find a solution of the problem in the form of a sum of the corresponding 
polynomials. This will be the approximate solution of the Dirichlet problem. 
At the end of this lecture we shall give an explicit expression for the exact 
solution by means of spherical functions. 


§ 4. The Differential Equations for Spherical Functions 


Let Y,(6, p) be any spherical harmonic of order n. The product r" Y,(0, p) 
is a harmonic polynomial. Consequently 


V?r"Y,(0, p) = 0. 


Using the expression for the Laplace operator in polar coordinates [see 
(28.7)], we obtain 





1 ð ð 1 ô 0 
e tee r — rY, 0, + ok OS ee ES sin 0 — r"Y,(0, ) 
r =| a ”| r? sin 0 val a0 | m) 
1 0? 
= r"Y (0, »)) = 0, 
r? sin 0 Og? l ý 
whence 














1 ð 2 
x — | sin 0 OY, + LON + n(n + 1)Y, = 0. (29.11) 
sin 0 060 00 sin? 0 dg? 


Equation (29.11) is obtained from the equation 


2 
=u i sin eee + Mi +4Y=0 (29.12) 
sin 0 060 00 sin? 0 Og? 








with 
A = n(n + 1). (29.13) 


We let D denote the operator 


l ð : ð l ð? 
— | sin 06 — | + 
sin 0 06 00 sin? 6 Og? 
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operating on a function (0, g) defined on the surface of the unit sphere. 
Then equation (29.12) may be written in the form 


DY + AY =0. (29.14) 


At first sight the operator D seems to depend on the choice of pole on 
the sphere. However, it does in fact remain unchanged for any possible 
choice of the coordinates 0 and g on this sphere. For, suppose the function 
y(0, p) is specified in some manner on the sphere. We shall regard it as 
specified throughout the whole space r, 0, p but independent of r. Then 


D(x(8, v)) = r?V?x. 


The Laplace operator appearing on the right-hand side does not depend on 
the choice of the coordinate axes, and hence the operator D will not depend 
on this choice, as was to be shown. 

The arc-length ds of a curve on the sphere is given by 


ds? = d0? + sin?@ dg’, 
or 

ds? = hj dO? + hj dy? 
where 

h =1, h =sin 0. 


The operator D is expressed in terms of A, and h, by the formula 


pat 2 (te) 1 P(e oe) 
hiha 00 \h, 00 h,h, Op \h, Op 
which is analogous to formula (28.6) expressing the Laplace operator in 
terms of curvilinear coordinates. This formula may therefore be called the 
Laplace operator on the surface of the sphere. 

The equation (29.12) can have a non-trivial solution which is continuous 
over the whole surface of the sphere, but not for every value of A, only for 
particular values. The problem of finding such values of A and the solutions 
themselves is similar to that of finding solutions of the equations y” +Ay =0 
which are continuous in a plane. We dealt with the latter problem in Lec- 
ture 20. The present problem can be reduced to the theory of integral equa- 
ticns by using Green’s function. Let us examine this in more detail. 

We shall seek a solution of the equation 








Dv = y(0, p) (29.15) 
on a sphere. We notice that the corresponding homogeneous equation 
Du = 0 (29.16) 


has a non-trivial solution u = 1. Hence the problem of finding solutions of 
(29.15) is not always soluble. 
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We shall take as the Green’s function for equation (29.15) the function 
of two variable points on the sphere 


| : 
= — log, sin y/2, 
27 
where y denotes the angular distance between the two points considered. We 
know from spherical trigonometry that 
cos y = cos 6, cos 9, — sin 0, sin 0, cos (p; — p2), 


where (0:1, 1), (02, 92) are the coordinates of the two points. 
We shall prove that if the function y satisfies the equation 


n flan 
[f vas=f | y sin 0 dy d0 = 0, (29.17) 
S Ovo 


then the solution of equation (29.15) which satisfies the same condit ion 


Ed 2n 
| | v sin 0 dg d0 = 0 (29.17) 
0 Q 


is given by the formula 


n 2n 
x00, 90) = | | (O, p, Oo» pa) WC, 9) sin O dp d0 = [| Gy ds, 
0 0 sS 


(29.18) 


where dS denotes an element of the surface of the sphere. This will justify 
our calling G the Green’s function for the equation. 

Suppose a solution of equation (29.15) exists. We choose the pole of the 
sphere as the point (0o, Po). We then have 


n pn n 2n 
[f Gy as = | | GDo sin 0 dp d0 = | (| GD» dg) sin 0 d0 
S JOJO 0 (0) 
n 2n 92 
-f esn ts be ix r]: 2 | sor art an 
ö 2 00 sin @ 2% Jo Og? 
ieee T el cos 6/2 y 
2 2 sin 02 C 
+ | sin 0 ic wa 
00 \ 2x Jo 


ka log, sin wal 

27 n 

ELp sin inoff e cos? LL v do|. 
2 27 27 o o 








Il 
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By virtue of the condition (29.17), 
[f Gy dS = [v]g=o- (29.19) 
Ss 


It follows from (29.19) by symmetry considerations that formula (29.18) holds 
for any point on the sphere. We can also prove that if y is an arbitrary func- 
tion satisfying the condition (29.17), then the function v(69, po) definable by 
equation (29.18) gives the solution of the equation 


Dv = y. 


The proof of this assertion is similar to that which we have given more than 
once, and we shall omit it. 

Since the Green’s function which we have constructed is symmetrical, 
all the theory of integral equations with symmetric kernels is applicable 
to the equation 
u = aff Gu dS 

sS 
which is equivalent to (29.14). 

If we set ourselves the task of finding all regular solutions of cquation 
(29.12) on a sphere, then from what has been said it follows that the values 
(29.13) will be the eigenvalues. Each eigenvalue has (2n + 1) eigenfunctions. 
We have already obtained, in (29.7), the set of solutions of equation (29.12). 
It follows from the general theory of integral equations that those of the 
functions (29.7) which correspond to different values of n are orthogonal. 
The functions (29.7) which correspond to the same value of n are also ortho- 
gonal, since sines and cosines of multiples of angles in the interval0 £ y < 27 
are orthogonal. Hence all the functions (29.7) are orthogonal. 

THEOREM 2. The functions (29.7) exhaust the whole set of eigenfunctions 

of equation (29.12). 
Proof. Let Y*(0, p) be an eigenfunction of equation (29.12) which is distinct 
from the functions (29.7), which we suppose to have been ordered in some 
way to give the set (0, p). 

By Theorem 1, the function Y*(0, gy) can be represented in the form 


N 
Y"(B, —) = L e uO, 9) + F 


where ùy is arbitrarily small. This implies 


| | fro, g) = cfu, af dS = | | ny dS < &N). 
Let ° > 


Vi = ff Y*(6, p) uO, p) aS. 
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n 


The 
[ireo -Z0 ass S| [rroo ~ X uot as. 


Taking into account the fact that, from the general theory of integral equa- 
tions, Y*(0, p) is orthogonal to all u,(0,q) and hence that y; = 0, we get 


i [Y*(6, p)]? dS < e 


for any positive £. This implies 


Y*(0, p) = 0, 
as was to be shown. 
It follows at once from Theorem 2 that any function g(S) which is 
quadratically integrable on the sphere, i.e., any function satisfying the 


condition 
f p’ (S)dS < œ, 
sS 


can be represented in the form of a series convergent in the mean: 


Pitt; 


1 


Pi =|} pu, dS. 
s 


The convergence of the series will be uniform, by the Hilbert-Schmidt 
theorem, if y has continuous second-order derivatives. 
If we substitute one of the functions (29.7) in the equation (29.12) and use 
the fact that 
2 


Ims 


where 





E [sin mp P“?(cos 6)] = —m? sin mo P“(cos 6), 
we get 
_ , OP (cos 6 2 
ee sn 0 =a + [re +1)— eee P&™(cos 0) = 0. 
sin 0 06 00 sin? 0 


(29.20) 


Equation (29.20) is a differential equation for the function P™ (cos 6). 
If we put cos 0 = u, then 


ô nol 
a6 sın u’ 
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and equation (29.20) can be written 


(m) 2 
SY nz g GPa WH. +| an + D- POG) = 0, 
du du sin? 6 


a fa — u?) me + [re +1)— rr) P™(u) = 0. 
du du 1 — p? 
(29.21) 





or 


The differential equation just obtained is a linear, second-order equation. It 
is obtained from the equation 


A 
Lean Gal et ee eG 
du du l — p? 


by putting A, = n(n + 1) and A, = m’. 

If we seek values of 4, and A, for which the last equation has a bounded 
solution, then it can be asserted that, if A, = m?, the equation will have no 
other eigenvalues than 4, = n(n + 1). This follows from the fact that, 
otherwise, we should have an eigenfunction y* of equation (29.21) and a 
corresponding eigenfunction for equation (29.12) in the form P*(cos 9) sin mọ 
which would be different from all the functions (29.7), and this has been 
proved impossible. 

The relations which we have obtained enable us to study the problem of 
solving Laplace’s equation for the sphere by the method of separation of the 
variables. Indeed, we have already practically carried out this method, though 
starting from other premises. 

If we separate the variables in Laplace’s equation 


0 2 
Vines ogee + oes in d See ETI 
r \ôr ôr r? sin 0 06 06 r? sin? 0 Og? 


we obtain after some simplification, which we leave to the reader, 








u = $, r’Pi”™(cos 6) [a,” cos mp + bp” sin mg], 





P is a solution of equation (29.20) or (29.21), 
and r” isa solution of the equation 


d 
E Oe in =o 
r? dr dr 


LECTURE 30 


SOME ELEMENTARY PROPERTIES 
OF SPHERICAL FUNCTIONS 


§ 1. Legendre Polynomials 


We shall examine one or two properties of spherical functions. 
THEOREM |. A solution of the equation 


d ~ yy WLS = 
ak et [Me rr : 


is given by the function 


Pry =a 





arem(l — pty" 


du 


(30.1) 
Proof. Let (1 — u?) = ®. Then the relation 
dd? D 
(1 SE e T NE N, ee 
du? dy 


can be verified immediately. Differentiating it (1 + n) times with respect to se 
and using Leibniz’s formula, we get 





dmts+2Qp dmtst+1gp 

(1 — pw?) ——— — 2m + l)u 
du™+”+2 dyes 

a+me 
+= mt m+ 1) = = 0, 


or, putting 


dv trp 
du™*" 





=y, (l- pe’) yp” (m+ lay’ + (n—m (nt m+ ly=0. 


Further, let P(w) = C(1 — w?)7y, then by direct substitution we get 
dzpe dp’ 2 
(1 — p?) oT Ot u + [rn + 1) - ha Pe 
du du l- pg’ 


= C(l — p?) ? [1 — py” — 20m + Duy’ + (n — m) (n+ m + Dy] =0, 
as was to be shown. 
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Formula (30.1) obviously gives us a new explicit expression for P’”(cos 0), 
since r" sin mp Px” is a harmonic polynomial, and there cannot be two such 
polynomials. A number of useful recurrence formulae can be obtained from 
this formula which facilitate the calculation of P“” (cos 0). 


The polynomials 
_1]\" n — 2\n 
Poe rae ee ey 
2" +n} dy” 





are known as Legendre polynomials, and play a special role among the 
spherical functions. 

Strictly speaking, we have not yet the right to denote the function (30.1) 
by P™ (u), as previously defined, since the two might differ by a constant 
multiplier. It is, however, easily established that such a multiplier could only 
be unity. For, firstly, it follows from (30.1) that 


P,(1) = 1. (30.2) 
This may be seen by putting y — 1 = z; then 
ad O py 2> (—1) z"(2 + z)” pae (-1)" Ca + ee ), 


from which (30.2) follows immediately. 
Also, if 
P{” (cos 0 


sin™ 0 A 
then similarly 
n+ m)! 
WPn,m(1) = Ey y 
2™ -n(n — m)! 


which proves our assertion. 


§ 2. The Generating Function 


] 1 
THEOREM 2. The expansion of the function — = ——=————— 
as a power series in r has the form rı V1 — 2r cos 0 + r? 
1 œ% 
— = > r'P,(cos 0). (30.3) 
ry n=0 


The function l/r, is therefore called the generating function of the Legendre 
polynomials. 

This theorem could be proved directly by calculating the coefficients of 
the power-series, but it can also be proved by a different method, as follows. 


416 PROPERTIES OF SPHERICAL FUNCTIONS L.30 


Considering the function 1/r, in a certain sphere r S ọ S 1, we may 


expand it as a power series in r, the coefficients of which will evidently be 
polynomials in cos 6, i.e., 


LE > r°Q,(cos 0). 
ry n=0 
For, 
1 — 2rcos 6 + r? = (1 — re) (1 — re’), (30.4) 


and hence the expansion will have a radius of convergence equal to unity. 
This implies, that, for r=o, 


= 3 0"Q,(cos 0). (30.5) 


As we proved in the last lecture, a harmonic function which takes the 
specified values (30.5) on the surface r = ọ can be expanded in a uniformly 
convergent series 

1 œ 
— = Y) a,r"P,(cos 6). 


ry n=0 


Since the expansion of an arbitrary function as a power series in r must be 
unique, it follows that 


Q,(cos 0) = a,P,(cos 0). 
To determine the value of a,, we note that, for cos 6 = 1, we have 


(1 — 2rcos 6 + r*)g-5 = (1 — r}? 
and 


l 1 


œ 
= SS 
ry l—-r_  az=0 





Comparing this with the expression 


we have a, = 1. Hence Theorem 2. 
COROLLARY 1. 





P,(cos 0), r<R 

l n=0 Rt} a 
Sa S E E T 6 
VR? — 2Rr cos 0 + r? oR oe 
x P,(cos 0, r>R. 
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For, 
1 


1 4 I 

JR? — 2Rr cos 0 + r? R 2 
ý [1-2 Leos 0+ ua 
R R 


1 


_1i 
r 2 
/1 - 25 cos 0 + (2) 
r r 


Fae er ree A > Pn (cos 0), r < o. 


o 
ðe Vo? — 2or cos 6 + r? n=0 
(30.7) 


We may further remark that the convergence of the two series (30.6) and 
of (30.7) will be uniform relative to the variable 0 provided that, respectively, 


from which (30.6) follows. 
COROLLARY 2. 


R-r>eé, 
r—R>e, for a fixed value of R. 
@-r>eé, 


or 
To prove this assertion, consider the series with positive terms 


oo I 


—= =l +r 
Vvl=r 2 


All the terms of this series are equal in absolute value to the corresponding 


3 
+ Ld Pto (30.8) 
2.4 





terms of the series 
aa = 5 af". (30.9) 
=0 


| 
= a", —— 
V1 — re” Žo Vis re n 


Consequently, the terms of the series 








which can be obtained by the termwise multiplication of the series (39.8) 
by itself, will be not less in absolute value than the corresponding terms of 


œ% 


the series 
1 1 
= r"P,(cos 0), 


1 
V1—2rcos 6 +r et rps Vire a= 
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which is obtained by the termwise multiplication of the series (30.9) one by 
the other. Hence we obtain the inequality P,(cos 6) < 1, in which the equal- 
ity sign can hold only for 0 = 0, i.e., if cos 0 = 1, as may easily be seen 
from the proof. From this follows our assertion that the convergence is 
uniform. 


§ 3. Laplace’s Formula 


Now let r"Y,(0, p) be a certain harmonic polynomial. Applying Green’s 
formula to it, we obtain 


r"Y (0, g) 


ôn ry r, ôn 


where 
r, = Vr — 2re cos y + o° 


dS, is an element of the surface of the sphere with coordinates 04,91; 
rı < @is the distance between the points M(r,, 0, p) and M(o, 01,91), 


and y is the angle between the vectors from the origin to the points 
M, > M, . 
Clearly, 


ro cos y 
= rọ sin 0 cos ọ sin 0, cos p, + rosin 0 sin g sin 8; sing, + rọ cos 0 cos 0, 
= ro [cos 0 cos 0, + sin 0 sin 6, cos (p — 9,)]. 
Substituting in formula (30.10) the expressions (30.6) and (30.7) for 1/r, and 
ð 1 ð 1 
sy a 
we have 


r"Y,(0, g) 


ou {| YO, 9) forte + DY 
4x p=1 


z 
+ no") ¥ 
K=0 0 








z Pi(cos y) 





P,(cos a} sin 0, dO, doy 


1 2n fd o : 
> =| | Y,(9,, p1) (2n + 1) ‘2 r*P,(cos | sin 0, d0, dg. 
T Jo Jo k=0 
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It is clear that the function P,(cos y) for j # n is orthogonal to the function 
Y,(0, p), since they are harmonics of different orders. The series under the 
integral sign is convergent in the mean and may therefore be integrated 
termwise. But then all terms save one disappear, because of the orthogonality. 
Hence 


r"Y”(0, g) = 2n + 1 





>f i: r"Y,(0;, pı) P,(cos y) sin 0, d0, dg, 


i.e., 





2n +1 [7* (* 
Y,(0, p) = Y,(91, 91) Pr(cos y) d0, dg,. (30.11) 

4x o Jo 
Formula (30.11) enables the coefficients of the expansion of a given func- 
tion F(0, p) in spherical harmonics to be obtained immediately. For, suppose 


F(0, p) = > Y,(0, p) (30.12) 


Multiplying both sides of (30.12) by P,(cos y) and integrating over a sphere 
we get 


a 





f T F(6,, pı) Palcos y) sin 6, dO, dp, = Y,(6, œ). (30.13) 


Formula (30.13) is known as Laplace’s Formula. 

Laplace’s formula enables the solution of the Dirichlet problem in a 
sphere to be written explicitly in the form ofa series of harmonic polynomials. 
For, by multiplying each harmonic of order k by r* and adding, we can 
obtain a harmonic function which takes the given values F(0, p) on the 
boundary of the sphere. We obtain the solution in the following form: 


(z) 2n pn 
u(r, 0, p) = =a X (2k + pe | | F(0;, pı) P(cos y) sin 6, d0, dg,. 
4n k=0 (6) o 


To conclude this exposition of the theory of spherical functions, we 
shall give without proof a few formulae which are often useful: 





f IPDP du = 


Ai nyi 
+1 ! 
| [Po (u)]? du aa 2 (n + m)! 
<4 2n +1 (n — m)! (30.14) 


+1 


[7009 Pola) du = 0, f) PPO PPU du = 0, 


ae | 


nen’. 
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The formulae (30.14) enable us to calculate directly the coefficients of the 
expansion of a function in a series of spherical functions of the form (29.7). 

Finally, we may mention the asymptotic representation of Legendre 
polynomials for large values of n: 


Ploso = {2 cos page ses + ES, 
an sin 6 2 4 


where £, ~ 0 as n > œ uniformly relative to 0, for e < 0 < x — e. 

At this point we bring to an end this elementary course dealing with the 
principal characteristic properties of the equations of mathematical physics 
and their classical methods of solution. In this we have, of course, far from 
exhausted the content of contemporary mathematical physics. Thus, beyond 
the scope of our course there remain the following highly important topics, 
which would furnish material for another book of at least the same size: 

1. Problems of mathematical physics for an unbounded medium and the 
applications of the Fourier integral transformation. 


2. Special problems for a semi-bounded medium, diffraction of waves, etc. 
3. Variational methods in mathematical physics. 


4. Approximate solution of problems of mathematical physics by the method 
of finite differences. 


And among these most important topics we ought also to include the theory 
of non-linear equations. 

The scope of this course has not allowed us to go into any of the topics 
mentioned. We hope, however, that an attentive reader who has familiarized 
himself in these lectures with the basic ideas in the theory of the equations 
of mathematical physics will be able, on his own, to explore profitably the 
contemporary literature dealing with these questions. 
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Gradient of potential due to single layer 
215-217 
Green 
formula 63-64, 148-150, 171, 182, 192, 
217, 218, 219, 232, 266, 380 
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Green 
function 172-179, 232, 265-300, 328, 

331, 342, 366, 410 

construction 278-281 

for Dirichlet problem 291-296 
existence 292 
symmetry 295 

for Laplace operator 291-300, 328 

for Neumann problem 296-300 

for ordinary differential operator (se- 
cond order) 277 

pole 298 

properties 279 

strict definition 278 


Hadamard’s example of incorrect formula- 
tion of Cauchy problem 31 
Hankel functions 396 
Harmonic 
functions 146 et passim 
behaviour at infinity 162 
behaviour near singular point 158 
in plane 228-236 
maximum value 146 
mean value 155 
oscillations 334 
polynomials 401-419 
Heat conduction 13-17, 24, 25, 26, 37, 
133-145, 301, 327, 379 
boundary condition formulation 303 
equation 13-17, 24, 133-145, 300-303, 
317, 321, 327, 379 
in an unbounded medium 133-145 
Hilbert-Schmidt theorem 364-366, 376, 
412 
Homogeneous 
integral equation 238 
problem 274 
Hyperbolic equation, reduction to canon- 
ical form 40-42 


Improper integral, derivative with respect 
to parameter 129-131 
Incompressible, homogeneous fluid motion 
12, 18 
Incorrectly formulated problem 30 
Indefinite integral of function of one vari- 
able 99 
Inequalities 
Bessel 361, 365 
Buniakowski (Schwarz) 316, 322, 343 
Minkowski 312, 316, 322 
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Inhomogeneous equation 
heat conduction, Fourier method 338 
integral, withsymmetrickernel 376-381 
wave, Fourier method 336 
Influence function 275-277 
Initial conditions 22-32 
Cauchy type 25 
Inner integral of function over set 92 
Integral(s) 
criterion for vanishing of function 113, 
115 
dependent on parameter 126-135 
uniform convergence 126-129 


equations 
allied 246 
for external problem 
Dirichlet 225, 259, 261, 263-264 


Neumann 226, 259-261 
for internal problem 
Dirichlet 225, 259-261 
Neumann 226, 260-263 
general theory 237-257 
inhomogeneous, withsymmetric kernel 
376-381 
properties 258-260 
solution 
by successive approximations 
238-242 
general 238 
in form of series 239 
particular 238 
uniqueness of 241 
with degenerate kernel 243-248 
with parameter 238 
with symmetric kernel 328, 331 
application 375 
real 342-356, 357 
with unbounded kernel of special form 
256-257 
of adjoint equations 272 
of continuous function 
on bounded closed sct 
over domain 77 
over open set 81 
of discontinuous function 73, 92, 95, 
99 
of function 
of variable sign over set 
over measurable set 105 
over open set 81 
Integration of a function of variable sign 
97-99 
Interior sets 107 


85-92 


97-99 


INDEX 


Internal problem 
Dirichlet 222 
for circle 233 
for sphere 171-177 
reduction to integral equation 225 
uniqueness of solution 260 
Neumann 222 
conditions for existence of solution 
224, 262-263 
reduction to integral equation 226 
Intersection of sets 75 
closed 75 
open 75 
Inverse points 163 


Jacobian 390-392 


Kernel 237 
almost regular 351, 366 
degenerate 243-248, 359 
iterated 366 
positive definite 364 
representable by a Green’s function 370 
special type 248 


symmetrical 
real 342 
weighted 342 
Kirchhoff 
formula 193-201 
solution for wave equation 189-201, 
317 
Laplace 
equation 12, 38, 146-150, 317, 401 


complex-variable solution .235=236 
in curvilinear coordinates _, 388-400. >: 
in plane 228-236 
principal solution 148-152 
principal solution in the plane 228 
formula 418-419 
operator 8, 12, 174, 291-300, 401, 403, 
408 
in coordinates 
curvilinear 393 
cylindrical 394 


polar 393 
on surface of sphere 408 
Lebesgue . 
~Fubini theorem 121-125, 344, 345 
integral 72-125 


absolute continuity 96 
properties 98 


INDEX 


Lebesgue 

integration 72-125 

Measure of a set 91 
Legendre polynomials 414 

generating function 415 
Limit of sequence 116 

generalized 117 

greatest and least 116 

in Lebesgue sense, condition for existence 

120 

in the mean of sequence of functions 312 
Linearly independent functions 243 
Liouville’s theorem 166 
Logarithmic potential 

of distributed mass 

of layer 

double 234 
single 234 
Longitudinal vibrations of bar with free 
ends 339-341 

Lorentz transformation 38 
Lower limit of a sequence 116 
Lyapunov 

lemma 292-294, 570 

Stability 32 

surface 202, 259, 260 

theorem 218 


230-232 


Maximum value of harmonic function 
146 
Mean value of harmonic function 155 
-value theorem 92 
Measurability of a set, conditions for 104 
Measurable function 92, 100, 102 
Measure 
of set 91, 99, 102 
of sum of two measurable sets 111 
Membrane 6 
equilibrium under transverse load 7 
vibrating 6-8, 24, 25 
vibrations of circular 397-399 
Mercer’s theorem 367 
Method of successive approximations 
238-242 
Minkovski’s inequality 312, 322-324 
Multiple integrals 71-125 


Negative part of function 97 
Net 80 
Neumann 
function 395 
problem 25, 202, 220, 222, 331, 370 
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Neumann problem 
external 222 
for half-plane 231 
for half-space 180-187 
internal 222 
uniqueness of solution 223 
Newtonian potential 151, 167-170, 174 
Norm of function 312 
Normal 
coordinates 387 
derivative of potential due to double 
layer 218-220 
Null set 74 


Open set 
Operator(s) (see also Laplace operator) 73 
completely continuous 342-353 
strong 353 
differential 
adjoint 62, 265, 268 
one independent variable 265 
self-adjoint 62, 269, 291, 392 
Ordinary differential equation, second or- 
der 265-290, 334, 375 
Orthogonal functions 247 
with weight e(P) 340 
Orthogonality of eigenfunctions 329 
Oscillation of function 79 
Ostrogradski’s formula 1 


Parabolic equation, canonical form 40 
Parallel surface 217 
Particular solution of integral equation 
238 
Passage to limit under integral sign 121 
Piecewise smooth surface 2 
Point sets 73 
Poisson 
equation 146, 291-300, 369 
generalized solution 305 
in unbounded medium 166-170 
in plane 228-236 
formula 175, 194-195 
applied to internal Dirichlet problem 
233 
for solution of wave equation 
194-195 
Pole of a Green’s function 298 
Positive part of function 97 
Potential 
due to double layer 
203-209, 220, 261 


151-154, 202, 
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Potential 
due to double layer 
behaviour at infinity 220 


geometrical interpretation 152-154 
properties 203-209 
due to single layer 151-152, 202, 210 to 
217, 220, 258 


behaviour at infinity 220 
physical interpretation 152 
properties 210-217 

logarithmic 
for distributed mass 230 
for double layer 234 
for single layer 234 

ofa volume 150-152 

retarded 193 

Robin’s 262 

Principal 

function 261 

solution of 
equation of heat conduction 
Laplace’s equation 148-150 

in the plane 228 
term of the second-order operator 38 
Properties of 

eigenfunctions 329 

eigenvalues 329 

scalar product of two functions 345 


133, 144 


34-35 
integrable function 314, 


Quadratic forms 
Quadratically 
328, 342 


Rank of eigenvalue 246 
Real symmetrical kernel 342 
Rectangular parallelepiped, vibration of 
382-387 
Regular normal derivative 
of potential due to double layer 
218-220 
Representation by analytic functions 
378-381 
Resolvent 376-378 
Retarded potential 193 
Reverse wave 48 
Riemann 
formula 67-68, 71 
function 67-71 
for adjoint equation 68-71 
symmetry 70 
method for solution of hyperbolic equa- 
tion 65-71 
Riesz-Fischer theorem 314, 324-326, 337 


INDEX 


Robin 
potential 262 
problem 262 
Rule of inertia of quadratic forms 35 


Scalar product of two functions 345 
Schwarz’s inequality (see Buniakowski) 
Secular equation 334 
Self-adjoint 
differential operator 62, 269, 291, 392 
family of functions 268 
Separation 
between two systems of boundary func- 
tions 27-29 
of variables 327-334 
complete, in Laplace’s equation 397 
Sequence 
convergent 116 
in itself 117 
of functions, uniform convergence in the 
mean 312 
Series 
convergent in the Lebesgue sense 119 
in itself 120 
Set 
closed 74-75 
internal net 80 
measurable 103 
nowhere dense 77 
of functions bounded in the mean 349 
of zero measure 106 
Solid angle 153, 261 
Solution of equation 
inhomogeneous for vibrating string 51 
integral 238-242 
Laplace’s 148-152 
by complex variable method 235-236 
by separation of variable 409 
of heat conduction 304, 321 
of hyperbolic type, Riemann 65, 67, 71 
of wave 311, 335 
Poisson’s 305 
Sound waves 17-21 
Sourcewise representable function 360, 
376 
Spectrum of natural frequencies of vibra- 
tion 339 
Spherical 
functions 401-413 
differential equations for 408-413 
elementary properties 414-420 
harmonics of ordern 404 
waves 191, 195-196 


INDEX 


Steady motion of fluid 13 
String 3 
equilibrium under transverse load 5 
vibrating 3-6, 23 
Sturm-Liouville equations 375 
Sum of sets 74 
Summable function 73, 92-99 
in the Lebesgue sense, over domain 92, 
98-99, 100 
on measurable set 105 
Surface(s) 
apparent velocity of 10-11 
Lyapunov 202 
of characteristics 188 
piecewise smooth 2 
Symmetric 
function 342 
kernel 
real 342 
weighted 342, 359 
Symmetry of Green’s function for Dirichlet 
problem 295 
System 
of eigenfunctions, completeness 
371 
of harmonic polynomials 403 
of interior sets 107 


329, 


Theory of stability 32 
Transformation, Lorentz 38 
Transmission 
of heat 13 
of sound 17-21, 24 
Types of partial differential equations 37 


Uniform convergence 
in the mean of sequence of functions 
312, 333 
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Uniform convergence 
ofintegral for given parameter 126-129 
Uniformly continuous function on set 78 
Union of sets 74 
Uniqueness of solution 
of equation 
heat conduction, generalized 304 
integral 241 
of problem 
Cauchy, for wave equation 194 
Dirichlet 223 
for half-space 180 
internal 260 
Neumann 
external 260 
for half-space 180 
Upper limit of sequence 116 


Vibration 
of continuous medium 334 
of mechanical system 334 
of membrane 6-8, 24, 25, 37 
circular 397-399 
of rectangular parallelepiped 382-387 
of string 3-6, 23, 37 
Volterra equations 242 


Wave equation 17-21, 188-201, 307-317, 
330, 397 
formulation 
of boundary conditions 307 
of the Cauchy problem 196 
generalized solution 311 
in the plane 397 
Kirchhoff’s solution of Cauchy problem 
189-201 
solution by separation of variables 330 


